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Preface 


We are living in a world whose technology is largely built on binary num- 
bers. Considering all binary numbers that are represented by a fixed num- 
ber of bits and encoding them as the vertices of a graph in which two 
vertices are adjacent if they differ in precisely one bit is thus a most natu- 
ral idea. This idea is formally realized by the concept of hypercubes which 
consequently form one of the fundamental graph classes, not only in graph 
theory but also in theoretical computer science and elsewhere. 

To obtain additional graphs with similar appealing properties as hy- 
percubes but without the restriction on their orders to be powers of two, 
W.-J. Hsu introduced in 1993 the main player of this book—Fibonacci 
cubes [51]. These graphs live inside the hypercube graphs. Their name 
comes from the fact that their orders are just Fibonacci numbers. Addi- 
tionally, Fibonacci cubes are constructed in a way that reflects the recursive 
construction of the numbers themselves. 

It has turned out that Fibonacci cubes give rise to numerous combi- 
natorial questions and have additional beautiful properties, a fine reason 
to investigate them from different perspectives. In this way, many con- 
nections between Fibonacci cubes and concepts from other fields of mathe- 
matics have been established and applications in other fields of science have 
been discovered. We are confident that the contents of the book will easily 
convince the reader of our assertion. 

Furthermore, a number of interesting generalizations to the Fibonacci 
cube concept itself have also been proposed. As the theory of Fibonacci 
cubes has matured during the extensive development of the last nearly 
thirty years, we felt that the time had come for a monograph that would 
round out the theory, give examples of various approaches, and provide a 
fundamental reference for further research in the field. 


vii 
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We have tried to make the book as self-contained as possible, but we 
expect a certain mathematical maturity from the reader. Our aim is to be 
accessible to advanced students in mathematics and computer science while 
serving as an archival record of the current state of the field. On the other 
hand, the Fibonacci cube theory is still very lively, many of the papers we 
cite are from the last few years. So the story is clearly not yet finished. In 
the last chapter we outline some possible directions for future investigation, 
the reader is kindly invited to join our enthusiasm in doing so. Of course, 
these are just some hints, but it is difficult to predict how things will really 
develop as the future is unpredictable. 

We thank Elif Sayg, Ziilfiikar Saygi, Andrej Taranenko, and Aleksander 
Vesel for carefully reading the manuscript of our book and suggesting nu- 
merous improvements. 

We would also like to thank the artist Petra Paffenholz and the pho- 
tographer Stefan Aumann for the opportunity to present in this book the 
sculpture “Fibonacci Cubes,” which Petra Paffenholz installed in 2014 near 
Diepholz in Lower Saxony, Germany. The sculpture can be seen on the front 
cover of the book as well as on page 12. 

Last but not least, we would like to express our sincere thanks to the 
World Scientific staff: Editors Christopher B. Davis and Steven Patt, and 
the editorial staff. 


Omer Egecioglu 
Sandi Klavzar 
Michel Mollard 
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Chapter 1 


Liber Abaci and the Fibonacci 
Sequence 


One of the most fascinating integer sequences in all of mathematics is the 
so-called Fibonacci sequence, the sequence of integers which starts as 


0,1, 1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377,610,987, 1597,... (1.1) 


Here the first two terms are 0 and 1, and after that, each term is the sum 
of the previous two. For n> 0, we denote the n™ term of this sequence by 
F,,. Fy, is the n Fibonacci number. Formally, the Fibonacci sequence is 
determined by the recursion 


Fy = Fy-1 + Fy-2 (1.2) 


for n > 2 with initial values Fo = 0 and F, = 1. This again states that for 
n> 2, the n™ Fibonacci number F,, is obtained as the sum of the previous 
two, namely the sum of F,,_; and F),_2. 


The Fibonacci sequence is intrinsically intertwined with the central ob- 
ject of this book, Fibonacci cubes. We will start their investigation in Chap- 
ter 3. The reason for this deferral is that in Chapter 1 we first introduce 
the reader to the fascinating world of the Fibonacci sequence and selected 
interesting related areas. In Chapter 2 we introduce the basic elements 
of formal languages and generating functions which are the mathematical 
tools that will accompany us throughout the book. 


1.1 Liber Abaci 


Western Europe was introduced to the sequence of numbers (1.1) by the 
remarkable Italian mathematician Leonardo Pisano, whose seminal work 
Liber Abaci (Book of Calculation) was published in 1202. Leonardo was 
born in Pisa around the year 1170. He is referred to in many modern 
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treatments as Fibonacci (probably from son of Bonacci), and this is the 
name we will use. His father was a merchant and a government official of 
the Holy Roman Empire in Pisa, later posted as a customs clerk to the 
trading center Béjaia (Bugia) on the Algerian coast. Leonardo traveled 
widely in the Middle East all the way to Constantinople, and learned a 
great deal of ancient mathematics including the Hindu-Arabic numerals. 

After settling in Pisa at the end of the 12‘ century, he disseminated 
his work in mathematics on number theory and algebraic equations in five 
books. Liber Abaci is his first book published as a manuscript in 1202. No 
complete copies of this version have survived. Liber Abaci came to us by 
later copies of a 1228 version revised by himself. Fibonacci died about the 
year 1250. 

Roman numerals were still very prevalent in the West during Fibonacci’s 
time. Liber Abaci introduced the number system we use today, which is 
based on Arabic numerals, as well as Greek and Hindu-Arabic mathemati- 
cians’ previous work, and provided many examples of problems that could 
be solved with this system of numerals. Some of Leonardo’s examples were 
for commercial applications, but there are surprising variety of problems 
that are stated in Liber Abaci along with their solutions, containing nearly 
all of the algebraic knowledge of those times. The ideas presented in Liber 
Abaci played a central role in the development of mathematics in the West 
in the subsequent centuries. 

Fibonacci numbers appear in Liber Abaci in Chapter 12 in a problem 
with the Latin title “Quot paria corticulorum in uno anno ex uno pario 
generentur.” Fibonacci assumes that a pair of rabbits requires one month 
to mature and thereafter reproduces itself once each month. Starting with 
a single pair, how many pairs will there be in a year? Fibonacci explains 
the reasoning of his solution in detail, calculating from month to month. 
The numbers computed are provided in the margin as a table. 

There is an English translation of Liber Abaci by Sigler [96] which is 
based on a 1862 Latin edition of the work. A more recent critical Latin 
edition of Liber Abaci was prepared by Giusti [41]. The latter contains an 
introduction in Italian and in English. This reference edition also includes 
a full description of the history of the existing copies of the manuscript. 

In Sigler’s translation, Fibonacci’s exposition and his solution to this 
problem is given as follows! [96, Chapter 12, Problem 26]: 


1Reproduced by permission from Springer Nature. 
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“How Many Pairs of Rabbits Are Created by One Pair in 
One Year 


A certain man had one pair of rabbits together in a 
certain enclosed place, and one wishes to know how many 
are created from the pair in one year when it is the na- 
ture of them in a single month to bear another pair, and 
in the second month those born to bear also. Because the 
abovewritten pair in the first month bore, you will double 
it; there will be two pairs in one month. One of these, 
namely the first, bears in the second month, and thus there 
are in the second month 8 pairs; of these in one month 
two are pregnant, and in the third month 2 pairs of rab- 
bits are born, and thus there are 5 pairs in the month; in 
this month 8 pairs are pregnant, and in the fourth month 
there are 8 pairs, of which 5 pairs bear another 5 pairs; 
these are added to the 8 pairs making 13 pairs in the fifth 
month; these 5 pairs that are born in this month do not 
mate in this month, but another 8 pairs are pregnant, and 
thus there are in the sixth month 21 pairs; to these are 
added the 18 pairs that are born in the seventh month; 
there will be 34 pairs in this month; to this are added the 
21 pairs that are born in the eighth month; there will be 55 
pairs in this month; to these are added the 34 pairs that 
are born in the ninth month; there will be 89 pairs in this 
month; to these are added again the 55 pairs that are born 
in the tenth month; there will be 144 pairs in this month; 
to these are added again the 89 pairs that are born in the 
eleventh month; there will be 233 pairs in this month. To 
these are still added the 144 pairs that are born in the last 
month; there will be 377 pairs, and this many pairs are pro- 
duced from the abovewritten pair in the mentioned place at 
the end of the one year. You can indeed see in the margin 
how we operated, namely that we added the first number 
to the second, namely the 1 to the 2, and the second to 
the third, and the third to the fourth, and the fourth to the 
fifth, and thus one after another until we added the tenth 
to the eleventh, namely the 144 to the 233, and we had the 
abovewritten sum of rabbits, namely 377, and thus you can 


Downloaded from www.worldscientific.com 


4 Fibonacci Cubes with Applications and Variations 


in order find it for an unending number of months.” 


beginning 1 
first 2 
second 3 
third 5 
fourth & 
fifth 13 
sixth 21 
seventh 34 
eighth 55 
ninth &9 
tenth U4 
eleventh 233 
end SUT 


This then is the celebrated rabbit problem which is over 800 years old, 
that gave birth to the Fibonacci numbers. 


This sequence is well-known for its apparent representation of certain 
natural growth phenomena and applications in mathematical sciences. Its 
properties have been observed as the basis of agreeable forms in architec- 
ture, pleasing proportions in paintings and sculptures, and as determining 
the climactic points in musical compositions. Fibonacci numbers and Fi- 
bonacci inspired structures are often used in modern computer science, as a 
part of number theory, and in expressing a number of interesting properties 
mathematical objects. They have curious relationships to other families of 
well-known sequences, such as the binomial coefficients. 

Problems involving Fibonacci numbers can be found in many mathe- 
matical publications, recreational and otherwise. There is even a quarterly 
academic journal dedicated to Fibonacci numbers and closely related topics 
titled The Fibonacci Quarterly. From the vast literature on this topic, we 
cite only a few reference books: [6,87, 105,111]. 


1.2 Fibonacci Numbers in Nature 


The number of spirals in the pattern of sunflower seeds turns out to be a 
Fibonacci number. Similarly, looking at a pinecone from the bottom, the 
number of spirals going from the center to the outer edge appears to be a 
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Fibonacci number (see Fig. 1.1 for an example). The number of petals on 
many flowers are also given by small Fibonacci numbers. 


Fig. 1.1 8 spirals of a pinecone when viewed as spreading out counterclockwise from 
the center; same pinecone has 13 spirals spreading out clockwise from the center 


1.3. Fibonacci Identities and Induction 


Many relationships between expressions involving Fibonacci numbers can 
be proved by the method of (strong) mathematical induction, such as the 
identities 


YF = Fran, 
1=0 
Fy-1F n+ = Fe - (=1)"5 


VBS =F Paes 
i=0 


as well as various divisibility properties. 

Fibonacci numbers are also related to the binomial coefficients by a 
simple summation formula. By inspection, the diagonal entries of the Pascal 
triangle as shown in Fig. 1.2 suggests the identity involving the binomial 
coefficients 


F, > an ’) (1.3) 


for n > 1. Once conjectured, this identity immediately follows by induction 
using (1.2) and elementary properties of the binomial coefficients. 
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15 20 15 1 
1 7 21 35 35 21 7 ~1 


Fig. 1.2 Sums of the diagonal entries in the Pascal triangle are the Fibonacci numbers 


1.4 Fibonacci Strings 


A binary string of length n is a sequence of n digits (or letters), where 
each digit is a 0 or a 1. We usually write a string as a juxtaposition of 
its elements, such as w = 0011101011. The empty (or null) string with no 
letters is usually denoted by the special symbol 4, and is assigned length 
zero. 

Of the 2” binary strings of length n, we consider those in which no two 
consecutive letters are 1. These are called Fibonacci strings of length n. As 
an example, Fibonacci strings of length n = 4 are shown in the first row of 
Table 1.1. 


Fa | 0000 0001 0010 0100 1000 0101 1001 1010 
OF3 | 0000 0001 0010 0100 0101 
10F2 1000 1001 1010 


Table 1.1 Fibonacci strings of length 4 


Fibonacci strings of length n > 2 can be partitioned into two subsets, 
first consisting of those that start with 0, and the second, those that start 
with 1, as shown in the last two rows of Table 1.1 for n = 4. In this second 
subset of Fibonacci strings, the letter following the initial 1 is necessarily a 
0. 

The first subset is equinumerous with 000,001,010, 100,101, which are 
Fibonacci strings of length 3, and the latter subset with 00,01,10, which 
are Fibonacci strings of length 2. If we let F,, denote the set of Fibonacci 
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strings of length n, then the decomposition given above can be written 
symbolically as 


Fn =0Fn-1 +10 Fn 


for n > 2, analogous to the recursion (1.2). Here 0F,_; is the set of all 
Fibonacci strings of length n—- 1 each prefixed with 0; 10 F,,-2 is the set of 
all Fibonacci strings of length n—-2 each prefixed with 10, and “+” denotes 
disjoint union. 

Let a, denote the number of elements in F;,. We see that a, satisfies 


An = An-1 + An-2 


for n > 2 with ap = 1 and a; = 2. Therefore the number of Fibonacci strings 
of length n is 


On = Frag. (1.4) 


This has an amusing application. Suppose we flip a fair coin until two 
consecutive heads are obtained. What is the probability that we flip the 
coin n times for this event to happen? We easily compute this probability 
for n = 1,2,3 as 0, i o respectively. If we denote the outcome of heads by 
1 and tails by 0, for n > 3 we are looking for the probability of obtaining a 
Fibonacci string of length n — 3, followed by a 0, which is then followed by 
two 1s among all binary strings of length n. Using (1.4) this probability is 

i ee ol 
gn-3 93 gn 
It can be shown that this in turn implies the identity 


eo yes 


n 
n21 2 


1.5 Fibonacci Representations 


Every positive integer n can be written in terms of Fibonacci numbers as 
a sum of the form 


n= Fy, + Fr, tet FE, 
with ky > kg >-+-->k, > 2. This is a Fibonacci representation of n. There 
may be many different Fibonacci representations of a given integer. How- 


ever there is a unique Fibonacci representation if we impose the additional 
requirements 


ky kj 22; 9 ele =], 
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where we use the notation [n] = {1,...,n} for a given positive integer n. 
This unique Fibonacci representation of n is called its canonical represen- 
tation (it is also referred to as the Zeckendorf representation [124] in the 
literature). 

It is also useful to use binary strings to encode Fibonacci representa- 
tions by using their Fibonacci indicator “digits,” where the rightmost digit 
corresponds to F», the digit to its left to Fz; and so on. Fj, appears as 
a summand in a Fibonacci representation denoted by a binary string, if 
and only if the element with index 7 from the right in the string is 1. In 
the canonical representation there are no consecutive Fibonacci numbers 


» 


as summands, and therefore there are no two consecutive 1s in the corre- 
sponding binary encoding. We see that the binary encodings of canonical 
representations of integers are nothing but Fibonacci strings. 


n Canonical representation | Binary encoding 
1 Py 1 
2 Ps 10 
3 Fy 100 
4 4+ Fe 101 
5 Fs 1000 
6 Fs + Fo 1001 
7 Fs + F3 1010 
8 Fe 10000 
9 Fo+ Fo 10001 
10 Fo+F3 10010 
11 Fo+ Fy 10100 
12 Fot+ Fy + Fo 10101 


Table 1.2 Canonical (Zeckendorf) representation of the integers 1,2,...,12, with their 
binary encoding 


1.6 Compositions 


A composition of a positive integer n is a way of writing n = n1+ngt--+Nnz 
for some k, where each summand is a positive integer and the order of 
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the summands is taken into account. Compositions are also called ordered 
partitions. The n; are called the parts of the composition. Let p,, denote 
the number of compositions of n where each part is > 2. For instance, n = 6 
has 5 such compositions: 6, 4+2, 3+3, 2+4, 2+2+2, so that pg = 5. In such 
a composition with n; > 3, replacing n; with n, - 1 while keeping all other 
parts the same gives a composition of n -—1 of the same type (i.e., parts 
> 2). If n, = 2, then n-2 = ng+---+n,, and this is a composition of n- 2 of 
the same type. We see that these are actually one-to-one correspondences. 
The situation is shown in the array in Table 1.3 for n =6. 


Compositions with 

parts >2 6 4+2 3+3 2+4 24+2+42 
First part > 3 5 3+2 2+3 
First part = 2 4 242 


Table 1.3. Compositions of 6 with parts > 2 


Therefore for n > 3, 
Pn = Pn-1 + Pn-2 
with p; = 0 and pg = 1. Consequently p, = F,-1 for n> 1 [83, p. 134]. 


A similar argument can be made for the number of compositions of n 
with parts < 2. These compositions are shown in Table 1.4 for n = 4. 


Compositions with 

parts <2 1414141 14142 14241 24141 242 
First part = 1 1414141 14142 14241 
First part = 2 2+14+1 2+42 


Table 1.4 Compositions of 4 with parts < 2 


If we denote this number by gq, then q; = 1, q2 = 2 and gn = dn-1 + Gn-2; 
and therefore this time gn = Fyi1. 


1.7 Tilings 


A monomer is a 1x1 rectangle and a dimer is a 1 x 2 rectangle. Let by, 
denote the number of monomer-dimer tilings of a 1 x n strip. Monomer- 
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dimer tilings of the 1 x 4 strip are shown in Fig. 1.3. 


Fig. 1.3 Monomer-dimer tilings of the 1 x 4 strip 


There are b,-; tilings in which the leftmost cell of the strip is covered 
by a monomer, and b,-2 tilings in which it is covered by a dimer. It fol- 
lows that 6, = bn-1 + bn_2 for n > 3. We have 6b; = 1, bo = 2 and therefore 
by, = Fn, for n> 1. We can see that these are nothing but compositions of 
n with parts < 2 in disguise. We also note that monomer-dimer tilings of 
the 1 xn strip can be thought of as left to right encodings of the Fibonacci 
strings of length n -1 with a 0 added to the end; a dimer encodes the pair 
10 and a monomer encodes a 0 which is not preceded by a 1. 


Let us also consider the dimer-only tilings of the 2x n rectangle. Dimer- 
only tilings of the 2 x 4 rectangle is shown in Fig. 1.4. If cn, denotes the 
number of such tilings then cy, = Cn-1 + Cn-2 for n > 3. This is because the 
number of tilings in which the leftmost dimer is vertical is counted by cn-1, 
and those in which it is a pair of horizontal dimers is counted by c,_2. Since 
c, = 1 and cp = 2, we again have cy, = Fy41. 


Fig. 1.4 Dimer-only tilings of the 2 x 4 strip 


Dimer-only tilings are also called tilings with dominoes. At the end of 
Section 3.8 we will consider a variation of this problem, enumeration of 
distinct tilings with dominoes of the 2 x n rectangle. 


1.8 The Golden Mean 


The ratio F,,41/F;, of successive Fibonacci numbers converges to the golden 
ratio; or the golden mean y, given by 


: —_ = 1.61803398874989... 


Pp feomcd 
The golden mean is the positive root of the equation x? — 2-1 = 0. In fact 
this quadratic polynomial factors as (x- y)(x+y"'). 
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Let us divide a line segment in two parts as shown in Fig. 1.5 in such a 
way that the ratio of the larger part to the smaller is the same as the ratio 
of the length of the whole line segment to the larger part. In other words 
we would like to have A/B = (A+ B)/A, where the two parts have lengths 
A> B. Then this common ratio is y, and the point zx is called the golden 
section (see Fig. 1.5). It appears that the properties of the golden ratio were 
already studied in antiquity for their pleasurable properties, independently 
of its connection with the Fibonacci sequence. 


A ms B 


Fig. 1.5 The golden section is defined by the property: A/B =(A+B)/A 


A closely related object, the golden rectangle, is a special rectangle the 
ratio of the length of whose longer side to the shorter one is y. In terms 
of the labels of the golden section of Fig. 1.5, its base is A+B and side 
length is A, as shown in Fig. 1.6. The rectangle which shares a side with 
the Ax A square itself is a golden rectangle. Continuing this way, we obtain 
a sequence of self-similar rectangles as shown in Fig. 1.6. By a geometric 
construction as shown in Fig. 1.6, we also obtain an approximation to the 
logarithmic spiral curve observed in nature. 


A # B 


Fig. 1.6 Repeated divisions by the golden section y and the approximation to the 
logarithmic spiral with quarter arcs of circles inscribed in the squares 


It is interesting that Fibonacci numbers and the golden ratio y have been 
observed as defining agreeable forms in architecture, painting, sculpture, 
and as the basis of diverse natural phenomena. There are many observed 
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examples in nature in which the number y magically appears, from snail 
shells to the angular location of leaves on a plant stem. 

Among the Fibonacci inspired structures, one of particular interest to 
us is the one consisting of nine iron Fibonacci cubes designed by the artist 
Petra Paffenholz. In addition to its pleasing proportions, this piece of art 
shares with this book the phrase “Fibonacci Cube,” albeit with a somewhat 
different intended meaning. 

Paffenholz’s work was erected in 2014 in the flat land near Diepholz 
in Lower Saxony as a part of a sculpture walk. The largest of the cubes 
is almost 7 meters tall. The dimensions of the cubes are given by the 
Fibonacci sequence, so that the side length of the 7 cube, for instance, is 
the sum of the side lengths of the 6" and the 5*" cubes. 


Fig. 1.7 Petra Paffenholz’s sculpture titled Fibonacci Cubes in Diepholz (Photo: Ste- 
fan Aumann, used by permission) 


Paffenholz explains her personal philosophy behind this beautiful struc- 
ture with the words “When it comes to mathematics, I really was a terrible 
pupil. But nevertheless, I am fascinated by the simplicity of the Fibonacci 
sequence, which can be calculated forever, symbolizing the infinite uni- 
verse. Well, we do not know if the universe is infinite, but imagination of 
mankind has problems to think either way; if there is an end or not, both 
ways blow our minds. That is the idea, the reason why I choose to design 
this artwork.” 

Fibonacci Cubes sculpture brings to mind the following version, which 
we may this time call Fibonacci squares. Starting with two initial squares 
of unit area corresponding to n = 1 and n = 2, this time we require that the 
area of each succeeding square should be the sum of the areas of the two 
preceding ones. Fig. 1.8 illustrates this. 
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ono noe 
11 v2 V3 v5 vB VB V2 V4 55 


Fig. 1.8 Starting with two unit squares, the area of each square is the sum of the areas 
of the previous two 


We easily see that the side length of the n* square in this sequence 
is / Fy. Also, any three consecutive side lengths forms a Pythagorian real 


triple, meaning 
(VF) =( Ba 2 Fa) - (1.6) 


This means that these quantities are the side lengths of a right triangle. 
Of course the identity (1.6) is nothing but the defining recursion of the 
Fibonacci sequence. 

This allows for a pleasing construction which starts with the right tri- 
angle with vertices (0,0), (1,0), and (0,1). This triangle has side lengths 
VFo, VFi, and \/F3, starting from (0,0) and proceeding counterclockwise. 
In the next step we use the hypotenuse of length \/F3 of this triangle as 
the base and construct a new right triangle with side lengths /F3, VF», 
and \/Fy, again proceeding counterclockwise from (0,0). The construction 
continues in the manner indicated in Fig. 1.9. We note that the resulting 
shape is much like the outline of an ordinary spiral seashell. 


1.9 Binet Formula 


For n > 0, there is a closed form expression for F;,, namely 


alee) (4); 


This is called the Binet formula for F,. Even though it is a fairly stan- 
dard calculation in the study of recurrence relations that yields (1.7), the 
appearances of /5 always leaves the uninitiated stunned as they must all 
disappear after carrying out the calculations indicated on the right, leaving 
an integer behind; i.e., Fy. 

In terms of the golden ratio y, (1.7) can be written as 


Fn = [y” = (-~)"] . 
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Fig. 1.9 The construction with the sequence of numbers (VWFn)n>1 


Note also that the identity (1.5) can be obtained following a straight- 
forward calculation if we use the closed form expression (1.7). 

As we will see below, Binet’s formula is very important and applicable, 
but on the other hand it is not practical for the calculation of the Fibonacci 
numbers themselves. 


1.10 Lucas Numbers 


The Fibonacci sequence as well as variations modeled on it were studied 
in detail by Edouard Lucas (1842-1891) in his 1891 treatise Théorie des 
nombres [72]. 

The so-called Lucas numbers Ly, are defined by the same recurrence 
relation as (1.2) for n > 2, i.e., they satisfy 

In =LIn1t+Ln-2 for n>2, (1.8) 

but with different initial values, given by Lo = 2 and L, = 1. The Lucas 
sequence thus starts with 

2,1,3,4,7, 11, 18, 29, 47, 76, 123, 199, 322, 521, $43, 1364, 2207, 3571,... 


It can be shown that the Binet formula for Lucas numbers is 


by= (EY (A) cpr eer. (1.9) 


2 2 


The Lucas numbers can be expressed in terms of the Fibonacci numbers. 
Indeed by an immediate induction one can prove the identity 


In = Fy-1 + Fyst (1.10) 
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as well as the companion identity 
F,, = = (Ln-1 + Lint) 


for n > 1, relating the two sequences to one another. 
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Chapter 2 


Formal Languages and Generating 
Functions 


Fibonacci cubes, our main objects of study in this book, have as their 
underlying building blocks strings of 0s and 1s of a given length, with certain 
restrictions imposed on them. In our studies, these strings are broken up 
into smaller pieces, which are more or less of the same kind as the original 
ones. This allows us to study our objects by studying smaller and smaller 
ones, and also to try and figure out the properties that are preserved in this 
process. The study of strings which obey certain restrictions is the area of 
formal languages. However we only need the very basic constructs of the 
theory of formal languages for our approach. 

Perhaps just as important for the techniques we use frequently is the 
study of generating functions. These are in general more familiar math- 
ematical objects. There is a very useful interplay between sets of strings 
under consideration and generating functions, which keep track of the num- 
ber of strings with certain properties. This interplay can either be viewed 
as keeping track of a whole sequence of numbers that we are interested 
in, or perhaps as looking at a myopic version of our set of strings, where 
we disregard some of the properties that define them. In this way we can 
use techniques from calculus and elementary algebra to discover numerical 
behavior of a number of parameters of our graphs. 


2.1 Generating Functions 

Given a sequence of numbers apo, @1, @2,..., which we can denote by (an) nz0 
for short, we can keep track of all of the numbers in the sequence simulta- 
neously. This is done by passing to the generating function of the sequence. 


Definition 2.1. The generating function of a sequence (ay)nso is the for- 


17 
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mal power series 


Yi Gat” S00 +a bast Leal be (2.1) 
nz0 

Note that we are using various powers of the symbol t merely as place 
holders, and in this formulation a generating function is not really a function 
but only a formal series. Nevertheless, this terminology is used for historical 
reasons. Usually we are interested in closed form expressions for generating 
functions on which we can use algebraic techniques. 

The generating function of the sum of two sequences is the sum of 
their generating functions. In particular, if two sequences have the same 
generating function, then they are identical. Equality of two generating 
functions is the equality of all of their coefficients. Given two generating 
functions 


f(t) = ag tayt+agt? ++, g(t) = bo + byt + bot? ++, 


h(t) = f(t)g(t) = co + Crt + cpt? ++ tent” ++ 


is the generating function of the convolution of the two sequences, whose 
terms are defined by 


n 
Cyn = oe Arnbn—k 3 
k=0 
Newton’s expansion formula is a very useful tool when working with 
generating functions: 


(snr are py Meee 


(2.2) 


This series is convergent for |t| < 1 for arbitrary complex number a, but we 
will not be evaluating it for any numerical value of t. We note that when 
a is a positive integer, (2.2) reduces to the binomial theorem. 


2.2 Elements of Formal Languages 


Here we review some basic constructs from the theory of formal languages 
and their relation to generating functions. It turns out that a number of 
properties of Fibonacci cubes and their variants that we are interested in 
are sometimes expressed in terms of elementary properties of formal lan- 
guages and then passing on to the generating functions. 
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The basic terms we use are alphabet, letter, word, string and language. 


An alphabet © is any finite non-empty collection of symbols called let- 
ters. For example © = {a}, 4 = {0,1}, } = {a,b,c}, UH = {x1, 22, 23,...,29} 
are alphabets. © = {0,1} is called the binary alphabet. We reserve the 
symbol B for the binary alphabet. 

In most cases, the letters of the alphabet have a natural order on them 
such as for & = {a,b,c} we have a < b<c; and for © = {x1,22,73,..., 79} 
we have ©] < % <-+++ < Xo. 

If w is a juxtaposition of any number of letters from an alphabet \, then 
w is called a U-word or equivalently a U-string. When the alphabet is fixed 
or when it is clear from the context, we drop the - and talk about words or 
strings over &. So the terms string and word may be used interchangeably. 

A language L£ over © is a finite or infinite collection of words over ™. 


Length 


If w is a word, the number of letters of w is the length of w, denoted by the 
symbol |w]. 


The Null-Word 


The special word consisting of no letters is usually referred to as the empty 
string or the null-word and it is assigned zero length. The null-word is often 
denoted by the symbol A. 


Concatenation 


If u and v are words, by u-v or by simply uv we mean the word of length 
|u| + |v] obtained by placing wu and v one after the other. Thus if u = abba 
and v = bb then uv = abbabb. This operation is referred to as concatenation. 
In fact, the same term is used when we juxtapose any number of words. 

Note that concatenation has the mathematical character of multiplica- 
tion. Indeed, any triplet of words u,v, w we have (u-v)-w =u-(v-w). This 
is the associativity of concatenation. 

Concatenating the null-word with any other word w gives w back: w-A = 
A-w=w. Thus A behaves with respect to concatenation very much in the 
same manner the number 1 behaves with respect to multiplication. Thus an 
alternate and appropriate notation for the null-word could be the symbol 
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“1” itself, assuming that it is not one of the letters of the alphabet we are 
working with. 

We note however that concatenation is not in general a commutative 
operation. As an example, u-v # v-u for the words u =a and v = b over the 
alphabet {a, b}. 


Prefixes and Suffixes 


If w can be written in the form w = u-v, then we shall say that u is a 
prefix of w and v is a suffiz of w. Note that the null-word \ and w itself 
are always prefixes of w. They are also suffixes of w. 


The Languages &*, &*, Xin 


The collection consisting of all S-words (including the null-word) is denoted 
by &*. The collection of non-null }-words is denoted by 5*. For n> 0 we 
define 


Mn ={wed®: |wl =n}. 


Of particular interest is the language B* which is the set of all binary 
words, (or binary strings) including the null-word. The language of words 
over B of length n is denoted by B,,. Thus for n > 0, 


B, ={w¢e B*: |wl=n}. 


Subwords and Complements 


A word s is a subword or substring of a word w if w can be written as 
w = usu for some u,v € &*. Note that s is a contiguous part of w. A 
substring s of w is referred to as a factor of w in some treatments. 

A run in a word is a maximal length subword consisting of a single 
repeated letter. For instance in the word w = 001111000, there are two 
runs of Os of lengths 2 and 3, and a single run of Is of length 4. Runs are 
sometimes referred to as blocks. 

The symbol |w|, denotes the number of occurrences of s as a subword 
in w. So for example if w = 01010; |w|o = 3, |wl, = 2 and |wloio = 2. 

For a given alphabet © and a word f over %, we define ©,,(f) to be the 
set of strings of length n over © in which f does not appear as a subword. 
In other words 


En(f) = {we dX, :Au,ve d* with w=ufv} 
= {we X,: |w|p = 0}. 
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In particular, given a word over the binary alphabet B = {0,1} we have 


B,(f) = {we B,:Au,v€ {0,1}* with w = ufv} 
={weB,: |wlp =O}. 
When we deal with a binary string f, it makes sense to talk about its 


complement f, defined by replacing each bit in f by the complementary 
bit. So for example 1001 = 0110. 


Reverses and Palindromes 


Given a word w = w1wW2...Wr, of length n over an alphabet ©, its reverse is 
the word w® = wyWp-1...W1. Thus w® is the word w written backwards. 
Clearly (w”)” 
is also referred to as a palindromic word or a palindromic string. 


=w. A palindrome is a word w with w = w". A palindrome 


Series and Algebraic Operations 


Certain basic operations involving words and languages can be translated 
into algebraic operations. To do this, it is convenient to represent languages 
as a formal sum of words and write £ = cw. This is merely a convenient 
way to deal with all the words of £ at the same time. For instance if L is 
the language of all words of length 2 over the binary alphabet B = {0,1} 
then we write 


£=00+01+10411. (2.3) 


We can think of this as a shorthand for £ = {00}U {01} U {10}U {11} where 
“4” in (2.3) denotes disjoint union and we ignore the curly brackets. 


Concatenating Languages 


One of the most basic operations which can be used to produce further 
languages from given ones is concatenation. Given two languages £; and 
Le we define 


Lilo = {uv: we li,vEeLlg}. 


This definition can easily be extended to the concatenation of an arbitrary 
number of languages. In particular for any language £ and positive integer 
n, we can talk about the language £”, which is the concatenation of n copies 
of £. For convenience we put £° = A. We see that with the concatenation 
operation the language ,, of words of length n over % can be written as 
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u”. Similarly, B, is the n-fold concatenation B”. 


The simplest alphabet is one consisting of a single letter. For © = {a} 
we have &* = {A, a, aa, aaa,...} so we may write 


DS =1lt+atar+ar+. 


Note that the notation 1 for the null-word is consistent with the mathe- 
matical convention that a° = 1. Thus we can use the shorthand notation 
a 
gt 

Let us now consider the alphabet 5 = {a,b}. Let ©, denote the language 
consisting of all S-words of length n. It is easy to show that U, = (a+b)”, 
i.e., the concatenation of n copies of a+b, which we can write as &”. Since 


yt 


yrs a oe a, (2.4) 
we may again write 
1 
Se 2.5 
1-(a+b) 2) 


We can observe the advantage of the formalism of writing a language 
as the sum of its words when we pass to the generating function. As an 
example, writing the language of words of length 3 over © = {a,b} as 


(a+b)? = aaa+ aab + aba + abb + baa + bab + bba + bbb. 


Replacing each a by 1 and each b by some variable ¢ in both sides of 
this identity yields the polynomial identity 


(Le)? = 14¢ste? 444 Pe" +6 a1 43t4 37 ee, 


which is of course a special case of the binomial theorem. 
As another example for © = {a,b}, consider the generating function 
g(t)= yy tel, 
wed* 
The coefficient of t” on the right is the number of words of length n over 
y, that is 2”. Replacing each letter by ¢ in both sides of (2.4) gives 
1 
t) = 14 (2t) + (2t)? +--- = —_ 
g(t) =1+ (2) + QP =e, 
which is what we would obtain from the formal expression (2.5) for 4* by 
replacing both a and b by t. 
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Enumerator Polynomials 


Sometimes we find it of interest to count a set of objects by classifying them 
according to some parameter. For example, of the 2” strings of length n 
over the alphabet © = {a,b}, there are (3) with exactly k occurrences of a. 
The polynomial 


x (2.6) 
zl) 
which keeps track of these numbers as the coefficients of the powers of a 


variable (x in this case), is called their enumerator polynomial. For a given 
n, (2.6) is precisely the generating function of the sequence of numbers 


(o) 0) 0) 


in the variable x. For this example the binomial theorem says that the 
enumerator polynomial (2.6) is simply (1+ 2)”. We shall at times refer to 
enumerator polynomials as counting polynomials. 

In various instances we will be interested in the generating function of 
the enumerator polynomials themselves. For the above example, denoting 
(2.6) by e,(x), we have 


Seo] sey : 


n>0 n>0 ° Papa )e° 


2.3. Generating Functions for Fibonacci and Lucas Num- 
bers 
Let 
F(t) = Fot Fit + Fot? ++» 


denote the generating function of the Fibonacci sequence. Details of the 
computation of F(t) from the recursion defining the Fibonacci sequence 
are as follows. We multiply (1.2) by t” and sum for n> 2. This gives 


eS ya +S Pe” 


n22 n>2 n>2 
=i). Be at) Pe 
n>1 n>0 


= t(F(t)- Fo) +t F(t). 
Therefore 


F(t) - Fo - Fit =t(F(t) - Fo) +t? F(t). (2.7) 
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Using the initial values Fo = 0 and F) = 1, and then solving (2.7) for F(t), 


we find 
rf 


1-t-t?° 
We can think of (2.8) as keeping track of all Fibonacci numbers at once. 

We note that another technique that is frequently made use of when 
working with generating functions is partial fractions expansion. Since 
1-t-?t? =(1-yt)(1+ y"'t), partial fractions expansion gives 


F(t) = (2.8) 


fo. 4 1 1 1 
1-t-? Y5\l-gt]) VY5\l+yp lt 
1 1 - 
25 0) (Sey tpe) 
from which the Binet formula (1.7) for F,, immediately follows by extract- 
ing the coefficient of t”. 


To calculate the generating function of the Lucas numbers, we proceed 
in exactly the same way as the case of the Fibonacci numbers until we 
reach identity (2.7). The initial values for the Lucas sequence are Lo = 2 
and L,; = 1, which results in 

LG) S28 LGY-2) Ph), 
and consequently 
2-t 


L(t) = ———,.. 
(?) 1-t-# 


2.4 Further Examples on Generating Functions 


The recursive definition of the Fibonacci numbers allows us to construct the 
generating functions of various sequences obtained from them in a relatively 
straightforward manner. For example, let 
OS Fi Fiat and SG) => Fit. 
n20 n>0 
We can relate the quantities F), F,,,; and F? using the recursive definition 
of F,, and obtain a system of equations which we can then solve. 
For n> 1, 

Fy Fit = Fn( Fn + Fn-1) = F? + Fri Fn. (2.9) 

Multiplying (2.9) by t” and summing for n > 1, we obtain 


C(t) = S(t) +tC(t). (2.10) 
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Similarly, for n > 2 we have 


F? = (Fy_1+ Fn_2)* = F2_, + 2Fn-oFy-it Fg. (2.11) 
Multiplying (2.11) by t” and summing for n > 2, we obtain 
S(t) -t=tS(t) + 20°C(t) +#S(t). (2.12) 


Solving the system of the pair of equations (2.10) and (2.12) for C(t) and 
S(t), we find 
t (1-¢)t 
d S(t)= 
Gsna-see 2 O° Gpd cae 


C(t) = 


2.5 Exponential Generating Functions 


In certain situations, in particular when the objects of interest to be enumer- 
ated are labeled, a variant of the generating function called the exponential 
generating function of a sequence is used. 


Definition 2.2. Using the variable t, the exponential generating function 
of the sequence (@,,) nso is defined to be the formal power series 


t= +—t+—t'+ 
fo 7! Oo! ol! 2! 3! 


5 an in ao ay, a2 2 8 BB ci 
As examples, the exponential generating function of the constant se- 
quence (1) p30 is e* and that of (n!)ns0 is (1-t)~+. The exponential gener- 
ating function of the Fibonacci sequence is given by 
a (e*" - ee) ; 
V5 
We will have the opportunity to consider certain exponential generating 
functions which turn out to be familiar trigonometric functions in Sec- 
tion 4.4.1 when we consider the enumeration of a certain family of paths in 
Fibonacci cubes. 
We remark that when there may be confusion as to which type of gen- 
erating function is under consideration, (2.1) is referred to as the ordinary 
generating function of the sequence (an) n3s0- 


2.6 Fibonacci Polynomials 


The classical Fibonacci polynomials F;, (a) are defined by a recursion similar 
to the one that defines the Fibonacci numbers. We set Fo(x) = 0, Fi(x) = 1, 
and for n > 2 define 


F(a) = «F,-1(«) + Fy_o(2). (2.13) 
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Clearly F,,(1) = F, for n> 0. First few Fibonacci polynomials are 


Fy(x) = 2, 

F3(x) = 2? +1, 
F(x) = 2° + 22, 
F(x) = 24+ 307 +1, 


Fe(ax) = 2° + 40° +32. 


The properties of these polynomials have been extensively studied. We only 
note the following interpretation. We can assign to each Fibonacci string 
w € Fp a weight W(w) by setting W(w) =a"! Then for n > 0, 


F,(2) = > W(w). 


weFn_2 


This is because of our basic identity 
Fn = 0F n-1 + 10F n-2 ’ (2.14) 


which implies that if w = Ow’, then W(w) = «-W(w’), and if w = 10w’, then 
W(w) =W(w’). Keeping in mind the rule of exponents, this is nothing but 
the recurrence (2.13) defining the Fibonacci polynomials. 

The generating function of the sequence of Fibonacci polynomials is 


LAs 


ers 1-at-t?- 


In addition to the classical Fibonacci polynomials, there are other gen- 
eralizations, or g-analogues (in this case perhaps more appropriately called 
x-analogues) of the Fibonacci numbers. These would be polynomials de- 
fined analogously to (2.14) which evaluate to the Fibonacci numbers when 
the argument is set to 1. For example, if we decide to classify Fibonacci 
strings of length n by the number of subwords 10 they contain, then for 
w € Fp, we could set W(w) = yl”°, where |w]1o is the number of occurrences 
of 10 in w. Set 


Gily)= >) W(w) 


weFn-2 


for n > 2. 
We obtain G2(y) = 1, G3(y) = 2 and for n> 4, 


Gn(y) = Gn-1(y) + yGn-2(y) 
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directly from the recurrence (2.14). This gives 


Ga(y) =y+2, 

Gs(y) = 3y + 2, 

Gey) = y? + By +2, 
with G,,(1) = F,, for n > 2. Setting Go(y) = Fo = 0, Gi(y) = Fi = 1, the 
generating function of the sequence G,,(y) is 


t+(1-y)¢ 
Gn(y)t” = ————— 
»» (y) 1 fay 


We shall have plenty of occasion in this book to make use of formula- 
tions and manipulations of this kind. Sometimes the details will be given 
explicitly and sometimes the intermediate calculations will be omitted all 
together. 
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Chapter 3 


Structure of Fibonacci Cubes 


In this chapter we come (finally) to the Fibonacci cubes themselves. We 
first give the basic definitions from graph theory that we need in the fol- 
lowing. A reader who is familiar with graph theory can easily skip this 
section. Then we formally introduce Fibonacci cubes, present their fun- 
damental decomposition, and determine their order and size. After that 
we present the Greene and Wilf theory which allows us to derive several 
formulae of interest in closed form. In the subsequent section we enumerate 
the number of vertices of Fibonacci cubes of an arbitrary given degree as 
well as of an arbitrary given degree and a given Hamming weight. After 
this we determine the connectivity and the edge connectivity of Fibonacci 
cubes and conclude the chapter with a detailed description of the symmetry 
properties of these graphs. 


3.1 Glossary of Graph Theory 


A graph G is an ordered pair (V(G), E(G)), where V(G) is the vertex set 
of G and E(G) the edge set of G which contains unordered pairs of vertices 
of G. The order of G is the number of its vertices and will be denoted by 
n(G). That is, n(G) = |V(G)|. The size of G is the number of its edges 
and will be denoted by m(G), that is, m(G) =|E(G)|. 

The complete graph K,, n> 1, is the graph of order n and all possible 
edges. In other words K, has size m(K,,) = ee The path graph of order 
n will be denoted by P,, and the cycle of order n by C,. 

If {x,y} € E(G) we will simplify the notation to xy € E(G) and say that 
y is a neighbor of x (and that x is a neighbor of y), or that x and y are 
adjacent. The degree of a vertex u € V(G) is the number of its neighbors and 
is denoted by dege(u). The minimum degree and the maximum degree of 


29 
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G are denoted by 6(G) and A(G), respectively. If all vertices of a graph G 
have the same degree, then G is a regular graph. If the degree in question 
is r, then we may also say that G is an r-regular graph. ‘The set of all 
neighbors of a vertex u € V(G) is the open neighborhood of u, denoted by 
Ne(u). The closed neighborhood of u is Ne[u] = Ne(u) u {u}. 

The distance dg(u, v) between two vertices u and v of a connected graph 
G is the number of edges on a shortest u,v-path. The eccentricity eccg(u) 
of ue V(G) is the maximum distance between u and any other vertex of G. 
We may shortly write d(u,v) and ecc(u) when G is clear from the context. 
The diameter diam(G) of a connected graph G is the maximum distance 
between pairs of vertices of G or equivalently the maximum eccentricity 
ecc(z) among vertices x of G. The radius rad(G) is the minimum eccen- 
tricity. A subgraph H of a graph G is isometric if dy(u,v) = dg(u,v) holds 
for any u,v € V(#). In addition, H is convex if for every u,v ¢ V(H), and 
every shortest u,v-path P in G, the path P lies completely in H. Clearly, 
each convex subgraph is isometric but not necessarily the other way around. 

Even more basic notion that the isometric subgraph is the one of an 
induced subgraph. If X ¢ V(G), then the subgraph of G induced by X is 
the maximal subgraph of G with the vertex set X and is denoted by GLX]. 
In other words, G[X] has X as its vertex set, and its edge set consists of 
all edges in E(G) that have both endpoints in X. In particular, if GLX] 
is a path graph, then we say it is an induced path. Complete subgraphs 
which are addressed to also as cliques clearly have the above properties, 
that is, cliques are induced and convex subgraphs. If ve V(G), then G-v 
denotes the induced subgraph G[V(G) \ {v}], that is, the graph obtained 
from G by removing the vertex v and all the edges incident to it. Finally, 
an ordinary subgraph of a graph G is a graph H such that V(H) © V(G) 
and E(H) ¢ E(G). The distance between subgraphs H, and Ho of a graph 
G is the minimum distance in G between a vertex of H, and a vertex of 
Hy. In particular, the distance between a subgraph H of G and a vertex 
veéV(G) is min{dg(z,v) | ce V(A)}. 

The notion of graph products is essential in graph theory. We mention 
that an entire book [46] is dedicated to this concept. The structure of 
hypercubes derives from one of the most important, the Cartesian product. 
The Cartesian product GO H of graphs G and H has the vertex set V(G) x 
V(A), and (g,h) is adjacent to (g’,h’) if either g = g’ and hh’ « E(#), or 
gg’ € E(G) and h =h’. The construction is illustrated in Fig. 3.1 on the 
Cartesian product G O H, where G = H = Kp with V(G) = {g,g’} and 
V(A) = {h,h'}. The example also explains why the box label is chosen for 
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the Cartesian product operation of graphs. 


h' (9,h’) (g',h’) 


h (g,h) (9',h) 


go———o, 


Fig. 3.1 The Cartesian product Ko 0 Ke 


The line graph of G is defined by taking E(G) as the vertex set, and 
making two edges adjacent if they share an endpoint in G. 

If G is a graph, then S ¢ V(G) is a separating set of G if G\ S has 
more than one component. The connectivity K(G) of G is the minimum 
cardinality of 5 ¢ V(G) such that G\ S is disconnected or a single vertex. 
By the definition, «(K,) =n-1 for n> 1. In particular, «(k1) = 0, even 
though Ky is connected. We also say that for each k < «(G) the graph 
G is k-connected. Similarly, S ¢ E(G) is a disconnecting set if G\ S has 
more than one component. G is k-edge-connected if every disconnecting 
set consists of at least k edges, and the edge-connectivity «’(G) of G is the 
maximum & for which G is k-edge-connected. 

An isomorphism from G to H is a bijective mapping a: V(G) > V(#) 
which preserves edges and non-edges, that is, wy € E(G) if and only if 
a(u)a(v) ¢ E(#) holds for each pair of vertices u and v of G. If an isomor- 
phism exists between two graphs, then the graphs are called isomorphic and 
denoted as G £ H. An automorphism of a graph G is an isomorphism from 
G onto itself. The set of all automorphisms of a graph G equipped with 
the composition operation forms a group called the automorphism group of 
G, denoted by Aut(G). 

Let G be a connected graph. A Hamiltonian path in G is a path that 
visits every vertex of G exactly once. A Hamiltonian cycle in G is a cy- 
cle that visits every vertex of G exactly once. A graph that contains a 
Hamiltonian cycle is called a Hamiltonian graph. 

A set of vertices S ¢ V(G) is independent, if no two vertices from S$ 
are adjacent. The cardinality of a largest independent set of G is the 
independence number of G denoted by a(G). A set of edges M ¢ E(G) is 


Downloaded from www.worldscientific.com 


32 Fibonacci Cubes with Applications and Variations 


a matching, if no two different edges from M share a common end-vertex. 
That is, a matching is a set of independent edges. The matching M is 
perfect if each vertex of G is an end-vertex of some edge from M. Clearly, 
if a graph admits a perfect matching, then its order is even. 

The complement G of a graph G has the same vertex set as G, and 
uv is an edge of G if and only if wv is not an edge of G. For instance, 
the complement of the complete graph on n vertices is the graph with n 
vertices and no edges, while P,; = Py. 

If G is a graph, then D © V(G) is a dominating set if every vertex from 
V(G) \ D has a neighbor in D. The domination number y(G) of G is the 
cardinality of a smallest dominating set of G. Furthermore, D © V(G) isa 
total dominating set if every vertex from V(G) has a neighbor in D. The 
total domination number 7:(G) of G is the cardinality of a smallest total 
dominating set of G. 


3.2 Fibonacci Cubes 


Fibonacci cubes were introduced in 1993 by Hsu as a model for interconnec- 
tion networks [51], but as we will demonstrate throughout the book, these 
graphs have found numerous applications elsewhere and are also extremely 
interesting in their own right. In 2013, a review article on Fibonacci cubes 
was written by Klavzar [59]. 

As already mentioned in the preface to this book, the modern world is 
powered by computers which are based on binary numbers. These numbers 
are in turn constructed from bits, that is, the values 0 and 1. Recall that 
we use the notation B = {0,1} for the binary alphabet and B,, for the 
binary strings of length n. B,, can be used to encode all (decimal) numbers 
between 0 and 2”-1. If b = b;...bn € Bn, then we say that b; is the i‘ 
coordinate of b. For j € [n] the string b+ 6; will be the string c such that 
c; +b; and c; = b; for all i #7. 

Clearly, |B,,| = 2”. The n-cube Q,, n > 1, is the graph with V(Q,,) = Bn, 
in which two vertices b = b,...b, and b! = bi...0/, are adjacent if b; # bi 
holds for exactly one i € [n], ie., if b’ = b+ 6;. The order and the size of 
Qn is given by n(Q,) = 2” and m(Q,) = n2""!. In Fig. 3.2 the 3-cube 
is drawn. For convenience we also define the 0-cube Qpg as the complete 
graph on a single vertex, that is, Qo = Ky. The family of all n-cubes is 
called hypercubes. 

Since two vertices of the n-cube Q,, corresponding to strings u,v are 
adjacent if and only if u; # v; holds for exactly one 7 € [n], we easily infer 
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Fig. 3.2 The 3-cube Q3 


that dg,, (u,v) is equal to the number of indices 7 such that u; + v;. Defining 
the Hamming distance H(x,y) between two binary strings x and y of the 
same length to be the number of coordinates in which x and y differ, we 
have thus seen that if u,v¢V(Q,), then 


dg,,(u,v) = H(u,v). (3.1) 


Let k € [n] and let f = fi... fp € Be. Recall from Section 2.2 that by 
B,(f) we denote the set of strings from 6, which do not contain f as a 
substring. Using this notation, Fibonacci strings of length n are 


Fn = By(11). 


This simply means that a binary string b,...b, is a Fibonacci string if it 
does not contain two consecutive 1s. More precisely, for every i € [n—- 1], 
at most one of the bits b; and b;,; is 1. Hence another useful way to define 
the set of Fibonacci strings of length n is: 


Fry = {b1...0n: bibis1 = O0,t€[n-1]}. 


In this set notation 6;b;,1 is the algebraic product of the values of the two 
bits. Note that if x ¢ F, and x; = 1 it is immediate that «+06, is a Fibonacci 
string. 

The stars of our book are defined as follows. The 0-dimensional Fi- 
bonacci cube 19 is Ky. That is, lo = Qo = Ky. For n> 1, the n-dimensional 
Fibonacci cube T, has 


VE) = Fis 


and two vertices are adjacent if they differ in exactly one coordinate. See 
Fig. 3.3 for the smallest four Fibonacci cubes and Fig. 3.4 for Pio. The 
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Fig. 3.4 The Fibonacci cube [19 as drawn by Eppstein. He used some custom software 
to draw it, based on the work reported in his paper [28] 


drawings of the Fibonacci cubes [7 through Tyo as rendered by Mathemat- 
ica can be found in Appendix A. 

An equivalent definition of the Fibonacci cube T°, is that it is the graph 
obtained from Q,, by removing all vertices whose binary labels contain at 
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3.3. Fundamental Decomposition 


Let n be a positive integer and let f ¢ By, for some k €[n]. For C,, © B,, we 
define by Cf* the set of all strings from C, which have f as a prefix, and 
by C8f those strings from C, which have f as a suffix. That is 


Cl* = {c€ Cn: c= fy for some y € Bn_r} 


cf = {ceCn: c= af for some x € By_z}. 


We will use the convention that the empty string belongs to Bj*, Bg°, 
Fe* and F$°. Then for any n > 0, the vertex sets of Q, and [,, naturally 
partition as 


B,, = By +B, 
FiOS 


where we recall that the symbol + stands for the disjoint union. Since 
a Fibonacci string of F/* cannot start with 11, this can equivalently be 
written for n > 2, as 


Fix = OF n-1 + 10F p-2 . 
If wv is an edge of Q,,, then we have exactly three possibilities: 


(i) wu and v belong to B?*, 
(ii) wu and v belong to Bi, or 
(iii) wu = Ox and v = 1x where x € By_1. 


In the first two cases the edge uv belongs to the subgraphs of Q,, induced 
by B°* or B}*, respectively. Both of these graphs are isomorphic to Q,_1. 
In the last case wv belongs to a perfect matching between B/* and B?*. 
Therefore, for n > 1, the n-cube Q, can be represented as the Cartesian 


product graph as follows: 


Qn = Qn-1 O Ke =Qn10Q1. 


This fact is illustrated in Fig. 3.5 for n = 4. Many properties of hypercubes 
are derived from this recursive construction. 

The intrinsic recursive structure for Fibonacci cubes, parallel with the 
recursive structure of hypercubes via the Cartesian product operation, is 
the following fundamental decomposition of Ty. 
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Fig. 3.5 The 4-cube Q4 = Q3 0 Ko =Q3 0 Qi 


Consider the partition F,, = F°* + F1°* for n >2. Since 10 ends with a 
0 the set °° induces a subgraph of I, isomorphic to I',_2. Similarly, F°* 
induces a subgraph of [,, isomorphic to [,-1. Moreover, each vertex 10x 
of F1°* has exactly one neighbor in F°*, which is the vertex 00x. These 
latter edges form a matching, analogous to the case of the hypercube graph. 
They are sometimes referred to as link edges. The recursive structure of T,, 
described is illustrated in Fig. 3.6, where I'g is decomposed into Ty (left), 
Ts (right), and the matching edges between them drawn in red. 

The Hamming weight of a binary string 6 is |b|,, that is the number of 
occurrences of 1 in b. It is immediate that the number of strings in B,, of 
Hamming weight k is (‘). 

In this book we use the combinatorial definition of binomial coefficients 
given in [42]. In particular ( = 1 and (7) =0 for all n,k eZ with k <0. 
Some computer algebra systems use a generalization to negative arguments 
of binomial coefficients coming from the Gamma function which result in 
non-zero values for k < 0. Our conventions simplify the issues that arise 
with summation bounds. 

Let ué¢ F, with Hamming weight w. In the string u0 of Fn+1 every 1 
is followed by a 0. Replace every substring 10 in uO by the character x. In 
this way we obtain a string 0(w) over the alphabet {0,x} of length n+1-w 
which uses exactly w characters x. It is immediate that @ is a bijection. 
Thus we have 


Proposition 3.1. The number of strings in F,, of Hamming weight w is 
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Fig. 3.6 The Fibonacci cube Ig 


n-w+l 
( w , 
As a corollary we obtain a combinatorial interpretation of the expression 


of Fibonacci numbers as sum of diagonal entries in the Pascal triangle as 
already stated in (1.3), see also Fig. 1.2. 


3.4 Order and Size 


Since the vertex set of T, is the set of Fibonacci strings of length n it is 
clear that 
(En) = Free, 
as given in (1.4). This fact will be used either explicitly or implicitly many 
times in the rest of the book. 
From the fundamental decomposition of [,, n > 2, the edge set parti- 
tions into three subsets: 


(i) the edges of the T’,,_; induced by F°°, 
(ii) the edges of [,-2 induced by F1°*, and 
(iii) the edges of the matching between F,,°° and F0°*. 
Therefore the size of T’,, satisfies 
m(Ln) = m(Tn-1) + m(Tn-2) + Fr (3.2) 
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for n > 2, with the initial conditions m(To) = 0, m(T1) = 1. It is immediate 
to verify by induction that the expression given in Proposition 3.2 satis- 
fies (3.2). This result was first reported by Munarini, Perelli Cippo, and 
Zagaglia Salvi. 


Proposition 3.2. [81, Proposition 4] For any positive integer n, the size 
of Ty, is 
mn) = 3 (Foi + 2(n+1)Fp) - 
An alternative expression for m(T,) due to Klavzar reads as follows. 


Proposition 3.3. [58, Proposition 3] The size of [,, n> 0, is 
m(Tn) = BF -ia . (3.3) 
i=1 
Proof. This is immediate for n = 0 and n= 1. Let n > 2 and assume the 
identity for n-1 and n- 2. Then by (3.2), 


n-1 n-2 
mT) = >> Fy Fp-i + > FF p-i-1 + Fy 
t=1 t=1 


n-2 n-2 
=) Fit > BPi-ut+haikht+ fh. 
i=l i=l 


Since Fi + Fp-i-1 = Freisi and F,-1F, + Fy = Fn-1t+ Fr = Frh-iFfot+ FLF\, 
the result follows by induction. 


Say that an edge between vertices x and x + 6; uses the direction i. In 
Proposition 6.6, or as the case k = 1 of Corollary 5.4, we prove that for any 
ié[n], Fi Fn-i+1 counts the number of edges using the direction 1. This 
gives an alternative combinatorial proof of Proposition 3.3. 


3.5 Digression: Greene and Wilf Theory 


It is not difficult to check that the expression 
= (nFysi + 2(n+1)Fy) (3.4) 


satisfies recursion (3.2) of m(T,,), but how is it possible to guess that an 
expression like this is the solution in the first place? 

On the other hand, the formula (3.3) has a combinatorial interpretation 
and thus Proposition 3.3 can be obtained directly without mathematical 
induction. Therefore one could ask oneself if it is possible to derive a 
formula like (3.4) from an expression such as (3.3). 
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This is precisely the object of the theory of Greene and Wilf presented 
in [44]. They studied the existence of closed formulas for expressions of the 
form 


n-1 
by Gi(ain + bij + €1)Go(agn + baj + C2)Ge(agn + beJj + Ck) P 
j=0 
where each sequence (G;(7))n>0 satisfies a finite linear recurrence with 
constant coefficients. Fibonacci numbers are of course such a sequence 
where the recurrence relation has order 2. 
Rewriting the right hand side of (3.3) in the form 


n-1 


Sa aes (3.5) 
j=0 
it follows from [44, Theorem 2] that the sum (3.5) can be expressed as a 
linear combination of the four terms nF,,, F;,, nF; and F,,,,. Further- 
more, (44, Theorem 3] implies that if a rational linear combination of these 
four terms and the sum (3.5) agree for n = 0,1,2,3, then they agree for all 
n. 
Since the values of (3.5) for n = 0,1,2,3 are 0,1,2,5, the coefficients 
of the linear combination anF,, + bF, + cnFyi1+dF,, must satisfy the 


pone (9 
\scosfla) \s/ 


whose solution is (a,b,c, d) = (2, 2, 7,0). 

When the generating function of the sequence is known, another ap- 
proach is possible, we will explain it in details illustrating again the power 
of the concept of the generating function. 

Indeed consider the expression of m(T’,,) given by Proposition 3.3. Since 
Fo = 0, this sum can be rewritten as m((n) = Vito FiFns+i-i. Therefore, 
the sequence (m(Tn))nzo is the convolution of the sequences (Fr )nz0 and 
(Frn+1)ns0o- Since the generating functions of these sequences are 


t 1 
Pi ai Ph 3.6 
mB Topog 2d Dd Faust” = Tp 6) 


n>0 n>0 
the generating function of m(T,,) is their product 


3 m(L,)t" = —— 


2 GiB ae 
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Can we rewrite the right hand side of (3.7) as a linear combination of 
generating functions of sequences for which we know a closed formula? 
The first two candidates, those of F;, and F,,,; can be rewritten as 


t-?-t 1-t-? 
F,t” = ———_. and Fyyit” = 
2 Fn ~ G-t-2p ™ > eeeene (lene ou 
therefore we have to add two generating functions 
P(t t 
sag — O) 
(1-t-t?)? (1-t-t?)? 
distinct or not, where P(t) and Q(t) are polynomials of degree at most 
3, such that the numerator t can be written as a linear combination of 
t-t?-t?,1-t-t?, P(t), and Q(t). 
There are two natural candidates. By differentiation of the formal series 
n (3.6) we obtain 
t+t3 t+2t? 
Ft” = ———_. and Fait” 
By Gaim od Brien = ae 


Solving 
t=a(t+t?)+b(t-t? — #3) + c(t + 2t?) +d(1-t-t?) 


gives also (a,b,c, d) = (2, 2, 5,0). 

Since the generating functions of the sequences (m(Tn))nso and 
(z (nFr+i1+2(n+1)Fn) )nzo are the same, the coefficients of «” for any 
integer n are equal, and therefore the sequences are identical. 

Further applications of the above described theory will be presented in 
Section 7.2 and Section 7.3.1. These techniques are implicit in many other 
results we present whose proofs are only sketched or omitted. 


3.6 Sequence of Degrees 


In this section we will study the number of vertices of T’,, of a given degree, 
a fundamental parameter of a family of graphs. 

As observed in the seminal paper [51, Lemma 6], the Fibonacci cube 
T, (n > 2) is not regular. The vertex 0” is a vertex of maximum degree 
n and (010)°, (010)°0 or (010)°01 are examples of vertices of minimum 
degree |(n + 2)/3]. That is, A(T) = 7 and 6(T,,) = |(n+2)/3]. This arises 
from the observation that changing a 1 to 0 in a string of F,, gives a string 
in Fy, while a 0 can be changed to 1 only if it is not adjacent to some 
1. Therefore the minimal degree is obtained for a string with a maximum 
number of adjacent blocks 010. 
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A first approach for computing the sequence of degrees is to use the 
fundamental decomposition of T’,. It will be convenient to set A, = Fis 
and B, = Fee. For any n> 1 and any 0< k <n, let Qn,k and bpp, be 
the number of vertices of degree k of A, and B,,, respectively. Consider a 
vertex x € A, of degree k. Then it is of degree k - 1 in the subgraph I,_2 
of [,, induced by A,. Since x lies in exactly one of the sets A,_2 or Bn_2, 
we get 


Qn,k = Gn-2,k-1 + On-2,k-1- 
Similarly, a vertex y ¢ B, has a neighbor in A, if it starts with 00 or has 
no neighbor in A,,. In the first case, it is a vertex of the corresponding set 
By-1, in the second case, a vertex of A,_,. Therefore, 
bn k = On-1,k-1 + An-1,k - 


Hence the degree sequences in the subgraphs induced by A, and B,, satisfy 
the following system of linear recurrences and initial conditions 


Qn,k = On-2,k-1 + bn-2n-1 (Nn 22,k2>1), 


On k = On-1,k-1 + An-1,k (n >1,k> 1) : 
Qo,k = An,o = 0 (n>0,k>0), 
bo,k = On,o = 0 (n2>1,k2>1), 
a1k =0 (k>2), 


41,1 = bo,0 = 1. 
Their generating functions 
a(a,y) = » On pu” y” and b(x,y) = a bn px” y” 
n,k>0 n,k>0 


therefore satisfy the system of linear algebraic equations 


a(x,y) — xy = x ya(x,y) +27 yb(x,y), 
b(x,y) — 1 = xyb(x,y) + va(x,y) 
whose solution is 
vy(1+a-xy) 
(1- ay)(1 - 2? y) — 28y’ 
1 

(1-ay)(1 - 2? y) -— 28y 

The sum a(2,y)+b(2, y) is the generating function of the number of vertices 
in I, of degree k. By a standard but rather technical manipulation of this 


generating function we arrive at the following result of Klavzar, Mollard, 
and Petkovsek. 


a(x, y) = 


b(x,y) = 
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Theorem 3.4. [65, Theorem 1.1] [fn >k>0, then the number of vertices 


in, of degree k is 
yu eee i+] ) 
S6\ k-il\n-k-i+1)- 


Note that the summation can be restricted to the interval between [|(n - 
k)/2] and min(k,n-k) since the other terms vanish. 

We will give a combinatorial interpretation of the expression under the 
summation sign. Let us first recall the following basic result about compo- 
sitions of integers into k parts, whose proof is omitted. 


Lemma 3.5. Letk,m2>0. The number of solutions of x1 +22+-:-+2, =™M, 


with £1,%2,...,2~ (strictly) positive integers, is Ce) = Gea 


Let u be a vertex of [,, of Hamming weight w. In the Fibonacci string 
uO every 1 is followed by a 0, therefore uO can be uniquely decomposed as 


uO = 0% (10)0°2 (10)... 0%" (10)0%* , 


where a; > 0 for allie [w+1] and a1 +--+ Qu41 =n+1-2w. Furthermore 
every such decomposition can be obtained from some uw. 

In every block 0, i € [w], only the a;-1 first 0s are not adjacent to some 
1. Therefore any such block contributes a;—1 to degp, (wu) if a; 2 1, and zero 
otherwise. Consider now the last block 0°”+t!. If a4, =0 then u ends with 
1. Otherwise u ends with exactly ay+1 Os but only the last a,,4;-—1 are not 
adjacent to a 1, therefore in any case 0°~** also contributes like the previous 
blocks to degp, (u). Therefore any block 0%‘, i € [w +1], contributes a; —1 
to degp, (uw) if a; > 1, and zero otherwise. Let J = {i ¢[w+1]: a; = 0} and 
K =[w+1]\ J. Since a 1 can be changed into 0, the degree of u in T, is 
thus 


degr, (u) =w+ Di (ai-1l)=wt > a,-|K| 


tek tek 
=w+ >} a,-|K|=n-w-|K|+1. 
ie[w+1] 


Therefore we have constructed a one-to-one mapping from vertices of T,, of 
Hamming weight w and degree k to (w+ 1)-tuples of non-negative integers 
(Q1,Q2,---,Q@w+1) whose sum is n+ 1 - 2w with the additional constraint 
that exactly n-w-—k-+1 of the ajs are strictly positive. 

There is (al ways to choose the subset K ¢ [w+1] of this non-zero 
a;s. The set kK chosen, by Lemma 3.5, the number of choices of the as, 


ié K, is Cae) We have thus the following refinement of Theorem 3.4. 
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Theorem 3.6. [65, Theorem 4.6] For all integers k,n,w with k,w <n the 
number of vertices of Py, having degree k and Hamming weight w is 


Col w+i 
k-w/\n-w-k+1/)° 


3.7 Connectivity 


The connectivity of a graph is one of its most basic properties. For practical 
and theoretical reasons, it is of interest to measure how connected a graph 
is. In this section we will first prove that the vertex connectivity as well as 
the edge connectivity of Fibonacci cubes is as high as theoretically possible. 
Of course, this is another nice structural feature of Fibonacci cubes. 

A basic property of connectivity is that for any graph G the inequalities 


K(G) < K'(G) < 6(G) (3.8) 


hold, cf. [120, Theorem 4.1.9]. As explained in Section 3.6, for n > 1 we 
have 


5(Tn) = 


Hence, in view of (3.8), the best we can hope is that the connectivity of T, 
is |(n + 2)/3]. We will next prove that this is indeed the case! The result 
is due to Azarija, Klavzar, Lee, and Rho. 


— (3.9) 


Theorem 3.7. [7, Theorem 2.2] [fn 2>1, then 


APJ eh EAS | . 


Proof. In view of (3.8) and (3.9) if suffices to prove that K([,) 2 6(Tn) = 
L(n+2)/3]. 

The result can be checked for n < 5 by inspection. Suppose now that 
the result is true for n < 3k+2, k>1. By induction we will prove the result 
for n = 3k+3, n = 3k+4, and n = 3k+5. Before that, recall the fundamental 
decomposition of T,, consisting of the partition F,, = F0° + F\°*, where 
F}9 induces a subgraph isomorphic to [',-2, and F°* induces a subgraph 
isomorphic to T,-;. Moreover, each vertex 10x of F1°° has exactly one 
neighbor in F?*, the vertex 00x. It will be again convenient to set A, = F,° 
rile Ws ae eae 

We now start the induction proof for n = 3k +3. Let X31 = 
T343[A3r+3] 2 U3e+1 and let X3pe2 = [3k43[B3x+3] = Usre2. By the 
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induction hypothesis, «(X3k41) = &(X3k+2) = k +1. We claim that 
(13x43) 2 &k+1. Suppose on the contrary that [3,43 contains a separating 
set S with |S| =k. If S ¢ Agz43, then X3441\S is connected and hence P3443 
is connected. Similarly [3,43 is connected if S ¢ B3.43. So some vertices of 
S necessarily lie in A3,43 and some in B3x43. But then both X3,41 \ S' and 
X3x42 \S are connected. Moreover, as k = |S| < |A3x+3| = F'3x43, there exists 
an edge that connects a vertex of X3x41 \.S with a vertex of X3x42\ S. We 
have thus proved that «(13%43) =k +1 holds, hence by (3.8) and (3.9) we 
have K(U3x+3) =k +1. 

Let n = 3k +4. We need to show that K(T3e44) > & +2. Let 
X3n+2 = U3p+a[Asn+a] = Parca, and let X3n43 = [3k+4[B3n+4] 2 U 3x43. By 
the induction hypothesis and the already proved case of n = 3k +3, we have 
K(X3n49) = k+1 and K(X3443) = k +1. Suppose that ['3,,4 contains a 
separating set S with |S] =k+1. If S ¢ A3zp.4, then since any vertex of 
Azpi4 \ S has a neighbor in B3z44, the graph [3,44 \ S is connected. Sim- 
ilarly, if both A3z.4 and B3,,4 contain some vertices of S, then X3,42 \ S 
and X3,,3 \ S are both connected and so is [3,44 \ $. Assume finally that 
S ¢ Bsr.4 and consider the fundamental decomposition of X3,43. It de- 
composes X3x43 into Y YUsx41 and Z & T3x42 that are (by induction) both 
of connectivity k+1. Since S disconnects X3,43 and |S| = k+1, every vertex 
of S, considered as a vertex of Z, begins with 0. It follows that any vertex 
of S is considered as a vertex of X3x43 starts with 00. Now, the subgraph 
of X3x43 induced by the vertices starting with 01 is connected. Moreover, 
since there are n(U3x41) = F3n+3 > & + 1 independent edges between the 
vertices of X3%43 starting with 010 and the vertices starting with 000, there 
is a vertex of X3x43 starting with 01 that has a neighbor starting with 00 in 
the graph [3,44 \ S. This vertex has in turn a neighbor in X3,42. Recalling 
that A344 S = @ and using the fact that any vertex of X3,42 \ S has a 
neighbor in X3x43, we conclude that [3,44 \ S$ is connected. 

The last case to consider is n = 3k +5. Let Agpis, Bgris, X3n+3 2 TU 3e+3, 
and Xs3z44 ~ [3x44 have the same meaning as in the previous cases. By 
the already proved previous cases, K(X3n+3) =k+1 and K(X3x444) = k +2. 
We need to show that K(T'3445) > k +2. Assume that T'3,45 contains a 
separating set S with |$|=k+1. But now S cannot lie completely in X3,44 
(as K(X3p44) = k+2), while in the other cases we can argue again as we did 


in the first paragraph to conclude that S cannot be a separating set. 
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3.8 Symmetry 


In this section we will look at symmetry properties of Fibonacci cubes. 

We note that the reverse b” of a Fibonacci string b is also a Fibonacci 
string. Hence, for each n > 1 we can define the reverse map r: V(T,) > 
V(T,) by setting r(b) = b”. It is clear that r is one-to-one and onto since 
r(b®) = b. Thus r is a bijection. It is equally easy to observe that if b and c 
are Fibonacci strings, then bc ¢ E(T,,) if and only if r(b)r(c) ¢ E(T,). We 
thus conclude that r ¢ Aut(T,). We now prove that besides the identity 
map, r is the only other automorphism of Py. 

We first prove a lemma, for which we need the following definition. Let 
ue V(T,) be a vertex with the Hamming weight |u|; =k. If uv ¢ E(T,), 
where |v|; = k-1, then we say that v is a down-neighbor of u and that wu in 
an up-neighbor of v. 


Lemma 3.8. Ifn > 3 and u,v ¢ V(T,) are different vertices with |u|, = 
\ul1 >2, then u and v have different sets of down-neighbors. 


Proof. Set k = |uli =|v|;. Then & > 2 and dp, (u,v) > 2. Assume first that 
dr, (u,v) = 3. Let i be an arbitrary index such that u; # v; and assume 
without loss of generality that u; = 1. Then the vertex obtained from u 
by changing its i** coordinate to 0 is a down-neighbor of wu but is not a 
down-neighbor of v. Suppose now that dp, (u,v) = 2 and let i and j be 
the coordinates in which u and v differ. We may assume without loss of 
generality that uj = v; = 1 and u; = uj = 0. Since k > 2, there exists an 
index ¢ ¢ {,7} such that ue = ve = 1. But then the vertex obtained from 
u by changing its @*" coordinate to 0 is a down-neighbor of u but is not a 
down-neighbor of v. 


Now we can state and prove the following result of Castro, Klavzar, 
Mollard, and Rho. 


Theorem 3.9. [20, Theorem 2.2] Ifn>1, then Aut(T,) ~ Zo. 


Proof. The assertion is clear for [; & Ko and Tg & P3, hence assume in 
the rest that n> 3. For k>0 set X, = {we V(T,): July = &}. 

Let ae Aut(T,,). Since 0” is the only vertex of degree n and automor- 
phisms preserve degrees, a(0”) = 0”. It follows that a maps X1 onto X}. 
Let Xj = {10% 1,0" 11} and Xj = X1 \ Xj. Since 10°" and 0"1 are the 
only vertices of degree n- 1, a maps X} onto Xj, and hence also maps X7/ 
onto Xj’. We distinguish two cases with respect to how a maps Xj}. 
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Case 1: a(10""') = 10""". 

In this case we then have a(0"-'1) = 0"-'1. Among the vertices of 
X{/, only 010"? has no common up-neighbor with 10"!. Therefore, 
a(010"-) = 010"-*. Among the remaining vertices of Xj’, only 0010"~? 
has no common up-neighbor with 010"~?. Therefore a(0010"~*) = 0010"~°. 
Inductively proceeding with the same argument, a fixes Xj/ pointwise and 
hence fixes the whole set X; pointwise. Applying Lemma 3.8 and the in- 
duction hypothesis, we infer that a fixes X; pointwise for all k. Therefore 
a is the identity. 

Case 2: a(10""') =0""11. 

In this case a(0""'1) = 10”"!. Now, among the vertices of X{/, only 010"~? 
has no common up-neighbor with 10"~'. Thus a(010"~) = 0"~710, which is 
in turn the only vertex from X7/ with no common up-neighbor together with 
a(10"-t) = 0""'1. By proceeding with the same argument, a reverses all 
the elements of Xj’, that is, restricted to Xj! we have a = r. Consecutively 
a =r holds on the whole set X1. Applying Lemma 3.8 once more and using 


the induction hypothesis, we conclude that in this case a =r. 


For any graph G, the action of its automorphism group Aut(G) on 
V(G) partitions V(G) into orbits. If  ¢€ V(G), then the orbit in which x 
lies is the set of vertices y such that there exists a ¢ Aut(G) with a(x) = y. 
Let o(G) denote the number of orbits of G under the action of Aut(G) on 
V(G). It follows from Theorem 3.9 that each orbit of [,, n > 1, contains 
either one or two vertices. Let o([',,1) be the number of orbits of T, with 
one element, and o([',,2) the number of orbits of T,, with two elements. 
Then we have the following result due to Ashrafi, Azarija, Fathalikhani, 
Klavzar, and Petkovsek. 


Theorem 3.10. [5, Theorem 4.2] Ifn> 2, then 


Os I) = Fy my" 149 ’ 


o(T'n,2) = 4 (Fava - Finer 49) 
o(Pn) = 4( Fat Fecon yo). 


Proof. The orbits of cardinality 1 correspond to the fixed points of the 
reverse map r, that is, to the palindromic Fibonacci strings of length n. 
Let u¢ V(T,,) be palindromic. Suppose first that n = 2k. If u begins 
with 0, then wu is of the form u = Ov00v"0, where v € V(Tx-2). Hence there 
are F), such Fibonacci strings. If u starts with 1, then u = 10v00v01, 
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where v € V(T,-3), and so there are Fy_; such strings. Hence there are 
Fy + Fey = Fe+1 palindromic Fibonacci strings of length n = 2k. Now 
suppose that n = 2k+1. If u starts with 0, then u is of the form u = 0v0v"0 
with v ¢ V(Ty-1), or u = Ov010v"0 with v € V(Tyx-2). If u starts with 1, 
then u = 10v0v"01 with v ¢ V(Ty-2), or uw = 100100701 with v € V(Ty-3). 
Hence there are (Fx41+ FR) + (FR + Fri) = Feeo t+ Frit = Friz palindromic 
Fibonacci strings of length n = 2k +1. 

We have thus shown that there are F;,, palindromic Fibonacci strings 
of length n = 2k and F},43 palindromic Fibonacci strings of length n = 2k+1. 
This can be combined into o(Pn,1) = Fy n-cy” |, 9- 

The remaining two assertions of the theorem follow from 


AT, 1) + 0(Tn,2) =0(Pn), 
(Tn, 1) + 20(Pn, 2) = Fase, 
where the first equality follows by the fact that orbits of I, are only of 


cardinalities 1 and 2, and the second equality is obtained by counting the 
number of vertices of I, in two different ways. 


Table 3.1 gives the first few values of o(T,,), o(['n,1) and o(Tn, 2). 


nm |f1}2)3)4)/5)6)7)8)9) 10) 11) 12) 13) 14 

n(n) || 2} 3} 5 | 8 }13] 21] 34] 55 | 89 | 144 | 233 | 377] 610 | 987 

oT) |} 1) 2) 4) 5 | 9 |12/21}30)51) 76 | 127) 195} 322] 504 

o(Tn,1)|]0}1]3}2]/513]815{13] 8 | 21 | 13) 34] 21 

o(Tn,2)}} 1} 1) 1) 3) 4 | 9 $13}25}38) 68 | 106] 182) 288 | 483 
Table 3.1 The numbers of vertices, orbits, orbits of cardinality 1 and orbits of cardi- 


nality 2 of fn, ne [14] 


The mathematician of our internet age can use a wonderful tool, the On- 
line Encyclopedia of Integers Sequences (OEIS for short) [98]. The sequence 
(o(Tn))nz3 is the sequence A001224 from it. It has different interpretations. 
Let us consider here a tiling problem of Patten and Golomb [85] and give 
a bijective proof that the tiling problem and the number of orbits of [,, 
yields the same sequence. 

Patten and Golomb asked in how many ways can a 2x (n +1) rectangle 
be tiled with dominoes (i.e., rectangles of dimensions 2 x 1 and 1x 2)? More 
precisely, the problem asks for the number of distinct tilings, where two 
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tilings are considered distinct if one cannot be obtained from the other by 
reflections and rotations. We are going to show that the answer is o(T’,). 

If n = 1, then 2x2 square has a single distinct tiling; there are two tilings, 
but one can be obtained from the other by the 90° rotation. Suppose now 
that n> 2. 

Let ue V(T,,) and v = w0 € V(Enii). Assign to v a tiling of the 
2x (n+1) rectangle with dominoes as follows. Going through v from left to 
right, assign to each 0 a vertical domino and to each 10 a pair of horizon- 
tal dominoes. Conversely, to each tiling of the 2 x (n +1) rectangle assign 
v€V(Cri1) by going through the tiling from left to right, coding vertical 
dominoes with 0 and pairs of horizontal dominoes with 10. Then v ends 
with 0; let we V(T,) be v without the final 0. This establishes a bijection 
between V(T,,) and the set of all tilings of the 2 x (n+ 1) rectangle which 
preserves palindromes in both directions. 


To conclude the section, we consider also the edge orbits. Let og(G) 
denote the number of orbits of G under the action of Aut(G) on E(G). 
Further let og(G,1) be the number of edge orbits of G containing one 
edge, and og(G,2) the number of edge orbits of G containing two edges. 


Theorem 3.11. [5, Theorem 4.3] Ifn2>0, then 
on (Tn 1) = “SOF ag, 
on(En,2) = (Fas + 2(n4 IF) - wueice 
On(Tn) = 75 (MFyii + 2(n+1)F,) + TF tty - 


Proof. The formulas hold for n € {0,1} by direct inspection, hence we 
can assume that n > 2. The edge orbits of cardinality 1 correspond to 
the fixed points of the reverse map r, that is, to edges uv € E(T,,) for 
which {r(w),r(v)} = {u,v}. This can happen only when r(u) = u and 
r(v) =v. Hence u and v are Fibonacci palindromes of length n differing in 
a single position. This is only possible if n = 2k +1 with u = x000r(a) and 
v = 010r(x) (or vice versa), for some « € V(T',_-1). Hence 
nT p-1) = Fret if n=2k +1, 
olay) af if n=2k. 


This can in turn be written as Ley" 


formulas can now be deduced from this using the identities og(Tn,1) + 
oz(En, 2) : on(Tn) and on(Tn, 1) + 20n(Pn, 2) = m(Pn). 


F\ ns1). The remaining two asserted 


Table 3.2 lists the first few values of og(Tn), of(En, 1) and op(TEn, 2). 
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n 1/213/4/5/6|7]8|9 J] 10/11] 12] 13] 14 
mn) |] 1 | 2 | 5 [10/20/38}71 |130]235| 420/744 |1308]2285 /3970 
op(T'n) || 1) 1] 3 | 5 }11/19]37) 65 [120] 210)376] 654 |1149]1985 
on(Tn,1)|/1;/0}1/0}2/0/3/0]}5)/0]8] 0] 13] 0 
on(T'n,2)|| 0} 1} 2/5 | 9 /19]34] 65 [115/210] 368] 654 |1136]1985 


Table 3.2 The numbers of edges, edge orbits, edge orbits of cardinality 1 and edge 
orbits of cardinality 2 in E(Tn), n< 14 


3.9 Linear Permutations 


In the context of routing permutations on T,, Ramras [88] introduced and 
solved the problem of the identification of invertible binary matrices which 
preserve Fibonacci strings. In this section we present the solution. 
Consider the binary strings of length n as vectors of F”, the vector 
space of dimension n over the field F = Zo, that is, associate to a string 
Y= @1X2Q...Xy the vector x = (#1, 2%2,...,2n) € F”. We can thus interpret 
permutations of 6, as permutations of F” and vice versa. A linear permu- 
tation of B, is a permutation 9 on B, such that there exists some n x n 
binary matrix A with 6(x) = 2A" for any x € B,. Denote by F,, the set of 
column vectors {2': x€F,}, and by e1,...,€, the canonical basis of F”. 


Definition 3.12. [88] A linear permutation, or equivalently an invertible 
binary matrix A is [,,-good if the image of any Fibonacci string of F,, is a 
Fibonacci string, that is Vz ée F,, Ar'¢€F,. 


A T,-good permutation is thus a permutation on V(T,,) that is linear on 
F”. 

As usual, let [,, be the identity matrix and let C,, be the anti-diagonal 
matrix defined by Ci; = 1 when i+j =n+1 and C;; = 0 otherwise. Note that 
C, is the matrix of the reverse map and thus J,, and C,, are [',-good since 
they define two automorphisms of [,,. The set of [,-good permutations is 
stable for composition and thus form a group. 

To formulate the next result, we need to recall the dihedral group on 
n elements which we denote by Do,. For n > 3, the group D2, can be 
viewed as the group of symmetries of a regular n-gon, so that it contains 
n rotations and n reflections. Abstractly, D2, can be represented in group 
theory notation as (x,y: 2? = 1,y” = 1,(zy)? = 1). Ramras proved that 
for n > 4 the group of [,-good permutations is the dihedral group of the 
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regular 4-gon. 

Let A = (A;;) be a T,-good nx n binary matrix and let Aj; and Aj. 
denote its j** column and i” row, respectively. Note that all rows and 
columns of A are non-zero. 


Proposition 3.13. Suppose A is [,-good and let i,j with Ay; =1. Then, 
Av-1)j = 0 oft > 2; and A413 = 0 oft <n- ile 


Proof. Let e; be the j* basis vector of F”. By definition Aes = A_; does 
not have adjacent 1s. Thus A(;_1); = Aci+1)j = 0. 


Lemma 3.14. (88, Lemma 1] Suppose A is T,,-good and let i,j with Aj; = 1. 
Then al in rowi-1 orti+1 can only occur in columns 7-1 or j +1. 


Proof. Suppose by way of contradiction that Agj_1), = 1 or Agisiyp = 1 
with |k — j| > 1. Then e; + ex belongs to F,. Assume first A(j_1), = 1. 
From Proposition 3.13, Aj, = 0 and AG_1); = 0. Therefore Aj, + Ai; = 
Ag-1)k + AG-1)j = 1 and thus A(e; + e,)’ = Aj + Ax has adjacent 1’s, 
contradicting the assumption that A is I’;,-good. The case A(j41)% = 1 is 
similar. We have thus |k — j| = 1. 


Lemma 3.15. [88, Lemma 2] Suppose A is T,-good, where n> 3. If row i 
of A has two 1s, occurring in columns j and k, with j <k, then k=j7+2 
andi=1 orn. 


Proof. Assume i > 2. Because A;; = 1, by Lemma 3.14, a 1 in row i-1 
must occur in either column j-1 or column j+1. Similarly, because Aj, = 1 
it must occur in column k-1 or column k+1. By the invertibility of A there 
exists a 1 in row i-1. Since j < k, to satisfy both conditions, this 1 must 
be unique. Therefore 7+ 1=k-1, and thus k = 7 +2. Furthermore the row 
i—1 must be e;4;. For i<m-—1 the same argument holds for row 7 +1 and 
gives also that this row is e;41, and that k=7+2. So for 2<71<n-1, rows 
i-1andi+1 are equal, contradicting the assumption that A is invertible. 
Therefore i= 1 ori =n, and k=7+2. 


Lemma 3.16. Ifn>4 and A is T,-good, then the following hold. 


(i) Any 1 in column 1 must occur in row 1 or row n. Similarly, a1 in 
column n must occur in row 1 or row n. 
(ii) There exist exactly one 1 in columns 1 and n. 
Moreover, either 
(itt) For alli with 2<i<n-1 thei row is Aj, = ej or 
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(iii’) for alli with2<i<n-1 the i™ row is Aj, = en-i+1- 


Proof. (i): Suppose Ajj = 1 and 2<i<n-1. Since Ay € Fj), AG-1)1 = 
Ai+1)1 = 0. By Lemma 3.14 we infer the existence of a unique 1 in row 
z-1 and a unique 1 in row 2+ 1, both occurring in the second column. 
Thus A(_-1), = A(i+1), = €2, contradicting the invertibility of A. Since A1 
is non-zero, either A,, = 1 or Ap, = 1. The argument for column A.,, is 
similar. 

(iti) and (iit’): Assume Aj, = 1. Then, by Lemma 3.14, Ao, = eg. Since 
A31 = 0 we obtain again by Lemma 3.14, that As, = e3. Let k be the greatest 
integer such that for all m in {2,...,k}, Am. = em. If k < n-2 then, by 
Lemma 3.15, there exists a unique 1 in row k+1 and, by Lemma 3.14, this 
1 is in column k—1. Therefore A(x41), = €x-1 = A(%-1),, contradicting the 
invertibility of A. Thus k >n-1 and we obtain (ii¢). If we assume Ay = 1 
then we obtain similarly (<i2’). 

(ii): If Ay; = 1 then Ag = 1 and thus by (#é7), A(n—1)(n-1) = 1. There- 
fore, by Lemma 3.14, A, = 0. The proof is similar for the n*® column. 


joao) (agro) oon) (oreod) 
010000 010000 010000 010000 
,0010008 0010001 ;0010001 ;0010008 
,000100, ,000100, ,000100, ,000100, 


000010) 7000010; ,;000010; 1000010 
\ooooo1) looooo1) looo101) looo101) 


eee) (coe poooa (ier) 
000010 000010 000010 000010 
0001008 000100! ;000100! 0001008 
,001000, ,001000, ,001000, ,001000, 


010000) 7010000; ;010000; ;010000 
|; o0000) ly o1000) \sc0000) ls o1000) 


Fig. 3.7 The eight ['g-good matrices 


Theorem 3.17. [88, Theorem 1] For n > 3, there are precisely eight T,- 
good linear permutations and they form the dihedral group Dg. For n = 3, 
(i.e., for T3) there are exactly six T'3-good linear permutations and they 
form the symmetric group S3. 
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Proof. Denote by E” the nxn binary matrix whose single non-zero entry 
is in row 2 and column j. Suppose that n > 4. We claim that the following 
set of eight matrices constitutes the set of all [,,-good matrices: 


Ceres rey eae By ula ae + EB} +r U 
(Ca Cet Cie OO OLE ae 


Indeed, assume A is a T’,,-good matrix, n > 4. From Lemma 3.16 we have 
only two possibilities for the submatrix defined by the rows with indices in 
{2,...,n-1}. 

Assume first Ag, = eg. Then Ay_1. = €n-1, thus, by Proposition 3.13, 
Ani=0 and, by Lemma 3.16, Ai; = 1. We infer that the row 1 must be e, 
or ey + e€3. From Apy_1, = €n-1 we deduce similarly that the row n must be 
€n OF En + Cn_2- 

Assuming Ag. = €n_-1 we obtain that the first row must be e, or en +en_3, 
and the last one must be e; or e; + e3. Therefore A is one of the eight 
matrices. Conversely it is easy to check that any of them is [,-good. 
For example consider A = J, + E'® and let a = (21,%2,...,2n). We have 
Aa! = (21 + %3,%2,03,.-.,%n)'. Since x € Fy, if Ax’ ¢ F) the only non- 
trivial possibility is 71 +23 =1 and r2=1. For 71 +23 =1 one of 21, 23 is 
1, contradicting x2 = 1. 

Setting A= C,,+E'(-?) and B= I,,+ E!°, it is immediate that A? + I, 
and that A* = J,,. Furthermore B? = J, and BAB = A®. It follows that the 
group of [,,-good matrices is Dg. 

For n = 3, the matrix J, + E13 + Err-2) = C+ EM + EM") ig not 
invertible. Then the order of the group is 6, and furthermore the group is 
non-Abelian since 


(13 + E'*)(I3 + E*") + (Ig + E*')(13 + E’?). 


The group is thus S3 = Dg. 
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Chapter 4 


Paths and Cycles in Fibonacci Cubes 


In this chapter we consider distance related topics in Fibonacci cubes. In 
the initial short section, we present the basic metric properties of Fibonacci 
cubes. It is a fundamental result that Fibonacci cubes belong to a family of 
partial cubes, which have been well-studied. This fact significantly simpli- 
fies calculations. After that we focus on the eccentricity of vertices in I,. 
This property is approached in two different ways. One of these is connect- 
ing Fibonacci cubes with Fibonacci trees which in turn form an important 
data structure in computer science. In the third section we characterize 
Fibonacci cubes that are Hamiltonian and among those that are not, char- 
acterize their vertex-deleted Hamiltonian subgraphs. Following that we 
prove that the sequence of the numbers of diametral shortest paths in Fi- 
bonacci cubes is the sequence of Euler numbers. In the final section of the 
chapter we focus on the exact enumeration of short paths and short cycles 
in Fibonacci cubes. 


4.1 Distance and Related Concepts 


In (3.1) we observed that dg, (u,v) = H(u,v) holds for arbitrary vertices 
u and v of the n-cube Q,,. We now show that the same property holds for 
T,,. We record this property as a lemma. 


Lemma 4.1. For any two vertices (Fibonacci strings) u and v of Tn, 
dp,, (u,v) = da, (u,v) = H(u,v). (4.1) 


Proof. Let w be the binary string defined by w; = u; if u; = v; and w; = 0 
otherwise. It is clear that w € F,,. We can construct a u,w-path in T, 
changing the coordinates 7 such that u; = 1 and w; = 0 one by one. Similarly 
we can construct a w,v-path in [,, changing the coordinates 7 such that 
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w; = 0 and vu; = 1 one by one. The concatenation of these two paths is 
a u,v-path in I’, whose length is the Hamming distance H(u,v) between 
wand v. Thus dr,,(u,v) < dg, (u,v). Since TI, is a subgraph of Q, the 
converse inequality also holds. 


A graph G is a partial cube if G is an isometric subgraph of some hy- 
percube. Thus (4.1) implies the following. 


Proposition 4.2. Fibonacci cubes are partial cubes. 


As noted by Hsu [51], diam(I,) = n since dr,,((01)*,(10)*) = 2k and 
dr.,,,(1(01)*,0(10)*) = 2k +1. Munarini and Zagaglia Salvi [82] proved 
that the radius of T, is |"4*]. The eccentricity of a vertex in T, lies between 
these bounds. In the next section we will determine the number of vertices 
with a given eccentricity. 


4.2 Eccentricity Sequence and Fibonacci Trees 


We first describe an easy way of computing the eccentricity of a vertex 
x of [,,. Our starting point is that « has a unique factorization as the 
concatenation of particular strings. 


Proposition 4.3. A Fibonacci string x of Hamming weight p can be 
uniquely factored as 


0104 5.410" 410" 
where Io,lp > 0 andl; >1 for allie [p-1]. 


In this section, by the eccentricity of a string we mean its eccentricity 
in the Fibonacci cube of the corresponding dimension. The main tool is 
the following observation. 


Proposition 4.4. Ifz=ay¢F,, where xé Fp, and yé Fn,, then 
ecc(z) < ecc(a) + ecc(y). 


Proof. Let c¢ F, be such that d(z,c) = ecc(z). Then c = ab with aé F,, 
and b € F,,. By definition of eccentricity, d(x,a) < ecc(x) and d(y,b) < 
ecc(y). Therefore ecc(z) = d(xy, ab) = d(x, a)+d(y,b) < ecc(x) +ecc(y). 


The eccentricity of 0! is the largest number of Is in a string of Fj, ie., 


| 4+}. Let w; be a vertex at maximum distance from 0!. Then 10! is a 
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Fibonacci string and d(10!,0w;) = 1+ ecc(0!). Thus from Proposition 4.4 
we obtain the following result. 


Proposition 4.5. Jf 1>0, then 
l+1 
ecc(10') = || +1. 
We are now ready for the following result due to Castro and Mollard. 


Theorem 4.6. [21, Theorem 3.7] Jf « = 0'°10'10"--.10'" ¢ F,, where 
D, lo, lp 20 and l,,...,lp-1 21, then 


ecc(x) = pe [ =|. 


Proof. Using the same idea as the previous proof, for all 7 let w;, be a string 
farthest from 0''. The string y = w;,,0w), .-- Ow), is a Fibonacci string and 
Io +1 Pld +1 +1 
acon) = [75 |*2 (|) -2 21]. 
i=l 
By Proposition 4.4 the result follows. 


Using Theorem 4.6, it is possible to obtain the generating function of 
the eccentricity sequence. 


Theorem 4.7. [21, Theorem 4.3]. Let fn, be the number of vertices of Tn 
having eccentricity k. Then 


l+at 
kun 

> ESS 
itt 1-2t(t+1) 


Consequently, ifn >k2>1, then 


fow=(4° a) * (0-4): 


Proof. From Theorem 4.6 it is possible to find a recurrence relation satis- 
fied by the fn,,. We omit this rather long and technical computation and 
give the proof of the second part. We have the expansion 


Sy(wt(1 + t))' (4.3) 


l-at(t+1) & 


“Dye de() -Euee()) 


sol 120 j=0 


ee, 


n>0 k=0 
The proof follows by noting that the coefficient of x*t” for n,k > 1 in the 
development of is the coefficient of a*-1#"~! in (4.3). 


(4.2) 


at 
1-axt(t+1) 
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We will establish the generating function of the eccentricity in another 
way using an a priori mysterious connection. Consider the first values of the 
eccentricity sequence (fn,4,0 < k < )nz0 and arrange them into a triangular 
array where the first row corresponds to n = 0: 


2 
1 
0 


a 


2 
3. 2 
0 1 5 2 


Reading the entries by rows we obtain an integer sequence that starts 
1,0, 2,0,1,2,0,0,3,2,0,0,1,5,2,... 


In the OEIS [98] this beginning matches with the start of the sequence 
A178524. The latter sequence, described in our notation, is “the triangular 
array, read by rows, of the number t,+1,, of leaves at depth k in the Fi- 
bonacci tree of order n+ 1.” The two sequences indeed coincide since they 
have the same generating function. We will establish the generating func- 
tion of tn41,. and give a bijective proof that the two sequences coincide. As 
a corollary this will give an alternative proof of Theorem 4.7 without the 
need of calculate the generating function of the fy, 4. 

So what is a Fibonacci tree? Consider a rooted binary tree. The depth 
of a leaf is the distance from the root, and the height of a rooted tree is the 
maximum depth. Now, Fibonacci trees T,,, n > 0, are binary trees defined 
recursively as follows: 


(i) Tp and T; are trees with a single vertex—the root. 
(ii) For n > 2, T,, is the rooted tree whose left subtree is T,,-; and whose 
right subtree is T),-2. 


As an example, Fig. 4.1 illustrates how Ty is obtained from T3 and T>. 


Proposition 4.8. Let d,;, be the number of leaves at depth k in T,,. The 
generating function of the dn+1,h 18 
1+at 
G(za,t) = dy LO =e 4.4 
oy) 2 ee 1-2t(t+1) uo 
Proof. The depth of a leaf of T,, is one more that its depth as a leaf of the 
right or left subtree. We have thus 


dn+ijk = In,k-1 + dn-1,k-1 - (4.5) 
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To 7 T3 7 Ty, 7 


10 00 010 101 001 


100 000 


Fig. 4.1 Fibonacci trees equipped with the standard labeling 


Passing to the generating function from the recursion, we take (4.5) for 
n,k>1, multiply by «*t” 
G(a,t) - 2at - 1 = xt(G(2,t) - 1) + 2t?G(a,t), 


from which (4.4) follows. 


and sum. This gives 


Clearly, for any n the number of leaves of T;, is Finzi = |Fy_i|. We can 
recursively construct a labeling of the leaves of T,, with distinct Fibonacci 
strings of length n-1 as follows. Let ¥*° and F%' be the sets of Fibonacci 
strings ending with 0 and 1. We then have 

Fy-= FO + Rie = {s0: s€F,_1} + {s01: s€ F,_2} 
for n > 2. First label JT; and T> and assume n > 3. We append 01 to 
the labels of the right leaves already labeled as leaves of T;,-2, and 0 to 
the labels of the left leaves already labeled as leaves of T,,-;. In Fig. 4.1 
this construction is presented for the first three non-trivial Fibonacci trees, 
where the currently attached strings are underlined. 

This standard labeling of Fibonacci trees does not respect the corre- 
spondence between depth and eccentricity. For example, the depth of the 
leaf of T3 labeled 01 is 1, but eccr,(01) = 2. Nevertheless, the depth se- 
quence of leaves of T3 is 0,1,2 and thus coincides with the third line of the 
triangular array of eccentricity. We next construct a labeling that respects 
the equality vertex by vertex. 

Notice first that, for n > 2, 


Fn ={800: 8 € Fn-2} + {80: s€Fo',}+{sl: s¢ Fy}. 
Label T, with the null-word and T> according to Fig. 4.2. Assume that n> 3 
and that the leaves of T,_; and T;,-2 were already labeled. We append 00 
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to the label of the right leaves. For the left leaves append 0 to the label of 
a leaf with a label ending with 1; otherwise append label 1. Let @ denote 
this labeling of the leaves of T,, by vertices of [,-1. It is shown in Fig. 4.2, 
again for the first three non-trivial Fibonacci trees. 


T. * tT of Te 7 


10 01 001 100 000 


101 010 


Fig. 4.2 Fibonacci trees equipped with the labeling 6 


The main result of this section which is due to Klavzar and Mollard 
reads as follows. 


Theorem 4.9. [63, Theorem 3.1] [fn >1 andueV(T,,), then 
eccr,, (u) = depthy, , (0-*(u)). 


Proof. We proceed by induction on n, the cases n € [2] being trivial. Let 
n>3 and let ue V(T,,). Consider the following three cases. 


Case 1: Suppose first that u = v00, where v € F,_2. Then we claim that 
eccp, (uw) =eccr,_,(v)+1. Let u’ be a vertex of [,, with dr, (u, u’) = ecc(w). 
Let u’ = wab, where w € Fy-2. Since ab # 11, dr, (u,u’) # dr,_,(v,w) + 2. 
Then 


eccp, (u) = dp, (u,u’) < dp,_,(v,w) +1 < ecep,_,(v) +1. 


Conversely, let w € Fy_-2, such that dp,_,(v,w) = ecc(v). Then w0l1 € F, 
and dr, (u, w01) = eccp, ,(v) +1. It follows that eccr, (u) > eccr,_,(v) +1. 
This proves the claim. 

Case 2: Suppose next that u = vl, where v € F%°,. Now we claim that 
eccp, (uw) = ecep, ,(v) +1. The inequality eccr, (u) < eccr,_,(v) + 1 follows 
by an argument similar as in the first case. Conversely, let w € F,-1, such 
that dr,_,(v,w) = ecc(v). Then w0 € F,, and dp, (u,w0) = eccr,_,(v) +1. 
If follows that eccr, (w) > eccr,_,(v) +1. 
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Case 3: Suppose finally that u = v0, where v ¢ F¢!,. We claim again that 
eccp, (u) =eccp,_,(v)+1. Again, the inequality eccp, (uw) < eccr,_, (v)+1 fol- 
lows as above. Conversely, let w € Fn-1, such that dp, ,(v,w) = eccr,_, (v). 
Then w ends with 0, because otherwise w would not be an eccentric ver- 
tex of v. Indeed, if w ended with 1, then the string w’ obtained from w 
by changing its last bit to 0 would lie in F,-; and hence dp,_,(w’,v) > 
dr,_,(w,v) = eccr,_,(v), a contradiction. It follows that wl ¢ F, and 
dr, (u,w1) = dp,_,(w,v) +1 =eccr,_,(v) +1. 

We have thus proved that for any ué Fp, eccr,,(u) increases by 1 with 
respect to the string v to which a suffix has been added to obtain u. By 
the construction of T;, and by the induction hypothesis, 


depth, ,, (0-*(u)) =depthy,_, (0'(v)) + 1 = ecep,,_,(v) + 1 = eccr, (u) 
in the first case, and 


depthy, , (07 '(u)) = depthy, (07'(v)) + 1 = eccp,_,(v) + 1 = ecer,, (u) 


in the last two cases. 


4.3 Hamiltonicity 


It is well-known that the n-cube Q,,, n > 2, is Hamiltonian. For example, 
the reflected binary code of length n defines a Hamiltonian cycle in Qn. 

The reflected binary code of length n is the sequence S,, of the binary 
strings B,, defined recursively by 


So=, 
Sni1=0Sn,1S® (n2>0), 


where S” denotes the sequence S$, written in reverse order of its elements. 
The first few sequences are thus 


S,;=0,1 

S2 = 00,01, 11,10 

S3 = 000, 001,011,010, 110, 111, 101, 100. 
It is immediate by induction that S,, is a Hamiltonian path in Q, with 
endpoints 0” and 10"'. Furthermore, for n > 2, there exists an edge 
between its endpoints not used by this path. Adding this edge to S;, we 
obtain a Hamiltonian cycle in Q, (Fig. 4.3, left). 


The reflected binary sequence is often called Gray code after Frank Gray 
who used them for communication purposes. However they were applied to 
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Fig. 4.3. Two recursive construction of Hamiltonian cycles in Q4 


mathematical puzzles long before they became known to engineers. They 
appear for example in the description of solutions of the Chinese ring puzzle 
and the Tower of Hanoi game; see the books by Hinz, Klavzar, and Petr [49] 
and by Knuth [70] for more details and the historical point of view. 

There exist many other constructions of Hamiltonian cycles in Q,. The 
number of Hamiltonian cycles in Q,, is only known for n < 6 and Qg¢ itself has 
777739016577752714 equivalence classes of Hamiltonian cycles as reported 
by Haanpia and Ostergard in [45]! 

Another example of recursive construction of a Hamiltonian cycle in 
Qn for n > 2 is illustrated in Fig. 4.3. Let Cy_1 = 11, %2,...,%n-1,2, bea 
Hamiltonian cycle of Qn-1. Interleaving the edges of 0Cy_; and 1C;,_1 with 
the edges of the perfect matching between 0Qn_-1 and 1Q,,-1 we obtain the 
following Hamiltonian cycle C’, in Qn: 

0x1, 0x2, 1x, 1x3, 0x3, seey Ox2:-1, 0x2;, 1x2, 1% 2441, seey 
OXgn-1_1, 0Xan-1, 1Xgn-1, 141,021. 
Using the fundamental decomposition of Fibonacci cubes a construction in- 
spired by that of Fig. 4.3 (left) was used by Cong, Zheng, and Sharma in [24] 
for constructing a Hamiltonian path inT,. When n(T,,) is even, by a mod- 
ification of this path using the interleaving construction of Fig. 4.3 (right), 
one can construct a Hamiltonian cycle in T,. 
Let V,, be the sequence of strings in F, defined recursively by 
Vo=A 
VY, = 0,1 
V,= OV," 10V25, .. Gre 2). 
We have thus 
V2 = 01,00, 10 
V3 = 010,000, 001, 101, 100 
V4 = 0100, 0101, 0001, 0000, 0010, 1010, 1000, 1001. 
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It follows from the fundamental decomposition F;, = F°* + F\°* that every 
vertex of [,, appears exactly once in V,,. Furthermore, it can be proved by 
by induction that V,, is a Hamiltonian path in T,, with endpoints 


(010) and (100) for n=3m, 
(010)’"0 and (100)""1 for n=3m+1, 
(010)’"01 and (100)"10 for n=3m+2. 


We have therefore constructively demonstrated the following result. 
Theorem 4.10. [24] There exists a Hamiltonian path inT,, for any n> 0. 


Since [,, is bipartite, using Theorem 4.10 and the orders of the biparti- 
tion, we easily find its independence number a(T,,). 


Corollary 4.11. (82, Theorem 1] [fn >0, then a(T,) = [3 Frese]. 


Note that if a graph G is bipartite and Hamiltonian, then n(G) must be 
even. A graph G is pancyclic if G contains cycles of all lengths from 3 up to 
n(G). A bipartite graph cannot be pancyclic, because it does not contain 
odd length cycles, but it is said to be bipancyclic if it contains cycles of all 
even lengths from 4 to n(G). 

Since Fo is even and F is odd, the recurrence Fy, = Fyy—1 + Fm_2 im- 
mediately implies that F,,, is even if and only if m =0(mod3). Therefore, 
n(T,,) is even if and only if n = 1(mod3). 

One can easily verify that [4 is Hamiltonian and bipancyclic, and that 
Ts and I's are not Hamiltonian but are bipancyclic. We now give a simple 
proof that [,, is bipancyclic for any n> 3. 


ie 
0101,,-3 ieee 
Pz 4 10P2 4 
OOD 9p Qa 8 = an ee 
LOD, 2g On ons Oem 
OP. 10P 4 


Fig. 4.4 HA, with V, in red 
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Using recursively the construction of V,,, we obtain successively: 
Vn = OV®,,10V,", 
= 010V,,-3, 00Vn_-2, 1010V,,-4, 100V,,-3 
= 010V;-3, 000V," 5, 0010V,% ,, 1010Vjp_4, 100V;,-3. 
Consider the subgraph H,, of I, (Fig. 4.4) defined by the three paths 
O10 
000V,”,,0010V," 4 
100V," ,,1010V;" 
with the addition of the edges of the two perfect matchings between 
010V,%, and 000V,”, on one hand, and between 000V,",, 0010V,%, and 
100V,%,, 1010V,. on the other. 

Note that V,, is a subgraph of H,, and since V(H,,) = V(T,) if Hn is 
bipancyclic, then T’,, will have the same property. 

Consider first the cycle C = 000V,",,0010V,",,1010V;,-4, 100V;,-3 and 
the path 010V,",. Note that 000V,", is a sub-path of C, and 010V,", is 
disjoint of C. 

If |V;.-3| is even, interleaving the edges of 010V,", or 000V,", with those 
of the matching between them we obtain a Hamiltonian cycle in H, thus 
inT, (Fig. 4.5). 

If |Vp_3| is odd, we can only interleave the first |V;,-3|-1 edges of 010V,", 
or 000V,", with those of the matching. We obtain therefore a cycle of length 
n(T,) - 1 (Fig. 4.6). 

In both cases using edges of the matching as a shortcut we can embed 
cycles of arbitrary smaller even length. The parities of n(V,_-3) and n(V,,) = 
n(T,) are the same. 


010P,-3 


00D ,-2 


10D ,-2 


Fig. 4.5 Case |V,-3| even, in red a Hamiltonian cycle in Hn 


Therefore H,, n > 3, and thus [, are bipancyclic. As a corollary we 
obtain: 
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cst eae 


00P,,-2 


10D ,-2 


Fig. 4.6 Case |Vn—3| odd, in red a Hamiltonian cycle in Hn -—u 


Corollary 4.12. [fn =3m+1 andm>1, thenT, is Hamiltonian. 


This result was mentioned without proof in [24]. Later Zelina provided 
a proof in [125]. However, the result is actually a corollary of the following 
earlier theorem of Zagaglia Salvi, proving a property stronger than bipan- 
cyclicity. 


Theorem 4.13. [123, Theorem 1] Let n >5 and let m be an even integer 
with4<m<n(T,). Then for any edge e of [, there exists a cycle of length 
m containing e. 


Let €,, and O, be the set of strings in F, of even and odd Hamming 
weight, respectively. 


Proposition 4.14. 
En; =|O,|+1 if n=0,5(mod6), 
|E,| =|O,| if n=1,4(mod6), 
| |+1 if n=2,3(mod6). 
Proof. This is true for n < 3 and immediate by induction since, by the 
fundamental decomposition, 
IEn| = [Ena + |On-2|, 
|On| - |On-1| + |Enal, 
and thus |€,| — |On| = -(|En-sl - |On-sl)- 


Assume n # 1(mod3). One of the two sets On, E, has one more vertex 
than the other. Let M,, be this set. A path alternately passes through a 
vertex in O, then a vertex in €,. Since a cycle in a bipartite graph has 
even length, if , - u is Hamiltonian then u must be in M,,. The converse 
is true for n > 5 as proved by Castro. 
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Theorem 4.15. [19, Theorem 3.1.10] [fn > 5 and n # 1(mod3), then 
T, —u is Hamiltonian if and only if u belongs to My. 


4.4 Diametral Shortest Paths in I, 


Recall from Section 3.1 that the diameter diam(G) of a connected graph 
G is the maximum distance between its vertices. Vertices u,v ¢€ V(G) 
with dg(u,v) = diam(G) are diametrically opposite vertices. Shortest paths 
between diametrically opposite vertices are referred to as diametral paths. 
It is of interest to consider the cardinality of diametral paths in G. 

It is well-known and easy to verify that diam(Q,,) = n and that dia- 
metrically opposite vertices are pairs u,U, where wu is an arbitrary vertex of 
Qn- Hence there are exactly 2"! diametrically opposite pairs in Q,,, and 
for every such pair, the number of diametral paths between them is n!. 

In this section we calculate the number of diametral paths in T’,,. The 
material we present is based on the treatment of Egecioglu, E. Saygi and 
Z. Saygi in [38]. First we need to consider seemingly remote combinatorial 
objects called alternating permutations and their enumerator, which are the 
Euler numbers. 


4.4.1 Alternating Permutations and Euler Numbers 


Following Stanley [101], a permutation 0 = 0102...¢, of [n] is alternating 
if 0, > 02 <03>04<-:. In other words, 0; < 044; for i even and 0; > Oj41 
for i odd. Moreover, the permutation o is reverse alternating if a, < 02 > 
03 <04>--. Let E,, denote the number of alternating permutations of [n], 
and set Eo = 1. These are known as the Euler numbers. The number of 
reverse alternating permutations of [n] is also given by E,,. 
By a result of André [3], we have 
n 
2B =D) (P| EeEn-k 

kao \K 

and amazingly, the exponential generating function of the sequence of Euler 


numbers is given by 
nm 
x 
». En— =secxr+tanz. 
nz20 n. 


Since 
2 3 4 5 6 


secre +tang=1l+a2+— Ete, +5— Pa ss <61- fee, 
2! 3! A! 5! 6! 
the first few Euler numbers (sequence AQOO111 in [98]) are Ey = 1, Ey = 1, 


Ey =1, E3=2, E,=5, Es =16, Eg =61. 
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4.4.2 The Main Bijection 


It was shown by Hsu [51] that diam(T,,) =n. We have the following easy 
addition to this result. 


Proposition 4.16. [38, Proposition 1] There is a unique pair of diametri- 
cally opposite vertices inT,, n>1. They are 


(i) u=(01)? and v = (10)? if n is even, 
(ii) w= (01) 0 and v = (10)"2 1 if nis odd. 


Since there is exactly one pair of diametrically opposite vertices in T,, 
n >1, we can define c, to be the number of shortest paths between them. 
By direct inspection we see that c, = 1, cz = 1, c3 = 2, c4 = 5, c5 = 16. 

It is convenient to view the edges of a shortest path between vertices u 
and v to be directed from u to v. For a path 


U= $89 > 81 Pe > SH =U, 


each vertex s;,1 is obtained from s; by flipping a 0 toa 1, oral to a0, with 
the proviso that no consecutive 1s appear in any s;. In particular c3 = 2 as 
there are two paths of length 3 from u = 010 to v = 101 in T3 as shown in 
Table 4.1. 


Step | b, bg b3 Step | b; bg b3 
UV = 83 1 0 1 UV = 83 1 0 1 
82 1 0 0 $2 0 0 1 

$1 0 0 0 $1 0 0 0 

U = So 0 1 0 U = SO 0 1 0 


Table 4.1 Two different paths from u = 010 to v= 101 in T'3 


Here we write u in the bottommost row. The i'® step shows the string 
5; after 7 edges on the path have been traversed. Note that in this represen- 
tation the path proceeds from bottom up and the row indices are increasing 
as we go up. 

By using this representation we construct a bijective proof that the 
sequence of the numbers of diametral paths in Fibonacci cubes is precisely 
the sequence of Euler numbers. 


Theorem 4.17. [38, Theorem 1] Let cy, be the number of diametral paths 
inTn, n>1. Then cy = En, where E,, is the Euler number. 


Downloaded from www.worldscientific.com 


66 Fibonacci Cubes with Applications and Variations 


Proof. We give a bijection between paths of length n from u to v in T, 
and alternating permutations o of [n]. The bijection is best communicated 
by an example. Suppose first that n = 8 and we are given the path from 
u = 01010101 to v = 10101010 whose steps are shown in Table 4.2. 


Step 


o 
a 
= 
nN 
So 
w 
oa 
ww 
a 
o 
j= 
a 
oa 
J 
a 
[oa 


VU = 88 
S7 
56 
55 
S4 
§3 
$2 
$1 


Perr OOOO oO 
FoooqooCcnco°cno ©} 
PrPoedonceoeoco°o 


CocoaoorRnrFPr eS 
So oo: oo © OOo oe 
SCO OCOrFR FPR rR HF Fe 
Or.O'O.O OO OO 
RB Re RP rR FE FE OO oO 


U = SO 


Table 4.2 A path from u = (01)* to v = (10)* in Ts 


As the first step of the bijection, we mark the first appearance of 1 as 
we go up the table in every column with an odd index. In Table 4.3 these 
entries are circled. 


Step by 


U= 88 


a 
i 

o 
ww 


bs 


j= 
ley 

a 
oO 


1 
S7 1 
S6 1 
s|@ 
S4 0 
83 0 
oD) 0 
Si 0 
0 


ocoosc oo Of) |e 
coosc osc oo} 


Perr OO Oo oO 
FPrRoOocooo © 
Bee Re FE KF OO CO 


1 
1 
1 
1 
1 
@ 
0 
0 
0 


Ee SO: OS OO OS: Oe (SS 


U = SQ 


Table 4.3 First appearance of 1 as we go up in every column with an odd index is 
marked in the path from u = (01)4 to v = (10)4 in T'g 


Next, we mark the first appearance of 0 as we go up the table in every 
column with an even index. Circling these entries gives Table 4.4. 
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Step by bo bs bg 


1 
1 
1 
ss | @) 
0 
0 
0 
0 
0 


coco oo OH |e 
Si Sevei oes: SE) e 


0 
0 
© 
1 
1 
1 
1 
1 
1 


rHOeE)o oOo oO OF 


1 
1 
1 
1 
1 
@ 
0 
0 
0 


Ke)ocococo OF 


0 
0 
0 
0 
@ 
1 
1 
1 
1 


Table 4.4 First appearance of 0/1 as we go up in every column with an even/odd 
index is marked in the path from u = (01)4 to v = (10)* in T's 


After this we record the corresponding step number in each column. For 
instance, by reading the indices of the corresponding rows, column 1 gives 
5, column 2 gives 4, etc. The resulting alternating permutation is: 


5 4 7 1 3 2 8 6 


These steps are reversible. Suppose this time that n = 7 and we are 
given the alternating permutation 3 1 6 4 7 2 5. We construct Table 4.5 
in which the odd numbered columns 1, 3, 5, 7 are assigned label 1 in the 
rows 3, 6, 7, 5, which are the entries in the odd positions of the given 
permutation. The even numbered columns 2, 4, 6 are assigned label 0 in 
the rows 1, 4, 2, which are the entries in the even indexed positions of the 
given permutation. 

Now we fill in the odd indexed columns of this matrix by 0, up to the 
marked 1 in the column, followed by Os all the way up; and we fill the even 
indexed columns by 1 up to the marked 0 in the column, followed by 1s all 
the way up. This results in the path of length n = 7 from u to v shown in 
Table 4.6 corresponding to the alternating permutation 3 1 6 4 7 2 5. 

Considering now the general case, we see that going from u to v in n 
steps, every bit in u has to change exactly once. This means that the row 
indices of the marked entries in the matrix in Table 4.4 is a permutation 
o of [n]. Now consider an element t = 0; with odd i with 1<i<n. This 
means that in step t of the path, that is in s;, the entry in the i** column 
goes from 0 to 1. But all of the vertices that appear in the table as rows 
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Step by bg b3 b4 bs be b7 


iO 


U= S80 


Table 4.5 First appearance of 0/1 in every column with an even/odd index in the 
path from u = (01)30 to v = (10)1 in I'7 corresponding to the alternating permutation 
3164725 


Step | by be bs ba 


1 
@ 
0 
0 
0 
0 
0 
0 


bz 


HHOe)o ooo Off 


0 
0 
0 
@ 
1 
1 
1 
1 


1 O 
1 O 
1 O 
1 O 
ss;|@) 0 
0 8600 
1 © 
0 61 


cof ooo Ob)F 


1 
1 
@ 
0 
0 
0 
0 
0 


Table 4.6 The path from u = (01)70 to v = (10)71 in I'7 corresponding to the alter- 
nating permutation 3164725 


are Fibonacci strings. This means that in s;_; the entries in columns i - 1 
and 7+ 1 which are adjacent to the entry at column 7 must already be 0. 
Therefore these entries were flipped from 1 to 0 in earlier steps. It follows 
that o; > oj4; and o; > o;-1. The two extreme cases with i = 1 andi=n 
are handled the same way. Therefore o is an alternating permutation. The 


other direction is proved similarly. 
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4.5 Short Induced Paths and Cycles 


It is known that counting cycles and paths in arbitrary graphs is a hard 
problem [40]. For a general bipartite graph with m vertices and girth g 
(length of a shortest cycle), a search algorithm to count short cycles in 
bipartite graphs is presented in [25]. Time complexity of the algorithm 
is O(m?A) to count g-cycles and (g + 2)-cycles, and O(m?A?) to count 
(g + 4)-cycles, where A is the maximum degree of the graph in question. 

We have already mentioned that Zagaglia Salvi proved that for n > 7, 
every edge of I, belongs to cycles of every even length [123]. In this section 
we calculate the number of short induced paths and cycles of small length 
in [T,, by using the fundamental decomposition. We follow the work of 
Egecioglu, E. Saygi and Z. Saygi that appeared in [37]. 

Let p,(n) denote the number of induced paths of length & in T,,. We 
will refer to such paths as induced k-paths. Clearly p;(n) is the number of 
edges of [,,. We have already seen that it is given by 


pi(n) = § (2(n+1)Fy + Frat) (4.6) 
with the generating function 
t 
t 4.7 
PAO saa ae (4.7) 
4.5.1 Enumerating Induced 2-Paths 
Since [’,, is bipartite, every 2-path is induced. Therefore 
de v 
pa(n) = yy (Sera), (4.8) 


vel yn 


The following alternate expression for p(n) is due to Egecioglu, E. Sayg, 
and Z. Saygl. 


Proposition 4.18. [37, Proposition 1] 
p2(n) = x5 ((n- 1)(10n + 9) Fy - 2nFy-1) (4.9) 


Proof. We will obtain po(n) by making use of the fundamental decomposi- 
tion of [,,. A 2-path is either completely in 0P,,_1, or completely in 10[,_2, 
or uses one of the link edges between 00[,-2 ¢ OP ,-1 and 101-2. The first 
two types are enumerated by po(n-1) and po(n- 2), respectively. If one 
of the edges of the 2-path is a link edge, there are three cases to consider. 
These can be denoted schematically as in Fig. 4.7. 
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Fig. 4.7 The three possible cases for 2-paths which use link edges 


Case 1: Such 2-paths are enumerated by 
x degp_ (v) = 2p1(n- 2). 

vel n-2 
Case 2: This is similar to Case 1, and the number of such 2-paths is again 
2pi(n- 2). 
Case 3: Any vertex in 0P,_1 \ 001,-2 is of the form 010a, where a is a 
Fibonacci string of length n- 3. Therefore the number of 2-paths of this 
type is Fy-1. 


As a consequence we have the recurrence relation 
p2(n) = po(n- 1) + po(n- 2) + 4p1(n - 2) + Fr-1 (4.10) 
for n > 2 with p2(0) = po(1) = 0. We multiply (4.10) by ¢” and sum for n > 2. 
Using the expression (4.7) for the generating function of the p(n) and the 
generating function of the Fibonacci numbers themselves, we obtain 


T pa(n)é” = Se (4.11) 


nz0 
The formula (4.9) can be obtained from this generating function by using 
Greene and Wilf theory and standard calculations. 


The sequence p2(n) for n> 1 starts as 


0, 1,6, 17, 46, 108, 242, 515, 1062, 2131, 4188, 8088, ... 
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Proposition 4.18, in conjunction with (4.6) and the observation (4.8) 
yield the following expression for the second moment of the degrees in Tp. 


Corollary 4.19. [37, Corollary 1] 


2 
> degyp, (v)* = 2p2(n) + 2p1(n) = = ((10n? + 14n + 1) F, + 38nFy-1) . 
veV(En) . 25 


The expression in Corollary 4.19 is also referred to as the first Zagreb index 
of I,. This sequence starts as 


0, 2, 6, 22, 54, 132, 292, 626, 1290, 2594, 5102, 9864, ... 


4.5.2 Enumerating Induced 3-Paths 


In the enumeration of the induced 3-paths in T,, we need to keep in mind 
that these are induced paths, and they cannot form a square in T,. 

By making use of the fundamental decomposition of [,,, we have the 
contribution of the induced 3-paths in OF,,-; and the ones in 10I°,_2 to 
p3(n), which are p3(n-1) and p3(n- 2), respectively. All other induced 3- 
paths must include a single link edge. We consider the contribution arising 
from this last possibility, which can be denoted graphically as shown in 
Fig. 4.8. 

It is shown in [7] that the total contribution of the six cases shown in 
Fig. 4.8 is 

4p (n - 2) + 2p1(n - 3) - 4pi(n — 4) + 6po(n - 2) - 2Fp-2. 
Therefore for n > 2, 


p3(n) = p3(n- 1) + p3(n — 2) + 4p1(n - 2) + 2p1(n - 3) 
— Ap, (n- 4) + 6p2o(n - 2) - 2Fy-2. 
It follows that the generating function of the p3(m) is given by 
2t?(1+ 4t + 5t? — 4¢? + t+) 
(1-t-#?)4 , 
First few values of p3(n) for n > 2 are 
0,2, 16, 70, 224, 640, 1648, 3994, 9200, 20414, 43920, 92160,... 


Finally, we have 


Proposition 4.20. [37, Proposition 2] The number of induced 3-paths in 
T,, is given by 


p3(n) = x ((n- 2)(2n? +n-4)F, +n(2n? -9n+4 6)Fy-2) . 
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OOL,,-2 10D ,-2 
(1) (2) 
OP n-1 
(3) (4) 
(5) (6) 


Fig. 4.8 The six possible cases for induced 3-paths that use link edges 


Next we consider short induced cycles in T’,,. 


We denote by c,(m) the number of induced k-cycles in T,,. Since T,, 
is bipartite, this number is zero unless & is even. As special cases, we let 
co(n) and co(n) denote the order and the size of T',,. Then co(n) = Fite 
and c2(n) = pi(n). 

The number of induced 4-cycles in I, is a special case of counting the 
number of hypercubes Q;, in I’, for k = 2, see [58,61,92] and Corollary 5.4. 
We have 


c4(n) = gq ((n- 2)(5n+ 1) Fy + 6nFy-2) 
with the generating function 


3 
Y calm) a a : ae (4.12) 


n>0 
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4.5.3 Enumerating Induced 6-Cycles 


Using the fundamental decomposition of [,,, an induced 6-cycle is either 
completely contained in OF,,_;, completely contained in 10I,,_2, or includes 
two link edges as shown in Fig. 4.9. The first two types are counted by 
cg(n—1) and cg(n- 2), respectively. It remains to calculate the third type 
of induced 6-cycles to arrive at a recurrence relation for ce(n). 


OOL,-2 10D p-2 


OF n-1 
Fig. 4.9 An induced 6-cycle that uses link edges 


In Fig. 4.9, let us call the rightmost vertex v, the leftmost vertex u’, and 
refer to the two neighbors of v in Ty-2 as a (top) and b (bottom). Then 
the neighbors of u’ are a’ and b’, the mates of a and ), respectively. In the 
figure the vertical dotted lines indicate that the corresponding edge is not 
there. We make two observations: 


(i) u’ ¢ OF ,-1 \ OOF ,-2 since the vertices in the set difference have 
exactly one neighbor in 00I,_2. 

(ii) u’ is not the vertex v’, the mate of v, for otherwise the 6-cycle would 
not be induced because of the existence of the link edge vv’. 


Using these observations we deduce that u,a,v,b is a 4-cycle in P,-2. Fur- 

thermore, a 4-cycle formed by four vertices u,a,v,b in ',-2 is responsible 

for a total of four induced 6-cycles in this way. This is because the pair a, b, 

a dotted diagonal, contributes two induced 6-cycles, one with using u’ and 

v for the two extreme points, and the other by using u and v’. Similarly, the 

other dotted diagonal formed by u and v contribute two induced 6-cycles. 
Therefore we have the recursion 


ce(n) = cg(n — 1) + cg(n - 2) + 4c4(n - 2) (4.13) 
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for n > 2 with cg(0) = cg(1) = 0. We already have the generating function 
(4.12). Using the recurrence relation (4.13) in conjunction with this, fol- 
lowed by generating function manipulations and partial fractions expansion, 
we obtain the following. 
Proposition 4.21. [37, Proposition 3] For n > 0, let ce(n) denote the 
number of induced 6-cycles in the Fibonacci cube T,. Then 
At? 
cg(n)t” = ———__ 4.14 

2, ol ) (st By (4.14) 

and cg(n) is explicitly given by 


c6(n) aen(n 2) ((n- 7) Fai +3(n+1)Fh-2) - 


First few values of the sequence of numbers ce(n) for n> 4 are 
0, 4, 16, 56, 160, 420, 1024, 2376, 5296, 11440, 24080, 49608, ... 


It is easy to show by using induction on n and the fundamental decom- 
position of T,, that the 6-cycles in [,, are either induced, or have exactly 
one diagonal edge. This second type constitutes non-induced 6-cycles in 
[,,. These are pairs of 4-cycles in T, sharing an edge. Let us denote by 
86(n) this latter type of 6-cycles in T,. Then 


Proposition 4.22. [37, Proposition 4] The generating function of sg(n) is 
given by 


2t*(1+57-t?) 
i” = 
ede ar 


(4.15) 


with 
s6(n) = 4% ((n- 2)(2n? - 9n - 3) Frsi + (n+ 1)(6n? - 17n +6)Fy-2) 


4.5.4 Enumerating Induced 8-Cycles 


In the calculation of cg(n), we again make use of the fundamental decom- 
position of [,,. There are cg(n — 1) induced 8-cycles that are contributed 
by OF,-1 and cg(n - 2) that are contributed by 101-2. The remaining 
induced 8-cycles must involve two of the link edges. The possible cases for 
this last family are shown in Fig. 4.10. 


Case 1: Since the 8-cycle is induced, there are no additional edges than 
the ones shown in Fig. 4.10. Therefore ui, # uj, us # U4, UL # U4, US # UI. 


This means that the vertices v1, a,u1, U2,b,v2 form an induced 6-cycle in 
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00) me 10Pp-2 


Fig. 4.10 The six possible cases for induced 8-cycles that use link edges 


10[P,-2. Furthermore, given any induced 6-cycle in [y-2, picking a polar 
opposite diagonal pair a,b in one of three ways, then picking which side of 
the 6-cycle is to be in 10P,_2 gives a total of six choices for each induced 
6-cycle in T,-2. Therefore the contribution of this case is 6cg(n - 2). 
Case 2: The vertices v,a,u,,U,U2,6 form an induced 6-cycle in 10I1,-2. 
Furthermore, any vertex v of an induced 6-cycle and its neighbors a and b 
on the cycle can be used as the part in 101-1 of an induced 8-cycle with 
link edges aa’ and bb’. Therefore induced 6-cycles in T,-2 contribute a total 
of 6cg(n — 2) induced 8-cycles to the count cg(n). 

Case 3: The contribution of this case is identical to the one in Case 2. 
Case 4: For any 4-cycle abcd in 0101',-3, we know that there are corre- 
sponding 4-cycles in 001,-2 and 10[P-,-2 uniquely determined by abcd. Then 
for any 2-path on abcd, we obtain two different induced 8-cycle in T,,. For 
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instance, if we fix the 2-path abc, then the vertices a,b,c, u3, Us, U2, U1, U4 
and a,b, c,us, U3, Ua, U1, uy form two induced 8-cycles in T’,,. Therefore the 
total contribution of this case is 8c4(n —- 3). 


Case 5: We can use 2-paths in 0101-3 in another way. Any 2-path abc in 
0101-3 which is not a part of a 4-cycle in 0101 ,_-3, determines a unique 
2-path u’v’w’ in OOP ,-2 as shown in Fig. 4.10. The 2-path u’v’w’ in turn 
has its mate wuw in 1001-3 to which it is connected by link edges. The 
eight vertices on the outside boundary of this subgraph forms an induced 
8-cycle. Since abc is not on a 4-cycle, the contribution of this case is po(n- 
3) = 4c4(n a 3). 
Case 6: Consider a non-induced 6-cycle formed by the vertices 
a,b,c,d,e,f in 102-2. Their mates a’,b’,c’,d',e’, f’ form a non-induced 
6-cycle in O0I,-2. In this situation, we obtain eight induced 8-cycles, 
namely abcc'd’e' f'a’, fedd'c'b'a' f', a'b'c'cdefa, f'e'd'dcbaf, abcdd’e’ f'a’, 
a’''c'd'defa, fedcc'b'a' f' and f'e'd'c'cbaf. Therefore the total contribu- 
tion of this case is 8sg(n - 2). 

Adding up the contributions, we find that cg(n) satisfies the recurrence 
relation 


cg(n) = cg(n - 1) + eg(n - 2) + 18c6(m - 2)+ 

+ 4c4(n — 3) + po(n - 3) + 856(n - 2) 
for n > 2 with cg(3) = cg(4) = 0. Using the generating functions (4.14), 
(4.12), (4.11) and (4.15) in conjunction with this recurrence relation, we 


find the generating function for the number of induced 8-cycles in I, as 
given below. 


Proposition 4.23. [37, Proposition 5] The generating function of cg(n) is 
given by 


t5(1 + 22¢ + 143¢? — 2247 + ¢*) 
i = 4.16 
>> eg(n) (1-t-??)5 ( ) 


n>0 


A calculation with Mathematica using (4.16) gives a closed form expres- 
sion for the number of induced 8-cycles in I’, as 


cg(m) = =45((n = 2)(100n? = 400n = 21) Fryit 
+ (70n* - 360n? + 195n” + 458n - 42) Fy-2) . 
First few values of the sequence of numbers cg(n) for n > 4 are 


0,1, 27, 273, 1198, 4371, 13551, 38297, 100578, 250278, 596316, ... 
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Counting Substructures of Fibonacci 
Cubes 


The motivation for studying hypercubes, maximal hypercubes, and disjoint 
hypercubes in IT, comes mainly from a related notion with applications in 
computer science, chemistry and graph theory. In the context of Fibonacci 
cubes, which are bipartite graphs, hypercubes play the role of cliques; for 
instance the cardinality of a maximal hypercube in [, can be viewed as 
an analogue of the clique number, an important structural parameter in 
graph theory with applications in complexity. In this chapter, we therefore 
examine and count from different perspectives subgraphs of Fibonacci cubes 
isomorphic to hypercubes. 


5.1 Cube Polynomial 
The following result is well-known (see [46] for example). 


Proposition 5.1. In every induced subgraph H of Q, isomorphic to Qy 
there exists a unique vertex of minimal Hamming weight, the bottom vertex 
b(H). There exists also a unique vertex of maximal Hamming weight, the 
top vertex t(H). Furthermore b= b(H) andt=t(H) are at distance k and 
characterize H among the subgraphs of Q,, isomorphic to Qr. 


If H is an induced subgraph of [,, it is also an induced subgraph of 
Qn. Thus Proposition 5.1 is still true for induced subgraphs of Fibonacci 
cubes. The support of an induced hypercube H, supp(#), is the set of k 
coordinates that vary in H. Therefore, 


supp(H) = {ie [n]: t; = 1,0; = 0}. 


H is thus characterized by the couple (t,b) consisting of the top vertex and 
the bottom vertex of H. 


77 


Downloaded from www.worldscientific.com 


78 Fibonacci Cubes with Applications and Variations 


For a graph G, let cxy(G) (k 2 0) be the number of induced subgraphs of 
G isomorphic to Qx. In particular co(G) = n(G), c1(G) = m(G), and c2(G) 
is the number of induced 4-cycles. The cube polynomial, Ce(x), of G, is 
the corresponding enumerator polynomial, that is, the generating function 
Ca(«) = 3 c,(G)x* . (5.1) 
k>0 

This polynomial was introduced by BreSar, Klavzar, and Skrekovski in [14] 
where it was observed that it is multiplicative for the Cartesian product of 

graphs, that is, 


Coon (2) = Ca(«)Cr(2) 
holds. Moreover, if G is a median graph (see Section 6.3.1 for the defini- 
tion), then Cg(-1) = 1, and Cg(-1) (the derivative evaluated in —-1) is the 
smallest / such that G isometrically embeds into Qy,. 
By direct inspection of Fig. 3.6 we have Cp, (a) = 4x? + 222? + 38x + 21. 
See Table 5.1 for the coefficients of the first few polynomials. 


n\k|0 1 2 3 4 5 6 
Oo ie WO MO OO O70 
ded” ie. Oe” Ot Os 0: 6 
aa tes a eS 6 eC 
Cas ee ee ee es 
Ae N85 AGH 8s, 20x FOO 20 
5 |13 20 9 1 00 0 
Gi, Ot “Be 2- -as OE OND 
oR 7. Bl Aad Or 


Table 5.1 The table of coefficients of the cube polynomials Cr,, (x) by rows. The entry 
in row n, column k is the coefficient cy(I'n), the number of k-dimensional hypercubes in 
Tn 


Similar to Fibonacci polynomials in Section 2.6, we can consider the 
generating function of the sequence (Cr,,(2))nso. We have the following 
result due to Klavzar and Mollard. 


Theorem 5.2. [61, Proposition 3.1] The generating function of the sequence 
(Cr,,(@))nz0 is 


1+(1+2)t 
C, te = d 
4 r(x) 1-t-(1+2) 


(5.2) 
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Proof. Clearly, Cr, (x) = 1 and Cp, (x) = %+2. Let n> 2 and consider the 
fundamental decomposition of T,,. Then F, Oe 


n? 


respectively F1°*, induces 
a subgraph of [, isomorphic to [y-1, respectively to [p,-2. Moreover, 
every vertex from F1°* has exactly one neighbor in F°* and these edges 
form a matching. Hence for a subgraph H of I, isomorphic to Q, we 
have exactly one of the following exclusive possibilities: (i) H lies in the 
subgraph induced by F°* or (ii) H lies in the subgraph induced by F2°° or 
(iii) H = K O Ko, where K is isomorphic to Q,-1 and the edges of K 0 Ko 
corresponding to Ky are edges between Fe* and F,°*. It follows that for 
n> 2, 


Cr, (@) = Cr,_, (4) + (1+ 2)Cp,_, (2). (5.3) 
Denoting by f(,t) the left hand side of (5.2), we obtain 


f(z,t) -1- (2+ 2)t =t(f(z,t) -1)+ (14+ 2)¢? f(2,t) 


and the result follows. 


Since Q, can be represented as the Cartesian product of n copies of Kae, 
and since the cube polynomial is multiplicative for the Cartesian multipli- 
cation of graphs, we get: 


Oocle)=@Q+e)"= Sle +a)”, 


The parallel result for Fibonacci cubes reads as follows. 


Theorem 5.3. [61, Theorem 3.2 and Corollary 3.3] Ifn>0, then Cp, (x) 


is of degree Loe Moreover, 


ntl 


cue S(O asa, 


m=0 
and the number of induced subgraphs of T, isomorphic to Qx is 


ntl 


ara ("FMCG 


i=k a 
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Proof. Using Theorem 5.2 we have: 


1+(1+a)t 2 
Cr, (x)t” = =(1+(l+z2z)t t+(14+2)t*)” 
Y Ore)" = Gaye Ot Atay) D+ tee) 
mt+1 1 ; 
- Ou Led se yey = y a ie )(aeayeyen 
mz0 mz0 i=0 a 
7 mt+1 3 (” ’ Nee 
mz0 i=0 j=0 U J 
p> nel ieee a8 
= > . eit 
m>0 n=m j=0 \7E-—™ J 


From here we obtain 


cnr EE (MN Se ECVE 


m20 j=0 \2-™M J mM— MS 5=0 Jj 
+1 ” El 
os es Ja+ayrn = 3 i Jase) 
mzo \Th— 7 m=0 \l—™ 
ntl 
n _ 1 [2 | <2 1 
- oi ee Ja+2)"- x (” is Jase)”. 
m=0 m m=0 m 


This proves the first formula, the second can be read from the first one. 


The expression for c,(I',) from Theorem 5.3 can also be deduced by a 
combinatorial argument as follows. Let 7 > k. There exist Go) Fibonacci 
strings u of Hamming weight i. Choose a set K of k coordinates among 
the i such that u; = 1. A Q, with top vertex u is induced by the 2 ver- 
tices obtained by varying these k coordinates. Therefore u give rise to G) 
different induced k-cubes and the expression for c,(I’,) follows. 


Let us recall that co(T,) = 2(Pn) = Fneg and 


n n 
ci(Pn) a mT) aa >) BP = y Fyai Pri F 

i=l i=0 
Therefore the sequence (ci([',))ns0 is the convolution of the sequence 
(Fr+i)nso With (F,)nz0 or, equivalently, an offset of the convolution of 
(Fn)nzo with itself. This remark can be generalized. For any positive inte- 
ger k it is not difficult to determine the generating function of the sequence 
(ck(Tn))nz0 and from its expression to see that this sequence is an offset 
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of k-fold convolution of the sequence (Fp)n>0 with itself. As a consequence 
we obtain: 


Corollary 5.4. Ifn>0, then 
cr(Tn) = ¥ Pig Fig Fi, : 


tostties ip20 
igtiptetipan-k+2 


It is also possible to give a combinatorial interpretation of this formula. 
We already noted that we can associate, in a bijective way, to any subcube 
of T’,, of dimension k its top vertex u and its support, a subset K of order k 
of the set of coordinates 7 such that wu; = 1. We can associate to the choice 
of the set kK a decomposition of the string Ou in k+ 1 Fibonacci substrings 
beginning with a 0, whose lengths sum to n - 2k +1, two consecutive sub- 
strings being separated by 01, where the 1’s correspond to the coordinates 
in K. This construction can be reversed: first we choose the strings, this 
choice define K and then Ou by concatenation, separating them with k sub- 
strings 01. Since |F?*| = |F?°| = Fi. and Fo = 0 increasing the summation 
variables by 1, the formula follows. 


5.1.1 Roots, Unimodality and Divisibility of Cr,,(x) 


Some interesting properties of the cube polynomials of Fibonacci cubes 
are known. For example the roots of Cr,,(x) are explicitly calculated in 
[61]. Let’s observe an arbitrary row in the Pascal triangle (Fig 1.2). The 
binomial coefficients are first increasing and then decreasing. We say that 
the sequence of coefficients of the polynomial (1+ 2)” is unimodal. More 
generally, a sequence ao,...,@m of real numbers is unimodal if for some 
j€ {0,1,...,m} we have 
Ag $y $+ $A; 2 A541 2° 2Am- 

This is also the case for the coefficients of Cp,(x) = 4x? + 22x + 38x + 21. 
In the rest of this section we are going to demonstrate that for any n, the 


sequence of coefficients in Cr, (a) is unimodal. 

For all these results the starting point is the following Binet-like formula 
(cf. Section 1.9) for Cp, (a), where by abuse of notation, \/y stands for 
in/|yl for y < 0. The formula is proved by standard methods for second 
order linear recursion applied to (5.3) or by induction. 


Theorem 5.5. [61, Theorem 6.2] Let x # -5/4. Then 


1 {eee aay 


C; _ 
r, (2) V5+4a! 2 2 


(n>0). 
4 
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When «x = -5/4 we obtain by continuity (or with the standard method 
when the characteristic polynomial has repeated roots) that 


n+2 
Qn+1 


Cr, (-5/4) = +0. 


Therefore Theorem 5.5 covers all possible roots of Cp, (x). 
In order to establish unimodality of coefficients of Fibonacci cube poly- 
nomials, we next explicitly determine its zeros. 


Proposition 5.6. [61, Proposition 6.4] The zeros of Cp, (x), n 21, are 


_tan? (Fp) +5 in <|"2}| 
p= <rs|——]- 


In particular, all the zeros are simple and are negative reals. 


Proof. By Theorem 5.5, zeros of Cr, (x) are determined by solving 


(1+ V5+de)"" =(1- V5 +z) 


If « € R is a zero then 5+ 4% <0 must hold. Writing /5 + 4a = iy we need 
to solve (1+ iy)"*? = (1-iy)"*?. Setting z = 1+ iy = |z|(cos¢ + ising) 
this reduces to sin(n + 2)¢ = 0 so that y = tang = tan( an), which gives 
the zeros. Note that these zeros are all different because tan?(z) is strictly 
increasing on 0 < x < 7/2. 


The degree of Cr, (x) is [2 | thus we conclude that all zeros are distinct 


nt+2 


negative reals. 


A sequence S09, $1,---,;5m Of positive reals is said to be logarithmically 
concave (or log-concave for short) if s;-18j41 < s? for allO <i<m. It 
is easy to see that a positive log-concave sequence is unimodal. Various 
additional methods are known for showing the unimodality or log-concavity 
of a sequence [100]. For our purposes it is important that by a result of 
Newton, if 59, 51,...,5m is a sequence of coefficients of a polynomial with 
negative real zeros, then the sequence is is log-concave and therefore also 
unimodal (see [100, Theorem 2] and the note after the theorem therein). 

A consequence of Proposition 5.6 is thus that the sequence of coefficients 
of Cp, (x) is unimodal. 

Theorem 5.5 and Proposition 5.6 lead to numerous divisibility conse- 
quences, for example: 


Corollary 5.7. Ifn,k 20, then Cp, (a) divides Cry¢..,2)1n(%)- 
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Proof. Set 


f(x) = 1+v5+4e os and g(x) = 1-v5+4e oe 


Suppose Cf, (29) = 0. Then by Theorem 5.5, f”*?(a9) = g"*?(ao). It 
follows that 
pene) (20) = gerne) (x0) 


which in turn implies that CP,,,,,.,,(@0) = 0. Since the zeros of Cr, (2) 
are simple, divisibility follows. 


5.2. Maximal Hypercubes in Fibonacci Cubes 


A maximal hypercube of a graph G is an induced subgraph H isomorphic 
to a hypercube such that H is not contained in a larger induced hypercube 
of G. For a given interconnection topology it is important to characterize 
maximal hypercubes, for example from the point of view of embeddings. 

Let hy(G) be the number of maximal hypercubes of dimension k of G 
and Hg(x) the corresponding enumerator polynomial, that is, 


Hg(a) = > hy (G)a*. 
k>0 
As an example, by direct inspection of Fig. 3.6 we have Hp,(a) = 42° +27. 

Let H be an induced subgraph of Q,, isomorphic to some Q,. We have 
already introduced the top vertex t, the bottom vertex b, and the support 
of H. For i ¢ supp(#), we will denote by H¥6; the subgraph induced by 
V(A) vu {a%+6;: 2€ V(H)}. Note that H+¥6; is isomorphic to Qx+1- 

A Fibonacci string can be viewed as blocks of 0s separated by isolated 
1s, or as a single 0s possibly separated by isolated 1s. The first point 
of view gives the decomposition of Fibonacci strings we already met in 
Proposition 4.3. The second gives the following decomposition. 


Proposition 5.8. Any vertex of Hamming weight w from T, can be 
uniquely decomposed as 1*°01*!...01**...01*1, where q =n-w, Yok =w, 
and ko,...,kq <1. 


Using the decomposition of Fibonacci strings as blocks of 0s separated 
by isolated 1s it is possible to characterize the bottom and top vertices of 
maximal hypercubes in T,. 
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Lemma 5.9. If H is a maximal hypercube of dimension k in Tn, then 
b(H) = 0" and t(H) = 0'°10% ...10%...10'*, where Degli =n-k, lo,le € B, 
andl; € {1,2} fori¢e[k-1]. Furthermore, any such verter t(H) is the top 
vertex of a unique maximal hypercube. 


Proof. Let H be a maximal hypercube in [,,. Assume there exists an 
integer j such that b(H), = 1. Then H¥6,; must be an induced subgraph of 
T,,, which contradicts the maximality of H. 

Consider now t(H) = 0!°10"...10'...10!*. 

Assume that Jo > 2. Then for any vertex x of H we have xp = 2; = 0, 
thus «+ 69 € V(T,,). Therefore H is contained in an induced Qx41 of Tn, 
which again contradicts the maximality of H. The case I, > 2 is similar by 
symmetry. 

Assume now 1; > 3, for some i ¢ [k-1]. Let 7 =7+ So lp. We thus 
have t(H), = 1 and t(H)j41 = t(H)j+2 = t(H) ;+43=0. Then for any vertex 
x of H we have £541 = Uj42 = £j+3 = 0, thus 7+ 6;42 € V(T,) and # is not 
maximal, a contradiction. 

Conversely, consider a vertex z = 0'010"...10'*...10'*, where pe is 
n-k, lol, € B, and 1; € {1,2} for « € [k-1]. Then the couple 
(t(H) = z,b(H) = 0”) defines a unique hypercube H in Q,, isomorphic 
to Q,. Clearly all vertices of H are Fibonacci strings. Notice that for any 


i¢supp(H) z+ 6; is not a Fibonacci string thus H is maximal. 


The next step is to count binary strings of this kind, that is, top ver- 
tices of maximal hypercubes. This will be done by a remarkable bijective 
argument due to Mollard. 


Theorem 5.10. [73, Theorem 2.10] [f0<k<n, and hy(Tn) is the number 
of maximal hypercubes of dimension k in T,, then 


k+1 
maTa)=( Sea a): 


Proof. This is clearly true for k = 0 so assume k > 1. Since maximal 
hypercubes of I, are characterized by their top vertices, let us consider 
the set T of strings which can be written as 0/010" ...10''...10'* where 
Veo =n-k, lol, € B, and I, € {1,2} for ie [k-1]. Let Y= 1,-1 for 
i¢[k-1], lg =lo, and Ul, = ly. We have thus a one to one mapping between 
T and the set of strings D = {0'010%...10%...10'}, where DF yl! = n- 
2k +1 with U; <1 forie {0,...,4}. This set is in bijection with the set 
E = {1014 ...01%...01*}. By Proposition 5.8, E is the set of Fibonacci 
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strings of length n-k+1 and Hamming weight n - 2k +1 and we obtain 
the value of hi,(T,). 


Note that hy(T,) #0 if and only if [Z| <k< oe As a corollary it is 
easy to determine the generating function of Hr, (x). 


Corollary 5.11. [73, Corollary 2.11] Let 


Hr, (2) = >> hs (T,)2* 
k>0 


denote the enumerator polynomial of the maximal hypercubes of dimension 
k inT,. Then 


Ar,,(@) = « (Hr,,.(#) + Hr,,_5(#)) (5.4) 


for n>3 with Hp,(@) =1, Hr,(@) =a and Hp,(a) = 2a. The generating 
function of the sequence (Hr,,(£))nz0 is 
l+at(1+t 
¥ Hp, (xt = ee (5.5) 
rer, 1-«t?(1+t) 
Proof. By Theorem 5.10 and Pascal identity we obtain 
hg(Vn) = he-1(Pn-2) + he-1(Pn-3) 


for n >3 and k > 1. Note that ho(T,) = 0 for n # 0. The recurrence 
relation for Hp, (x) follows. Denoting the left hand side of (5.5) by f(a, t), 
we deduce from (5.4) the identity 


f (x,t) -1-at-22t? =2(#(f(2,t)-1) +8 f(z,d) 
and (5.5) follows. 


5.3. Disjoint Hypercubes in T, 


In this section we study the maximum number of disjoint subgraphs iso- 
morphic to Q; of the Fibonacci cube [,,. This problem appears naturally 
in the context of parallel or distributed systems where different tasks occur 
in parallel on each Q; without conflict. 

Denote the maximum number of disjoint subgraphs isomorphic to Q, 
of [, by q,(n). Note that go(n) is the number of vertices of T,,. To be 
able to determine qg,(n), some preparation is needed. 

If s is a string of length m, then it will be convenient to denote by sTn_-m 
the subgraph of [’,, induced by F;°. By the fundamental decomposition, I’, 
n > 3, can be partitioned into two subgraphs in the following way. The first 
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subgraph is obtained by adding the canonical perfect matching between 
OOP ,-2 and 101°,-2. We will denote it by 001,-2 = 101,-2. The second 
subgraph is 0101 ,-3. Note that between these two subgraphs, there is the 
canonical matching between 000I,-3 and 0101,,-3, but in the construction 
below we shall not need these edges. We use the notation U to denote the 
above partition, that is, 


T= (000.3 = 100.5) 0 O10r, 4, 


Let g,r be defined by n = 3qg+r, qe N, r € {0,1,2}. We can repeat this 
process for 0101',-3 and more generally for (010)’T',_3;, i < q, and obtain 
the following partition: 

Dn =U;_,((010)* 1000 n41-3: = (010) 10T p41-35)0(010)°T,,. (5.6) 


We first derive q,(), that is, the number of edges in a largest matching 
of T,. 


000101 
010010 
© 
O O 10001 
100101 100100 
C) C) C) 
OOO001 
100001 100000 100010 ES 001001 


a 
ee Nt | 


O 
101001 101000 101010 
Fig. 5.1 A maximum matching in Ig 


We have already observed in Section 4.3 that n(T,) is even if and only 
ifn = 1(mod3). By direct inspection we find a perfect matching in T; and 
in Ty, and a matching in T2, P's, 5, and in Ig missing only one vertex. In 
Fig. 5.1 this is illustrated for [g. This is true in general as demonstrated 
by Gravier, Mollard, Spacapan, and Zemljié. 
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Lemma 5.12. [43, Lemma 2.1] For n > 1, the cardinality of a maximum 
matching in Ty, ts 


n(D,) - 7 
men) a = [3 Fn+2| > 


where y = 0 ifn =1(mod3), and y= 1 otherwise. 


q(n) = 


Proof. By (5.6) each ((010)""100P 41-3: = (010)*110D,41-3:) has a per- 
fect matching, and therefore we only need to consider I. If r € {0,2}, then 
T,. has a maximum matching that misses one vertex. Otherwise [,. = [, has 
a perfect matching. From this we get the lower bound. The upper bound 
follows from the parity of n(T,,). 


From Fy+2 = 2F, + Fr-1 and qo(n) = n(T,) = Fnse, the cardinality of a 
maximum matching satisfies the recursion 
qi(n) = qo(n- 2) + q(n-3). (5.7) 


By similar construction (5.7) can be generalized. 
Theorem 5.13. [43, Theorem 2.2] Ifn>3 and k>1, then 
gk() = qe-1(m - 2) + x(n - 3). (5.8) 


Proof. Since the case k = 1 is already done, assume k > 2. Since for n < 2 
gr(n) = 0, (5.8) is equivalent to 
[n/3| 
gr (n) = i de-1(n + 1-32). 
i=1 


The lower bound follows directly from (5.6). We construct a family of 
disjoint k-hypercubes by taking the maximum number of disjoint (& - 1)- 
cubes in 00,2 and connecting each of them with the corresponding (k-1)- 
cube in 101-2. By doing so, we get qx-1(n—2) k-cubes in 001 ,-2 = 10T,-2. 
Then we add the maximum number of k-cubes in 0101,-3 & Pn_3, which is 
additional g,(n - 3) k-cubes. 

To prove the upper bound consider the partition of IT, described in 
(5.6). Let U be a family of disjoint k-cubes in T,,. We claim that 


|LUU nm V((010)*100P n41-31 = (010)* 10D n41-3:)| < 2*qu-1(n+1-32). (5.9) 
To prove this, note that for every k-cube Q; €U we have 
Qk 7 ((010)**00P n+ 1-34 = (010)* "100 p41-3i) € {S, Qe-1, Qe} 5 


for every i <_ |n/3]. Therefore, every k-cube in U_ intersects 
(010)*'00P;,41-3: in some number of disjoint (k — 1)-cubes (every k-cube 
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contained in (010)*"!001’,,41-3; is regarded as a disjoint union of two (k-1)- 
cubes). This number is at most gx-1(n + 1 - 32) and hence (5.9) follows. 
Thus 
[n/3] 
|UUNV(En)| <2* > qea(n+1-3%), 


a=1 


which completes the proof. 


From Theorem 5.13 it is possible to determine the value of q,(n) and 
the generating function of the sequence (q,(7))nz0- 
Corollary 5.14. [43, Corollary 2.4] [fn >0 and k>1, then 


[=| 


dk(n) = oy (2 ,)Fove-oi- 


t=k-1 


Corollary 5.15. [43, Corollary 2.5] If k > 0, then the generating function 
of the sequence (qx(n)) nso ts 


2,0 = Gaye) 


p2k-1 


(5.10) 


A vertex is covered by a set of subgraphs if it belongs to at least one 
of them. The particular case of matchings suggests a conjecture that, for 
any k, asymptotically all vertices of [, are covered by a maximum set of 
disjoint subgraphs isomorphic to Q;. More formally 


lim \ =0, (5.11) 


where p;,(n) stand for the number of non-covered vertices. 

This is true. Indeed let p,(m) be the number of non-covered vertices. It 
was first proved by E. Saygi and Egecioglu in [91] that p(n) is a polynomial 
of degree at most k-1 by a deep study of the generating function of the 
gx(n). Later a shorter proof of the same property was obtained by Mollard 
in [74] proving that for k > 2, p,(n) satisfies the recursive relation 


p(n +3) = p(n) + 2pp_i(n +1). 


Since the number of non-covered vertices is polynomial in n for any k and 


1 n 
ma) = Fys2 ~seY nS 


V5 


by the Binet formula, we obtain the limit (5.11). 
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5.4 q-Cube Enumerator Polynomial 


In this section we consider a g-analogue of the cube polynomial of Fibonacci 
cubes as studied by E. Saygi and Egecioglu in [92]. These bivariate poly- 
nomials satisfy a recurrence relation similar to the standard one, and at 
the same time they refine the count of the number of hypercubes of a given 
dimension in Fibonacci cubes [,. This is done by keeping track of the 
distances of the hypercubes to the all 0 vertex, that is, the vertex 0”. The 
g-cube polynomial Cf, (x,q) is a refinement of the standard cube polyno- 
mial Cp, (x) studied in Section 5.1. For g = 1 they specialize to the standard 
cube polynomials; in other words Cr, (a, 1) = Cr, (2). 


5.4.1 q-Analogues of Fibonacci Numbers 


Consider the g-analogue of the Fibonacci numbers defined by 


Fi(q) = Fn-1(q) + GF n-2(@) (5.12) 


for n> 2 with Fo(q) = 0 and F\(q) = 1. This qg-analogue is simpler than the 
standard one defined by 


Fy (q) = Fn-1(q) +9" °F n-2(4) 
due to Schur, which was studied by Carlitz, Cigler, and others [17, 18, 
22]. These are also different from the Fibonacci polynomials considered in 
Section 2.6. 
In this section we use the polynomials F;,(q) as defined by (5.12). The 
first few F;,(q) are computed as: 


Ly dg, 142g, 14 Sete", Te 4g 807, 1459460" 497 


and their generating function is given by 
t 


> Fr(qye” = —— (5.13) 


cre ~ 1-t-qt?’ 


5.4.2 q-Cube Polynomial 


Let cy,(P',,) denote the number of k-dimensional hypercubes in the Fibonacci 
cube T,,. As defined in (5.1), the cube polynomial, or the cube enumerator 
polynomial Cr, (a) of T, is 
Crile Grae 
k20 
Evidently the constant terms are the number of Qos, i.e., the number of 
vertices of [,. Therefore Cr, (0) = Fra. 
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It can be observed that the numbers in Table 5.1 satisfy the recursion 
cr(Tn) = Ck(Tn-1) + Ck(Tn-2) + Cr-1(Pn-2) 5 (5.14) 


which is a consequence of the identity (5.3). The first column entries (k = 
0) of the table are Fo, Fi, F2,... and the diagonal entries are 1,1,0,0,.... 
Given these, all other entries can be filled row by row by using the recursion 
(5.14). 

The polynomial Cr,,(a,q) is defined as the sum of terms of the form 
q¢x*, one for each hypercube subgraph of I,. The exponent k is the di- 
mension of the hypercube under consideration, and the exponent d is its 
distance to the all 0 vertex in T,. By convention, we take Co(x,q) = 1. 
Recall that the distance between two subgraphs of a graph is the smallest 
distance between pairs of vertices taken one from each. 

It is useful to think of Cr, (a,q) as a polynomial in x whose coefficients 
are polynomials in g. We can then write 


Cr, (2,4) = > ene (q)2*. 
k>0 


First few Cr,,(x,q) are as follows: 


Cro(z,q) = 1, 

Cr, (@,q) =1+q+2, 

Cr, (x,q) = 1+ 2q+ 22, 

Cr,(2,q) = 1+3q+q?+(3+2q)r+ 2’, 
Cr, (a,q) = 1+ 4q+ 39? + (4+ 69)a + 327. 


5.4.3 Example Calculations 


We illustrate the structure of Cp,(x,q) and Cp,(z,q) in detail. 


Calculation of Crp, (x,¢q). 

There are three vertices and two edges in 3. The 0-dimensional hypercubes 
are the vertices of the graph. There is a single vertex having distance 0 to 
the vertex 00 (i.e., 00 itself) and there are two vertices having distance 1. 
Therefore the coefficient of x° in Cp, (x,q) is 1+2q. Similarly, 1-dimensional 
hypercubes are the edges of the graph and there are a total of two of those, 
each having distance 0 to the vertex 00. Therefore the coefficient of x! is 
2. This gives Cr,(x,q) = 1+2q+ 2a. 


Calculation of Cr, (2, ¢q). 
To construct Cr,(2,q) we consider all hypercubes in T's of dimension k < 3 
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and their distances to the 000. For k = 0 we know that there are five vertices 
in the graph giving 0-dimensional hypercubes. The vertex 000 has distance 
0, the vertices 010, 100 and 001 each have distance 1 and the vertex 101 
has distance 2 to 000. So the coefficient of x° is 1+ 3q + q?. 

Now consider k = 1, that is, 1-dimensional hypercubes in the graph. We 
know that they are the edges of the graph and from Fig. 5.2 we see that 
there are three with distance 0 and two with distance 1 to the vertex 000. 
So the coefficient of x! in Cp,(a,¢q) is 3 + 2q. 

Finally consider k = 2. There is only one 2-dimensional hypercube in 
T3 and this hypercube contains the vertex 000. So the contribution from 
2-dimensional subcubes is x7. Therefore 


Cr,(2,q) = (1+ 3q+4q’) + (3+2q)r+27. 


A graphical presentation of these hypercubes in [3 and their contribution 
to Cp,(a,q) is presented in Fig. 5.2. 


101 101 101 
O O 


0010 100 0010 


O 
000 


Fig. 5.2 The elements of the calculation of the q-cube polynomial Cp, (a, q) = (1+ 3q+ 
q’) + (3+ 2q)a + x? 
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5.4.4 The Main Recursion 


The following recursion allows for the calculation of the polynomials 
Cr,, (a, q). 


Lemma 5.16. [92, Lemma 1] If n> 2, then 


Cr, (#9) = Cry (@,@) + (4+ @)Cr,,_ (#9) (5.15) 
with Cr,(x,q) =1 and Cp, (x,q) =1l+q+a. 


Proof. We have Cp,(x,q) = 1+ 2q + 2x = Cp, (2,q) + (q+ 2)Cr,(2,q). We 
make use of the fundamental decomposition of [’,, and use induction on n. 
There are three kinds of hypercubes in Ty. 


Case 1: A k-dimensional hypercube in [,-1 remains a k-dimensional hy- 
percube in I, and the distances of these cubes to the all 0 vertex remain 
unchanged. By induction, these are enumerated by Cr,,_, (2, q). 


Case 2: Any k-dimensional hypercube in [,-2 is again a k-dimensional 
hypercube in T,,, and the distances of these cubes in I, to the all 0 vertex 
go up by 1 due to the matching edges identifying the vertices in [,-2 to 
its copy I'},_, in T,. This increase in the distance to the all 0 vertex by 
1 means multiplication by g, and the contribution of these hypercubes is 
ine (x, q): 

Case 3: A k-dimensional hypercube in T’,_-2 has an isomorphic copy in T’,_» 
and all the corresponding vertices of these k-dimensional hypercubes are 
connected by the matching edges. Therefore these two k-dimensional hyper- 
cubes together with the edges connecting them gives a (k + 1)-dimensional 
hypercube in T,,. The distances of these cubes to the all 0 vertex remain 
unchanged. The contribution of these hypercubes is xCp,,_,(2,q), since 
multiplication by x has the effect of increasing the dimension by 1. Adding 
up these three contributions we obtain (5.15). 


Proposition 5.17. (92, Proposition 1] The generating function of the q- 
cube polynomial Cr, (x, q) is 


1+(q+a)t 
Cr, (2, qt” = : 
x r (7,4) 1-t-(q+a)t? 
Proof. Let S denote the left hand side of (5.16). Then Cp,(2,q) = 1, 
Cr, (@,¢q) =1+q+42, and by a routine calculation using (5.15), S satisfies 


S-1-(l+q+a)t=t(S-1)+(q+2)t?S, 


(5.16) 


which gives the desired result. 
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We can solve the recursion in (5.15) directly to find Cf,, (2, ¢q). 


Theorem 5.18. [92, Theorem 1] For any non-negative integer n, the q-cube 
polynomial Cr,,(x,q) has degree - 1 in x and is given explicitly as 


| = 


1 
gn+1 . 


i=0 


Cr,, (x, q) = 


ee 


ye) Geeta) (5.17) 


Proof. The characteristic equation of the recursion in (5.15) is 
r? —-r—(q+z) =0. 
This equation gives an explicit expression in the form 
(1+6)"*? - (1 -9)"*? 
Qn+29 : 


where @ = \/1+4(q+2). Using binomial expansions for (1+06)"*? followed 
by some algebraic manipulation, we obtain the expresion in (5.17). 


Cr,, (a, q) a 


A few of the coefficient polynomials c,,,(q) of the g-cube polynomial 
Cr,,(@,¢q) are given in Table 5.2. 


n\k 0 1 2 3 4 
0 1 0 0 0 0 
1 l+q 1 0 0 0 
2 1+2q 2 0 0 0 
3 14+3q+¢ 3+2¢q 1 0 0 
4 1+ 4q +39? 4+ 6q 3 0 0 
5 14+ 5q+ 6q? + q° 5 +12q+3q? 6+3¢q 1 0 
6 1+ 6q + 10q? + 4q 6 + 20q + 12¢? 10 + 12q 4 0 
7 14+7q+15q?+10g?+q* 7+30q+30q?+4q? 154+30q+6q? 10+4q 1 


Table 5.2 The table of coefficients of the q-cube polynomials Cr, (x,q) by rows. The 
entry in row n and column k is the coefficient polynomial c,, ,(q) 


5.4.5 Convolutions 


The main result relating the cy,x(q) and the g-analogue of the Fibonacci 
numbers is a generalization of Corollary 5.4. 


Proposition 5.19. [92, Proposition 2] The coefficient polynomials Cn,~(q) 
of the q-cube enumerator Cr,,(x,q) are given by 


Cn.k(Q) = Fil) FC) Fi. (9)- 


tostyy..s i_20 
igtiytetipan—-k+2 
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Proof. Using (5.13), the (k + 1)-fold convolutions of the F;,(q) have the 
generating function 


pk+t 
ee (5.18) 
Setting 
tl pek-1 
go(t, q) = and gn(t, g) a (k 2 1) 


(1-t-qt?) ¢ 
and calculating directly, we find 


k 
1 1 at? 
t— : + 
2, 9 as 7 mos E (Se) 


| Leet ayt 
1-t-(q+2x)t?- 
By Proposition 5.17, this is the generating function of the Cp, (z,q). There- 
fore the g,(t,q) are the generating functions of the columns of Table 5.2. 
This proves the proposition by equating the coefficients of t”x* in the two 


(1 = qt?)r+1 


expressions. 
We have the following explicit expression for cn, (q). 


Proposition 5.20. {[92, Proposition 1] The coefficient polynomials Cn,~(q) 
of the q-cube enumerator Cp,,(x,q) of Pn are given by 


oo SE Ne 


The above proposition can be proved directly from the recurrence in 
5.12), by using induction on k, and verifying a binomial identity. 
ry g g 


5.4.6 Divisibility Properties of Cr,,(x,q) 


In this section we present divisibility properties of the g-cube polynomials 
of the Fibonacci cubes. We start with some examples. 


The polynomial Cf, (2,q) = 1+q+a divides Cr,(2,q), Cr,(,q), and 
Cr,,(x,q) since 
Cr,(a,q) = Cr, (a, ¢) (1+ 3q¢+ 32), 
Cr, (2,q) = Cr, (2,¢q) (1 +6q+ 9q" + g + (6+ 18q+ 3° )ax + (94+ 3q)x" + x*) : 
Cryo(a,q) = Cr, (2,9) (1+ 99 + 27q° + 29q° + 6q* + (9 + 54q + 87q° + 24q°)x 
+ (27 + 87q + 36q”)a” + (29 + 24q)x°* + 6x"). 
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Similarly, Cr,(x,q) = 1+ 2q+ 2x divides Cp,(a,q) and Cr,,(,¢) since 


Cr,(x,q) = Cro(2,¢q) (1 +4q +297 + (44+ 4q)x + 2x”) : 
Cry (a, q) = Cr (a,q) (1 + 8q + 209" + 16q° + 3q* + (8 + 40q + 48q? + 12q°)ax 
+ (20 + 48q + 18q7)x” + (16 + 12q)a* + 3x). 


Next, Cr,(2,q) = 1+3q+q?+(3+2q)x+27 divides Cp,(x,q) and Cr,,(z,q) 
since 


Crg(@,q) = Cr3(x,q)(1 + 5¢ + bq" + (5+ 10q)x + 5a’), 

Cri3(2,q¢) = Crs(x,q)(1+ 10g + 35q° + 50q° + 25q4 + q 
+(10 + 70q + 150q” + 100° + 5q*)a + (35 + 150g + 150g” + 109°) x” 

+(50 + 100q + 10q”)a® + (25+ 5q)a* +a”). 


The above examples hint at certain divisibility properties for the g-cube 
polynomials of the Fibonacci cubes. Also, the coefficients of the polynomi- 
als x* on the right hand side seem to be polynomials in q with non-negative 
integral coefficients. These observations are proved in the following theo- 
rem. 


Theorem 5.21. [92, Theorem 2] For any m > 0, Cf,,(2,q) divides 
CP im2ynem(©,q) as a polynomial in x for n> 0. Furthermore, the coeffi- 
cients of powers of x in the quotient are polynomials in q with non-negative 


integral coefficients. 
The constant term of the quotient can be written as 


Crean OW) _ Fom+2)n+m+2(9) 
Cr,,, (0,9) Fin+2(4) 


The integrality of the quotient implies that in particular F,,(q) | Finn (q) 
for m,n > 1. If we take q = 1, this reduces to the well-known divisibility 
result [105] of Fibonacci numbers Fi, | Finn for m,n > 1. 

Letting gq = 1, we obtain from Theorem 5.21 that for any m > 0, 
Cr. (©) | Cr ons2ynem(2) for n 20 which was given in Corollary 5.7. Theo- 
rem 5.21 shows that the quotient polynomials have only non-negative inte- 
ger coefficients. 

Evidently, the quotients of the g-cube polynomials carry interesting 


combinatorial information as the coefficients polynomials are all integral 
and have non-negative coefficients. 
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5.5 Boundary Enumerator Polynomial 


The material we present here can be viewed as the generalization of the 
sequence of degrees presented in Section 3.6. 

We consider the number of edges in the boundary of hypercubes in Ty. 
For a graph G and a subset X ¢ V(G), there are two standard ways to 
define the boundary of X in G: the vertex-boundary or the edge-boundary. 
The vertex-boundary 0X of X is the set of vertices that are not in X but 
adjacent to some vertex in X. In other words 

OX ={veV(G)\ X: v is adjacent to some ue X}. 
The edge-boundary 0-X of X is the set of edges in E(G) which connect 
vertices in X with vertices in V(G) \ X, that is, 
OX = {uve E(G): ue X,ve V(G)\ X}. 
We use the term boundary for edge-boundary. 

Note that in the case we are considering for G=T,, H = Qx for some 
non-negative integer k and X as the vertex set of H, by the structure of 
Ty, © Qn and H = Qx, a vertex v € OX is adjacent to the vertex u ¢ X 
by a unique edge wv € E(T,). This means |OX| = |O.X|. This is not true 
for arbitrary G and X, since a vertex in the vertex-boundary of X can be 
joined to more than one vertex in X. 

Let Dn.~(d) be the polynomial that enumerates the boundary of the 
hypercubes Q, in T,. The degree of any monomial in D,,,(d) shows the 
number of edges in the boundary of the corresponding Q, and the coefficient 
of that monomial is the number of such hypercubes. 


10101 50100 


bm cf 
4L0001 410000 910010 
O10 Ye fh 
: Jooo1 ooo _Joo10 rey 
“Tool. 1000-1010 “O1001 01000-01010 
T3 V4 Ts 


Fig. 5.3 Fibonacci cubes [3, 4 and T's 


As an example, in T's there are only 0, 1, 2 and 3-dimensional hypercubes 
as we can see in Fig. 5.3. So need to consider only Ds ,(d) for k € {0, 1, 2, 3}. 
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Again from Fig. 5.3, [5 has 13 vertices, three of them have degree 2; seven 
of them have degree 3; two of them have degree 4; and one of them has 
degree 5. Similarly, there is only one 3-dimensional cube with four edges in 
its boundary. Hence, 


5,0(d) = 3d* + 7d? + 2d*+d°, 
Ds,3(d) = d*. 


Similarly, by considering the edges and squares in T's by inspection, we 
obtain 


5,1(d) = 4d? + 7d4 + 4d° + 3d° + 2d" , 
Ds.2(d) = d* + 3d? + 2d° + 2d7 +8. 


Let C,,,(d) denote the boundary enumerator polynomial of the hyper- 
cubes Q; in I, that are obtained during the connection of [,_; and Ty_2. 
In other words, these hypercubes involve link edges. The polynomials C,, , 
arise in the recursive computation of D,,;, in which we are actually inter- 
ested. 

Table 5.3 is a list of the boundary enumerator polynomials D,,, and 
C,,~ for small values of n and k. 


n Dn,o Crit Dnt Cn,2 Dy 2 
0 1 0 0 0 0 
1 2d 1 1 0 0 
2 2d + d? d 2d 0 0 
3 d+ 3d? +d? d? + d3 3d? + 2d? d d 
4 5d?24+2d34+d* d?+d24d°>  2d?24+4d34+2d*4+2d> d?+d* 2d +d* 


Table 5.3. The boundary enumerator polynomials D,,, and C,,,, for small values of n 
and k 


5.5.1 An Example 


Now, for k € B we present a counting method to find Ds,(d) by using 
the fundamental decomposition of Fibonacci cubes recursively. This idea 
can be generalized to obtain a recursion for D,,,(d) for any non-negative 
integer n and & as given in Theorem 5.22. 

Consider k = 0. From the fundamental decomposition we know that 


Ts = Ol4 + 1013 = (0013 + 01012) + 1013 R (5.19) 


Let v be any vertex in [5. Then we have two cases: 
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(i) 


(ii) 
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Assume that v ¢ 1003. If we consider all v € ['3, then the boundary 
enumerator becomes D3 9(d). The degrees of these vertices increase 
by 1 in T's. Therefore all of these vertices contribute dD3,9(d) to 
Ds,0(d). 

Assume that v ¢ 0P'4. Then there are two subcases: 

(a) Assume that v € 010T2. If we consider all v € T2, then the 

boundary enumerator becomes D2 9(d). Similarly we see 
that degrees of these vertices again increase by 1 in OI4 
and Ts. Therefore these vertices contribute dD2(d) to 
D4o(d) and Ds,o(d). 
Assume that v € Of, \ 0101. If we consider all such ver- 
tices in Ty then we have D4 (d) — dD2,9(d) from the pre- 
vious subcase. Also the degrees of these vertices again 
increase by 1 in I's. Therefore, such vertices contribute 
d(D4,0(d) = dD20(d)) to 5,0(d). 


— 
og 
wa 


Therefore, in total we have 


Ds,0(d) = dD3,9(d) + dD2,9(d) + d(Da,o(d) — dD2,0(d)) 
= d(D4,0(d) + Ds,o(d) + (1 - d) Dz ,0(d)) F 


Consider k = 1. In this case we will use the decomposition of [5 given 
in (5.19) again. Let e be any edge in I's. This time we have three cases: 


(i) 


(iii) 


Assume that e € 1013. If we consider all e ¢ 3 then the boundary 
enumerator becomes D31(d). The degrees of vertices of these edges 
increase by 1 in T's, that is, the boundary of the edges increase by 
2. Therefore all of these edges contribute d? D3 1(d) to Ds,1(d). 
Assume that e = viv2 € T's with v; € 1003 and v2 € OF, (in particular 
v2 € O03). These edges are not in I, for m < 5 and they first 
occur when we connect Ty and [3 to obtain 5. We denote the 
contribution of these edges to Ds ;(d) by C5,1(d). We will consider 
this case later in detail. 

Assume that e € O14. Since OF, = 0013 + 010I2 we have three 
subcases: 


(a) Assume that e € 01012. Considering all e ¢ Tz we have 
D21(d) and we see that the boundary of these edges in- 
creases by 2 in T's. Therefore all of these edges contribute 
a? D2,1(d) to Ds,1(d). 

(b) Assume that e = v1 v2 € OF 4 with v1 € 010T2 and v2 € 00F3. 
These edges are not in T,, for m < 4 and they first occur 
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when we connect I'3 and I'2 to obtain 4. Then as we need 
to consider e € 5 we see that the degree of v2 increases by 
1 when we connect OF, and 1013 to obtain T's;. Then as in 
the above Case 2, the contribution of these edges to Ds ;(d) 
becomes dC41(d). 

Assume that e € 0013. Then one can observe that these 
edges are the ones in OI, that are not in 0101, and that 
are not occur as connection edges between 0013 and 010P2. 
Also note that the boundary of these edges increases by 2 
during the connection of OI, and 1013 to obtain 5. There- 
fore, the contribution of these edges to Ds,1(d) becomes 
d? (Dai (d) - d? Dz1(d) - Cai (d)). 


— 
(o) 
Ww 


Therefore, in total we have 
Ds,1(d) = d? D3,1(d) + Cs,1(d) + d” Do,1(d) + dCai(d) 
+ d? (D4i(d) - d? Do1(d) - Ca1(d)) 
= d? (D4,1(d) + D3.1(d) + (1 - d?) Dz (d)) 
+ Cs51(d) + (d-d?)C41(d). 

Now let us consider C5,;(d) in detail. This number enumerates the 
boundary of the edges e that first occur during the connection of 0I'4 and 
1013 to obtain 5. From the fundamental decomposition we have 

Ts = 004+ 10P3 = (00F3 + 01012) + 101s 
= ((000F2 + 00101) + 01012) + (10012 + 10101,). 
Assume that e = vy v2 with v; € OF'4 and ve € 1013. We have the two different 
cases. 


(i) Assume v2 € 1010F,. Then v; € 00101; and the degrees of all such 
vertices in T are Dj o(d) and therefore they becomes dD, 9(d) in 
both 10P3 and O14. So, the boundary of all such edges becomes 
d?D,0(d?) inTs. 

(ii) Assume vg € 100P2. Then v, € 0002 and the degrees of 
all such vertices in O00[3 are Ds o(d) - dD, o(d) as 0013 = 
O000F, + 0010P;. But note that the degree of v,; becomes 
d (D3,0(d) - dD ,9(d)) in 014. So, the boundary of all such edges 
becomes d (D3,0(d?) = d? D1 ,0(d?)) in Ts. 


If we sum up we have 
Cs,1(d) = d? Dy 9(d’) + d (D3,9(d*) - dD; 9(d’)) 
= dD3,9(d?) + (d? - d®) Dy 9(d?). 
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By the same argument we have C4,;(d) = dD2(d*) + (d? - d*) Do,o(d?). 

Along similar lines, two recursions relating D,,;, and C,,, can be con- 
structed. The rather technical proof of the following result is due to E. Saygi 
and Egecioglu and appears in [94]. 


Theorem 5.22. [94, Theorem 1] Let n,k be non-negative integers and let 
Dnn(d) be the boundary enumerator polynomial of the k-dimensional hy- 
percubes in Ty, and Cy4(d) be the boundary enumerator polynomial of the 
k-dimensional hypercubes in I, that are obtained during the connection of 
Tp-1 and Tyn-2. Then forn>3 andk>0 we have 


Dne(d) = d (Dn-1,4(d) + Dn-2,4(d) + (1- @ )Dn-s,x(d)) + Cnn (d) 
+ (Po - 4?) Cran(d), 
and forn>4 and k>1, 
Cnx(d) = a (1-d?")Dn-ana(d?) +d (1-0 ") Cy ona (@?) 
id Desay ey 


where the initial conditions are given in Table 5.3 and Dm,~(d) = Cm,xn(d) = 
0 form<2k-1. 


Let fn,m denote the number of vertices of [,, having degree m. In [65, 
Section 6], the generating function f(x,y) = Yn mso fnme"y™ is obtained. 
From the denominator of f(x,y) we know that frm satisfies the recursion 


Tina = Friant a fn-2,m-1 + Si23em=1 = fn-3,m-2 (5.20) 


for all large enough n and m. Note that (5.20) corresponds to the k = 0 
case, that is, it can be written in the form 


Dn,o(d) = d(Dn-1,0(d) + Dn_2,9(d) + Dn_3,0(d)) — d?Dn_3,0(d) . 


5.5.2 Derivation of the Generating Function 


Using Theorem 5.22 one can obtain the generating functions for D,,;,(d) 
and Cy, x(d). 


Theorem 5.23. Let D,(d,t) = 9) Dnx(d)t" and C;,,(d,t) = )° Cyr, (d)t” 


n>0 n>0 
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be the generating functions of Dn.x(d) and Cy,.(d). Then we have 
1+dt+(d-d*)t? 


Do(d,t) = 1— dt — dt? -(d_-@)8’ 
Peres heels eC (lla (ran) , 
(g(a2",t))* 
vray Bete Ye (89) 
| (oo) | 
where 


f(d,t) = 1+ (d° - d*) (t+?) -d*(1-2d+2d*-d*)t? and 
g(d,t) =1-d(t+t?+t)+d@?. 
Proof. For k = 0 and n > 3, using Theorem 5.22, we have 
Dn,o(d) = d(Dn-1,0(d) + Dn-2,0(d) + (1-4) Dn-s,o(d)). 
Using the initial conditions given in Table 5.3 we get 
Do(d,t) — (2d + d?)t? — 2dt -1 
= dt (Do(d,t) — 2dt — 1) + dt? (Do(d,t) - 1) + d(1 - d)t? Do(d,t), 
which gives the desired result for Do(d,t). Similarly, using Theorem 5.22 
for k= 1 and n> 4 we have 
Cni(d) = d? (1 - d) Dn-4o(d”) + dDn-2,0(d"), 
which gives 
C1(d,t) — (d? + d?)#? — dé? —t = d? (1- d) t* Do(d’, t) 
+ dt?(Do(d’,t) - 2d*t-1). (5.21) 


For k=1 and n>3 we have 
Dna(d) = 2(Dn-1(d) + Dn-2,a(d) + (1- a) Dn-s.a(d)) + 
Cr1(d) + (d = d’) Calas 
and this gives 
D,(d,t) — 2dt? — t = d?t (D,(d,t) — t) + d?t?.D,(d,t) 
+ d°(1-d’)t?D,(d,t) + (Ci(d,t) - dt? -t) 
+ (d-d*)t(Ci(d,t) -t) . (5.22) 
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For k= 2 and n> 4 we have 
Cn,2(d) = d* (1- d*) Dp-a1(d?) 
+ (1-d)Cy-21(d?) + @’Dp_2,1(d’), 
which gives 
C2(d, t) - dt? = d* (1-d?) t*D,(d?,t) +d(1-d) t? (Ci(d’, t) - t) 
+ d°t? (D,(d*,t) -t) . (5.23) 
Furthermore, for k > 3 and n > 4 we have 
Cu(d) = d (1-d?") Dy-an-a(d?) +d? (1-0) Cy_o.¢-1(@?) 
40° Dao pa(d?); 
which gives 
Cy(d,t)=(@ (1-2) t+?) Dee? t) 
+2 (1-0) PCat). (5.24) 
On the other hand, for k > 2 and n > 3 we have 
Dy. (d) = d? (Dy-1,¢(d) +Dp2.(d) + (1-4? ) Dy-s,x(4)) 
+Cnx(d)+ (da) Cried), 
and from this we obtain 
Dy(d,t) = d? (tD,(d,t) + PD, (d,t) + (1-d?) BD, (a,2)) 
+Cx(d,t) +(a@° - a?) tCx(d,t) 


1+(d" -a?*\t 
= Ody): 5.25 
1-d* (t+ 248) +a 8 eds £) 29) 
Finally, using Do(d,t), (5.21), (5.22), (5.23), (5.24), and (5.25), we complete 
the proof. 


The generating functions for the first two values of k are given as 
1+dt+(d-d?)?? 


POs 1-d(t+t?)-(d-@)8 
= 1+ 2dt + (d? + 2d) t? + (d° +3d? +d) +-- 
t(1+(d-d)t) 
bya) < _eeta-a)0) 


~ (1-d2(t + #2) - (a2 - d4)88)" 
= t+2dt? + (2d° + 3d*)t? +2(d?+d*+2d°+d*)t* +-- 
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5.5.3 Some Specializations 


Note that Do(d,t) in Theorem 5.23 is the generating function f(a, y) given 
in [65, Section 6]. In the notation of this section, d plays the role of y and 
t plays the role of x. 

Consider next the cube polynomial Cf, (a) of I’, studied in Section 5.1 
and its g-analogue Cr,,(a,q) studied in Section 5.4. Cr, (,q) is a refine- 
ment of the cube polynomial Cp, (2) with Cr, (x, 1) = Cr, (2). 

The material presented in this section provides a similar refinement of 
Cr,,(z). Writing 

Cp,(2)= ¥; ange” and On, (2,4) = >) be (Qe, 
k>0 k20 


we obtain 
an,k = bne(1) = Dr (1) 3 
Taking d= 1 in Theorem 5.23, f(1,t) = 1 and g(1,t) = 1-t-¢#? so that 


1l+t 
ee ro 
and 
p2k-1 
D,(1,t) = (1 ape {2)k+1 


for k > 0. The first one of these is the generating function of the sequence 
of the number of vertices (Fn+2)n20, and the second one is the generating 
function of the (k + 1)-fold convolution of Fibonacci numbers enumerating 
the number of k-dimensional hypercubes in Ip. 
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Chapter 6 


Characterizations and Recognition 


In this chapter, we first present a simple characterization of Fibonacci cubes 
as the simplex graphs of complements of paths. In Section 6.2, we present 
an extremely interesting connection between Fibonacci cubes and math- 
ematical chemistry, yielding another characterization of Fibonacci cubes; 
they are precisely the resonance graphs of fibonaccenes. In the final section 
of the chapter we demonstrate that Fibonacci cubes can be recognized in 
linear time. The sophisticated metric structure of the Fibonacci cubes is 
very helpful for this purpose. Along the way, we prove that Fibonacci cubes 
are median graphs and give a characterization of Fibonacci cubes among 
median graphs. 


6.1 Fibonacci Cubes as Simplex Graphs 


Simplex graphs were introduced in 1989 by Bandelt and van de Vel as 
follows [10]. Let G be a graph. The vertex set of the simplex graph K(G) 
of G is the set of all cliques of G, that is, for each clique K of G there 
is a vertex ux in K(G). In particular, @, each vertex, and each edge of 
G yields a vertex of K(G). Two vertices of K(G) are adjacent whenever 
the corresponding cliques of G differ by exactly one vertex. For instance, 
there is an edge between ug and uz for each x ¢ V(G), and there is an edge 
between uz and uz, for each edge cy ¢ E(G). 

The two extreme examples of simplex graphs are the simplex graphs of 
complete graphs and their complements. We have: 


KRUG) 20, sand KK) 2 Ris 
We now have the following characterization of Fibonacci cubes. 


Proposition 6.1. [fn >1, then K(Pnr) 2Tn. 
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Proof. Let V(P,) = V(Pn) = [n] and E(P,) = {i(i +1): i € [n-1]}. 
Then {i1,...,7%} induces a clique of P,, if and only if |i; —i;-| > 2 holds for 
each j,j’ € [k]. To each clique K = P,[{i1,...,ix}] we assign the binary 
string f(K) = b1...b, € By, where b; = 1 if and only if i € {%,...,i,}. In 
particular, f(@) = 0”. Since for such a K we have |i; —-i;| > 2 for each 
j,j' €[k], we infer that f(A) is a Fibonacci string, that is, 
f:V(Pr) =V(En)- 

The mapping f : V(P,) > V(P,) is clearly injective, and is also equally 
clear that it is surjective. Moreover, by the definition of E(P,,) and E(T;), 
we infer that KK’ « E(P,,) if and only if f(K)f(K’)« E((,). Hence f is 
a graph isomorphism. 


Fig. 6.1 shows the simplex graph K(Ps), where the notation for the 
vertices is simplified so that the vertex Ps[{i1,...,ix}] is abbreviated as 
i1...%,. The figure can be seen as a new, exotic way of looking at Tg. 

Proposition 6.1 can also be interpreted as follows. Since a clique in 
Ps corresponds to an independent set in P,, we can naturally associate a 
vertex x of [, to the independent set of P, which contains the vertices 7 
of P, (recall that V(P,,) = [n]) such that 2; = 1. Two vertices in T, are 
then adjacent if and only if the symmetric difference of the corresponding 
independent sets has cardinality 1. That is, we can consider I, as the Hasse 
diagram of the independent sets of P, ordered by inclusion. Codara and 
D’Antona have applied this perspective and studied the Hasse diagrams of 
the independent sets of powers of paths ordered by inclusion [23]. Here, by 
the k'® power of P,, we mean the graph with the same vertex set as Py, 
two vertices being adjacent if they are at distance at most k in Py. 

We point out here that Fibonacci cubes also appear in the theory of ori- 
ented matroids as the so called tope graphs of certain complexes of oriented 
matroids. The technical details would take us too far afield, but we direct 
the interested reader to the paper of Bandelt, Chepoi and Knauer [9, p. 225]. 


6.2. Fibonacci Cubes as Resonance Graphs 


In this section we connect Fibonacci cubes with mathematical chemistry. In 
the main theorem we prove that Fibonacci cubes are exactly the so-called 
resonance graphs of fibonaccenes. Resonance graphs of chemical graphs 
play an important role in theoretical (organic) chemistry and fibonaccenes 
are an appealing family of benzenoid systems. To be able to state and 
understand the main theorem, some preparation is needed. 
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Fig. 6.1 Ig as K(Pe) 


A hexagonal chain G with h > 1 hexagons is a graph defined as follows. 
If h =1, then G is the cycle on six vertices. If h > 1, then G is constructed 
from a hexagonal chain H with h—1 hexagons by attaching the h'® hexagon 
along an edge e of the (h- 1)** hexagon, where the end vertices of e are 
of degree 2 in the hexagonal chain H. In Fig. 6.2 a hexagonal chain with 
four hexagons is drawn. The edge e over which the last hexagon has been 
attached is also marked. 

A hexagon of a hexagonal chain is inner if it is adjacent to two other 
hexagons. Note that each inner hexagon of a hexagonal chain contains ex- 
actly two vertices of degree 2. A hexagonal chain is a fibonaccene, if in ev- 
ery inner hexagon, its degree 2 vertices are adjacent. Intuitively this means 
that a hexagonal chain is a fibonaccene if no three consecutive hexagons 
are aligned in the same direction. For instance, the hexagonal chain from 
Fig. 6.2 is not a fibonaccene because in the first (from the left) inner hexagon 


Downloaded from www.worldscientific.com 


108 Fibonacci Cubes with Applications and Variations 


Fig. 6.2 A hexagonal chain composed of four hexagons 


the two degree 2 vertices are not adjacent (that is, the first three hexagons 
are aligned in the same direction), while in Fig. 6.3 a fibonaccene is shown. 
Fibonaccenes are also known as zigzag hexagonal chains. 


Fig. 6.3. A hexagonal chain which is a fibonaccene 


The last concept needed is the one of the resonance graph. It can be 
defined much more generally but this is not needed here for our purposes. 
We only add that the concept was introduced independently several times 
in mathematics as well as in theoretical chemistry, thus demonstrating it 
is a natural and important concept. In chemistry, the motivation for its 
introduction was the fact that perfect matchings (alias Kekuléan structures 
in chemistry) can be used to represent the distribution of double bonds in 
benzenoids, and experiments have shown that the more perfect matchings 
a benzenoid has, the more stable it is. 

Let H be a hexagonal chain. The resonance graph R(H) of H has the 
perfect matchings of H as vertices, two perfect matchings being adjacent 
in R(#) if their symmetric difference forms the edge set of a hexagon of H. 
In other words, perfect matchings M, and M2 are adjacent if there exists 
a hexagon h of H with consecutive edges e1,...,e¢, such that M,n E(h) = 
{e1,€3,¢5}, and Mz = (Mj u {e2,e4,e6}) \ {€1,€3,€5}. Intuitively, Mo is 
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obtained from M;, by rotating three edges of MM that are on some hexagon 
of H. 

We now have the following beautiful description of Fibonacci cubes due 
to Klavzar and Zigert Pletersek. 


Theorem 6.2. [68, Theorem 1] Jf H is a fibonaccene with n> 1 hexagons, 
then 
R(H)2=T pn. 


Proof. We first show that H contains Fy+2 perfect matchings. If n = 
1, then H = Cg and it contains F3 = 2 perfect matchings. Similarly, if 
HT contains two hexagons, we easily see that H contains Fy = 3 perfect 
matchings. Suppose now that H contains n > 3 hexagons and let h be its 
arbitrary non-inner hexagon. Consider the hexagonal chain H \ h obtained 
from H after deletion of h (but keeping the edge with which h is attached 
to the rest of H). Let e1,...,e¢ be the consecutive edges of h, where e4 is 
the edge shared by h and H \h. Then e, is the edge opposite to e4 on h. 
Let M be a perfect matching of H and distinguish the following two cases. 


Case 1: If e; « M, then necessarily also e3 €« M and e5 € M. Moreover, in 
the hexagon h’ attached to h, the edge f whose end vertices are of degree 
2 is also forced to lie in M. Then M \ {e1,e3,e5, f} is a perfect matching 
of (H \h)\h’. Conversely, any matching of (H \ h) \h’ can be completed 
in a unique way to a matching of H containing e;. By induction it follows 
that the number of the perfect matchings in H which contain e, is Fy. 


Case 2: Suppose next that e; ¢ M. Then necessarily e2 ¢« M and eg e M. 
But then by an argument parallel to the above we see that there are exactly 
Frys perfect matchings in H which do not contain e;. Hence H contains 
Fy t+ Fai. = Frio perfect matchings. 


We next establish an explicit bijection between the perfect matchings 
of H and V(T,,). For this purpose let M be an arbitrary perfect matching 
of H and let hy,...,h» be the consecutive hexagons of H. If e is the edge 
of h, opposite to the common edge of h, and hg, then set 
1 if eeM, 

ae 0 otherwise. 
Consider now h;, i > 2. An edge of h; that has exactly one end-vertex on 
h;-1 is called a link from h; to hj-1. Clearly, there are exactly two links 
from h; to hj-1. Set: 
1 if M contains both links from h; to hy_1, 


b,(M) = {6 


otherwise. 
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We have thus defined an assignment 

M+ b,(M)...b,(M) (6.1) 
which assigns to each perfect matching M of HA a binary string 
bi(M)...bn(M) € By. Actually, b)(M)...b,(M) € Fn, that is, 
bi(M)...b,(M) is a Fibonacci string. Indeed, we see directly that the 
string b)(1Z)...b,(M) cannot start by two 1s neither end by two 1s. More- 
over, if b;(M)bis1(M) = 11, where 2 < i < n-1, then we would have two 
consecutive pairs of link edges in M, but since H does not contains three 
hexagons in the same direction, two of these edges would share a vertex. 
This is not possible since M is a matching. 

We have thus proved that the assignment (6.1) maps perfect matchings 
of H to Fibonacci strings of length n. Since different perfect matchings are 
mapped into different strings, and since we have proved above that there 
are F,,9 perfect matchings in H, the assignment is a bijection. 

It remains to prove that matchings M and M’ are adjacent in R(H) 
if and only if b)(1Z)...bn(M) and 6,(M’)...b6,(M’) are adjacent in Ty, 
that is, if and only if they differ in precisely one position. Suppose first 
that M and M’ are adjacent in R(H). This means that there exists a 
hexagon h; such that the restriction of MU M’ to h, is the whole edge set 
of H;. If i =1, then exactly one of M and M’ contains the edge opposite 
to the common edge of h, and he, and if 2 > 2, then exactly one of WM 
and M’ contains the two link edges from h; to hj1. Hence in any case, 
b;(M) + 6;(M"), while b;(Z) = b;(M") for any j + 7. Conversely, suppose 
that b)(M)...b,(4) and 6;(M’)...b,(M") differ in precisely one position 
i. If i =1, then neither M nor M’ contains the two link edges from hz to 
h,. This means that the symmetric difference of M and M’ is the edge 
set of hi. Since M and M"’ coincide on all the other hexagons, they are 
adjacent in R(H). Suppose next 2<i<mn-1. Then neither M nor M’ 
contains the two link edges from h;,; to h;, as well as the two link edges 
from h;_1 to h;. Hence the symmetric difference of M and M’ is the edge 
set of h;. Since the case 7 = n is treated analogously as the case i = 1, the 
proof is complete. 


Theorem 6.2 and its proof are illustrated in Fig. 6.4. The figure shows 
all eight perfect matching of the fibonaccene H with four hexagons. Each 
of these perfect matchings is a vertex of R(H). The binary strings that 
provide a bijection between the vertices of [4 and the perfect matchings 
are also displayed. Finally, the bold edges are the edges of R(H). Note 
that each edge represents a rotation of three edges on some hexagon of H. 
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Fig. 6.4 The resonance graph of the fibonaccene with four hexagons. The perfect 
matchings are indicated in green 


Theorem 6.2 has been extended in several different directions. In Sec- 
tion 9.8 we will describe a particularly interesting extension to daisy cubes. 


6.3. Recognition of Fibonacci Cubes in Linear Time 


In this section, we will derive a linear recognition algorithm for Fibonacci 
cubes. It will take some preparation to do this. Fortunately, the prepara- 
tory concepts and results are interesting in themselves. We will first prove 
that Fibonacci cubes are median graphs. Then we will characterize Fi- 
bonacci cubes among median graphs. Before arriving at a characterization 
of Fibonacci cubes which enables their fast recognition, we will also prove 
that [,, contains exactly two convex subgraphs isomorphic to [,,_;. Along 
the way, the Hosoya triangle will naturally join the game. 


6.3.1 Fibonacci Cubes are Median Graphs 


Let u, v, and w be different vertices of a connected graph G. A median of 
the triple u,v,w is a vertex x that simultaneously lies on a shortest u,v- 
path, a shortest u, w-path, and a shortest v, w-path, that is, if the following 


Downloaded from www.worldscientific.com 


112 Fibonacci Cubes with Applications and Variations 


equalities hold: 

dg(u,v) =dg(u,x) +de(a,v), 

dg(u,w) =de(u, x) +de(2,w), 

dg(v,w) =dg(v,x) +de(a,w). 
The graph G is a median graph if every triple of its vertices has a unique 
median. 

As an example take a tree T and an arbitrary triple of its vertices u,v, w. 
Let P be the unique u, v-path in T and let Q be the unique w, u-path. Then 
the first vertex of Q that lies on P is a median of u,v,w. Note that it is 
possible that one of u, v, and w itself is the median of u,v,w. Moreover, 
this median is unique, hence trees are median graphs. 

We next show that hypercubes are also median graphs. For this sake 
let w= U,...Un, V=V1...Un, and w = W,... Wry be three different vertices of 
Qn. Suppose that x = 21... is a median of u,v,w and consider the bits 
uj, Vi, and w;. By the pigeonhole principle, two of these bits must be equal. 
Assume without loss of generality that u; = v;. Then in order for x to lie on 
a u,v-shortest path, we must have x; = u; = v;. As this must hold for each 
coordinate 7 € [n], we see that a potential median x of u,v,w is uniquely 
determined. We say that x is obtained from u,v,w by the majority rule. 
On the other hand, since for every pair of vertices u,v ¢€ V(Q,), da, (u,v) 
is equal to the Hamming distance H(u,v), the vertex x obtained by the 
majority rule from u,v,w is a median of u,v,w. So each triple of vertices 
from Q, has a unique median and we are done. 

From the perspective of this book, the most important thing is that 
Fibonacci cubes are median graphs. This was showed by Klavzar in a more 
general context of the so-called extended Fibonacci cubes. 


Theorem 6.3. [58, Theorem 1] T,, is a median graph for n> 0. 


Proof. By Lemma 4.1, dp, (u,v) = H(u,v) for any u,v¢e V(T,,). To show 
that T,,, is a median graph, we now proceed as we did above for hypercubes, 
the only difference being that in addition we need to prove that the vertex 
x obtained from a triple u,v, w of vertices of [, by the majority rule lies in 
T,. Suppose not, that is, there exists i ¢[n-1] such that x; = 27;,, =1. By 
the majority rule this means that at least two of u;,v;, w; are equal to 1 and 
at least two of uj+1,Vi+1, Wi+1 are equal to 1. But then (by the pigeonhole 
principle) for at least one of u,v,w the i*” and the (i+1)** coordinates are 
both 1, a contradiction with the fact that each of u, v, and w is a Fibonacci 
string. 
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As an example, consider the triple 10101, 01000, 10010 of vertices of T's. 
The vertex obtained from the triple by the majority rule is 10000, hence 
this is the median of the triple. See Fig. 6.5 where the vertices of the triple 
are black and their median is red. 


10101 010100 


00100 
[| 10000 10010 
Vo 


00001 700000 


001019 


01000 501010 


Fig. 6.5 The median of the vertices 10101, 01000, 10010 in T's 


Another way to derive Theorem 6.3 is to use [10, Proposition 2.2] which 
asserts that the simplex graph of an arbitrary graph is a median graph. 
Theorem 6.3 then follows from Proposition 6.1. 

Let us add that in [69], Klavzar, Zigert PleterSek, and Brinkmann ex- 
tended Theorem 6.3 by proving that the resonance graphs of to so-called 
catacondensed even ring systems are median. 


6.3.2 Characterization Among Median Graphs 
For a connected graph G and an edge abe E(G), set 
Wap = {we V(G): d(a,w) < d(b,w)}, 
Woa = {we V(G): d(w,b) < d(w,a)}, 
Uap = {w € Wap: w has a neighbor in W,.}, 
Uba = {w € Woa: w has a neighbor in Wap}, 
Fup = {ec = wv € E(G): ue Ugn, v € Uda} . 


Note that if G is bipartite, then V(G) = Wa, U Wea. For an example see 
Fig. 6.6, where for an edge ab of the drawn bipartite graph, the sets Wap, 
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Woa, Uap, and Upa are encircled, while the edges from the set Fy, are in 
green. 


Fig. 6.6 Sets Was, Woa, Uav, Uba, and Fay in a bipartite graph 


The celebrated Djokovié-Winkler relation © is defined on the edge set 
of a connected graph G in the following way. Edges xy and wv are in the 
relation © if 


d(x,u) + d(y,v) # d(a,v) + d(y,u). 


The relation © is clearly reflexive and symmetric, but in general it is not 
transitive. Winkler [121] proved that among bipartite graphs, © is tran- 
sitive precisely for partial cubes. In particular, by Proposition 4.2, © is 
transitive on Fibonacci cubes. 

Just as Q,, the Fibonacci cube [,, contains n O-classes E),..., Ep, 
where EF;, i € [n], consists of the edges that differ in the i” coordinate. See 
Fig. 6.7 where the O-classes E,, Fo, E3, E,4, and Es of Ts are shown with 
respective colors black, blue, yellow, red, green. 

Let G be a median graph (or a partial cube for that matter), and let 
ab é€ E(G). Then the induced subgraph G[Wa»] is peripheral if Uap = Wan. 
Further, the T-graph, G’, of G has the O-classes of G as vertices, two classes 
F and F” being adjacent if there exists edges f € F and f’ € F” which induce 
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101019 ©10100 


001010 
Fig. 6.7 The O-classes of I's 


a convex P3;. With these two concepts we can now state the result of this 
subsection due to Vesel. 


Theorem 6.4. [107, Theorem 8] Let G be a median graph. Then G=Ty 
(for some n) if and only if every O-class is peripheral and G™ ~ Py. 


Instead of the technical proof of Theorem 6.4, let us give the intuition 
behind it. Consider an arbitrary O-class EF; of [,,. Then the edges of E; 
differ in the i* coordinate. If uv is an arbitrary edge from E;, where u; = 1 
(and v; = 0), then each vertex from W,,, has the i*® coordinate equal to 1 
and so has a neighbor in W,,,. Hence Wy,» = Uy» and so EF; is peripheral. 
To see why G7 = P,, must hold, proceed by induction. Considering I, and 
its fundamental decomposition, we may assume without loss of generality 
that the n™ ©-class of I, (which is added to the n- 1 O-classes of T,-1) 
is E,. After that we infer that an edge from F,, can only be in a convex 
P3 with an edge from E,-1 which prolongs the path [7_, = Py-1 to Ph. 


6.3.3 Recognition Algorithm 


In order to be able to formulate and prove a theorem that allows us to 
quickly recognize Fibonacci cubes, we need some more preparation. We 
first recall Mulder’s convex expansion theorem, the seminal characterization 
of median graphs due to Mulder [79]. The formulation here is given in the 
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form suitable for our purposes. 


Theorem 6.5. Let ab be an edge of a connected, bipartite graph G. ThenG 
is a median graph if and only if the following three conditions are satisfied: 


(i) Fa» is a matching defining an isomorphism between G[Ua»y] and 
G[Usa]. 
(ii) G[Uap] is convex in G[Wap], and G[Uba] is conver in G[Woa].- 
(iit) G[Wav] and G[Wya] are median graphs. 


Now let us take a closer look to the O-classes of I',,. 


Proposition 6.6. Let n2>1, and let E;,1¢€[n], be the O-classes of Tn, 
where E; contains the edges that differ in the i*” coordinate. Then, 


|E| = Fi Frist - 


Proof. Consider first E,. If e € FE ,, then e = uv, where u = 00u’ and 
v = 10u’ with wu’ € Fy». Hence |Fy| = |Fn-2| = F, = Fi F, and the result 
holds for E,;. Analogously we see that the result holds for E,,. Assume in 
the rest that 7 € {2,...,n-—1} and consider an arbitrary edge e € E;. Then 
e = uv, where u = u’000u” and v = u’010u” with uw’ € Fj_2 and u” € Fy_j-1. 
Hence 


|Zi| = |Fi-al - |Fn—s-1] = Fi Fn-is1 


and we are done. 


Proposition 6.6 was independently and at the same time found by Tara- 
nenko and Vesel [104, Proposition 1] and by Klavzar and Peterin [66, The- 
orem 4.1]. Since the O-classes of a partial cube G partition E(G), Propo- 
sition 6.6 yields another proof of Proposition 3.3. 

The Hosoya triangle is defined by setting 


H(n,?) = Fy Fn-i41, LE [n] ; 


where n denotes the row, and i the position in the n*® row of the entry 
H(n,1). The first several rows of the Hosoya triangle are shown in Table 6.1. 

In view of Proposition 6.6, the n*® row of the Hosoya triangle thus 
corresponds to the orders of the ©O-classes of T,,. To prove our next theorem, 
we need the following fact about these orders. 


Lemma 6.7. [fn>2, thenT, contains exactly two O-classes of order F,. 
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1 
1 1 
2 1 2 
3 2 2 3 
5 3 4 3 5 
8 5 6 6 5 8 
13 8 10 9 10 8 13 
21 13 16 15 15 16 13 21 


Table 6.1 The first few rows of the Hosoya triangle 


Proof. By Proposition 6.6 it suffices to show that Fj; F,-j+1 < Fy, holds for 
i€ {2,...,n-1}. By checking Table 6.1 we see that the assertion holds 
for the first few values of n (where there is nothing to observe n = 2). We 
proceed by induction and estimate as follows: 


Fy Fyist = Fi Frit Po-i-1) = Fi Frei t+ FiFn-i-t < Fn-1 + Fn-2 = Fn 


and we are done. 


We have come to the last auxiliary result, which reads as follows. 


Theorem 6.8. [104, Lemma 2] If n > 2, then T, contains exactly two 
convert subgraphs isomorphic to Ty-1. 


Proof. It follows from the fundamental decomposition of IT, that 
T,[0Fn-1] is a convex subgraph of T’,, isomorphic to T,-1. The same holds 
for the induced subgraph [,,[F,-10]. It remains to prove that there are no 
other convex subgraphs of I, isomorphic to [',-1. 

Suppose that H is an arbitrary convex subgraph of [, isomorphic to 
T,,-1. As H is convex in I’,, and is isomorphic to I’,,_1, we see that H con- 
tains n- 1 O-classes. Applying the Convexity Lemma due to Imrich and 
Klavzar from [55, Lemma 2.6] it follows that no edge from the edge bound- 
ary 0-H = 0.V(A) is in relation © to an edge in H. As IT, contains n 
O-classes, it follows that all the edges of 0.H must lie in the same ©-class, 
denote it by F. So 0.H ¢ F. We claim that 0.H = F. Suppose on the 
contrary that ry¢ F\0.H. AsT, is bipartite, we may without loss of gen- 
erality assume that d(x, H) < d(y, H). Let P be a shortest path between x 
and H. Then yxP is also a shortest path. Since xy € F and the last edge 
of this path is also in F’, we have a contradiction because no two edges of 
a shortest path are in relation 0. This contradiction proves that 0.H = F. 
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By Theorem 6.4, each O-class of I, is peripheral, therefore the class 
F must be peripheral. As n([T,) = Frag and n(H) = Fy41, it follows that 
|F| = F,. By Lemma 6.7, F can only be one of the O-classes FE, and Ey, 
of [,,, which in turn implies that H is one of the two convex subgraphs 
described in the first paragraph of the proof. 


The two convex subgraphs of T's isomorphic to T’4 are shown in Fig. 6.8. 


Fig. 6.8 The two convex subgraphs of I's isomorphic to [4 


A characterization of Fibonacci cubes by Taranenko and Vesel which is 
the key tool for their recognition algorithm is as follows. 


Theorem 6.9. [104, Theorem 5] Let ab be an edge of a connected, bipartite 
graph G with dega(a) =n and dega(b)=n-1. Then GT, if and only if 
the following conditions are satisfied: 


(i) G[U ay] ts convex in G[Wap]. 
(it) Fy, is a matching defining an isomorphism between G[U,,] and 
G[U pba]. 
(itt) G[Way] is isomorphic to Ty-1, and G[W,] is isomorphic to Ty_2. 
(iv) Woa = Uba- 


Proof. Suppose first that G 2 T,,. Then we know that the only vertex of 
degree n in I, is 0" and the only vertices of degree n-1 are 10"! and 
0"-11. Hence a = 0” and we may assume without loss of generality that 
b= 10"-'. By Theorem 6.3 [,, is a median graph. Consider its @-class 
E,. Then conditions (i) and (ii) hold by Theorem 6.5, (ii) holds by the 
fundamental decomposition, while (iv) holds because £; is peripheral. 
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Conversely, suppose that the conditions (i)-(iv) hold, and let ab be an 
edge of a connected, bipartite graph G with degg(a) = n and degg(b) = 
n-1. Since G[Woa] = G[Uba] is isomorphic to T,-2, and Fy» is a matching 
defining an isomorphism between G[U,»] and G[Uba], we infer that G[U a | 
is isomorphic to P,-2. As G[Ua»] is convex in G[Was] ¥ In-1, Theorem 6.8 
uniquely (up to two symmetric options) determines the position of G[U ay] = 
Ty-2 in G[W.,] £ Pp-1. But then the fundamental decomposition yields 
that GET). 


To recognize Fibonacci cubes, first check whether a given input graph 
G is connected, bipartite, and of order Fy42. If not, then G is rejected. 
After this preprocessing, proceed by checking whether all the conditions of 
Theorem 6.9 are fulfilled. By a careful implementation this can be done in 
O(mlogn) time, where m = m(G) and n= n(G). This complexity comes 
from the fact that the condition (iii) of Theorem 6.9 forces that the total 
number of edges processed during the checking is O(mlogn). 

Vesel [108] further elaborated the above approach by avoiding check- 
ing that G[W,.] is isomorphic to [,-2. Instead, it suffices that the three 
additional conditions given as (v)-(vit) below hold. 


Theorem 6.10. [108, Theorem 2] Let ab be an edge of a connected, bipartite 
graph G with degg(a) =n and dege(b) =n-1,n23. ThenGezT, if and 
only if the following conditions are satisfied: 


(i) G[U ay] ts convex in G[Wao]. 
(ii) Fap is a matching defining an isomorphism between G[Uay] and 
G[Usa]. 
(iit) G[Wav] is isomorphic to Ty-1. 
(iv) Woa = Uba- 
(v) G contains exactly one vertex c ¢ Ng(a) \ (Uab U Uba) such that 
dega(c) =n- 2. 
(vi) [Weal = Fi. 
(i) (ale Be 


The proof of Theorem 6.10 proceeds along similar lines as the proof 
of Theorem 6.9. Instead of giving the technical details, let us look at the 
example in Fig. 6.9, which illustrates the conditions of the theorem on Ts. 
The vertex a is the unique vertex of degree 5. Among the two vertices of 
degree 4, one is selected without loss of generality as the vertex b. The 
vertices from the set Wa, are blue, the vertices from the set Wa = Uba are 
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red. The vertex c is the unique vertex of degree 3 in Ne(a) \ (Uan U Ube). 
Note that |W..| = 3 = Fy and |Ua| = |Uba| = 5 = Fs. 


Fig. 6.9 The conditions of Theorem 6.10 illustrated on I's 


A careful checking whether conditions of Theorem 6.10 are fulfilled, 
culminates in the following result. 


Theorem 6.11. [108, Theorem 3] Given graph G, it can be checked in 
O(m(G)) time whether G is a Fibonacci cube. 
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Chapter 7 


Invariants of Fibonacci Cubes 


The interesting structure of Fibonacci cubes has attracted researchers to 
investigate various graph invariants on them. In this chapter, we report a 
number of results obtained in this direction. To start with, we describe what 
is known about the domination number and the total domination number of 
Fibonacci cubes; it turns out that both invariants are intrinsically difficult 
to pin down. In the subsequent section we present two formulas for the 
Wiener index of T,,, where the one giving a closed formula is derived using 
the Greene and Wilf theory we presented in Chapter 3. In Section 7.3 we 
first determine the irregularity of T,,. We then generalize the approach 
to consider the irregularity polynomial, determine it for T,,, and give the 
corresponding generating function. After that we give a bijective proof of 
the formula for the irregularity of T,,. In the last section we present a closed 
formula for the Mostar index of [,, and point out a connection to its Wiener 
index. 


7.1 Domination-Type Invariants 


The area of graph theory that perhaps offers the greatest variety of appli- 
cations is domination theory, cf. [48]. It is therefore not surprising that 
domination invariants have also been studied on Fibonacci cubes. Here we 
will concentrate on the two most important ones, the domination number 
and the total domination number. 

The problem of determining the domination number of Fibonacci cubes 
turns out to be a very difficult problem. In Table 7.1 all known exact values 
are listed. 

The first few values from Table 7.1 can be obtained by looking at all 
the options, in other words by brute force. To obtain more values, [li¢ and 
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n |[1/2/3/4/5/6/7/ 81] 9/10/11 
En) |} 1}1}2}3} 4/5] 8] 12] 17 | 25 | 39 


Table 7.1 Known domination numbers of Fibonacci cubes 


Milosevié [54] came up with the idea of using integer linear programming. 
This is done as follows. 

Suppose that each vertex v € V(T,) is associated with a binary variable 
“Ly which indicates whether the vertex v is included (x, = 1) or not included 
(ty = 0) in a dominating set. Then 


“(r= min ey 
veV(Tn) 


subject to 


os tw 21, forallveV(Tn), tweB. 
weNp,, [v] 

Applying this integer linear program and using standard packages to 
solve it, [li¢ and Milosevic [54] determined >(T,,) for n < 10, while the last 
known value ['(T11) = 39 was added later by Azarija, Klavzar, Rho, and 
Sim in [8]. 

In general, however, only bounds on 7(T,,) are known. We first present 
a lower bound, for which the following concept is useful. For a graph G 
and a dominating set D of G, the over-domination of G with respect to D 
is defined as 


ODg(D) = ( >> (degg(u) + 0) -n(G). 
ueD 
The over-domination thus counts the redundancy in domination. For in- 
stance, if v ¢ D is dominated by two vertices from D, then v contributes 1 
to ODg(D). Note also that ODg(D) = 0 means that each vertex of G is 
dominated by exactly one vertex from D, in which case D forms a so-called 
efficient dominating set of G. Such sets in generalized Fibonacci cubes will 
be treated in Section 9.3. 
We are now ready for the following theorem due to Pike and Zou. 


Theorem 7.1. [86, Theorem 3.2] [fn > 9, then 


wis [=] 
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Proof. Let D be a minimum dominating set of T,,. Let K denote the set 
of vertices u from D with |u|; = 1 and degg(u) = n- 2 and let k = |K]. 
Then 0< k <n-2. Let further L = {1010"-3,10"-71,0""7101} and let 
€=|DnL|. Note that each vertex from L is of degree n- 2. Finally set 
S=10 0 A0r 

Suppose that S ¢ D. Now 0” dominates n+ 1 vertices; each of the 
vertices 0°11 and 10”-1 dominates n vertices; each vertex from K U L 
dominates n- 1 vertices; and every additional vertex from D is of degree 
at most n- 3. Therefore we have the following estimate: 


(n+1)+2n+(k+£)(n-1)+([D|-3-k-1)(n-2)-OD,, (D) > n(T np). (7-1) 
Since |D] = 7(T,) and n(T,) = Fns2, this inequality can be rewritten as 
(En)(n—2) > Fava -k-£-7+ OD, (D). 
Let us now estimate OD,,(D). The edge between 0” and 0"~'1, and the 


edge between 0” and 10", each contributes 2 to OD,, (D). Since 10”~71 
is a common neighbor of 0°11 and 10"1, we get an additional contribution 


of 1. Similarly we infer that because each vertex from K is adjacent to 0”, 
a vertex from K yields additional contribution to the over-domination of 
at least 2, that is, 1 at the vertex and 1 at 0”. Moreover, each vertex from 
L causes an addition of at least 3 to the over-domination. This summarizes 
into 
OD,,,(D) > 5+ 2k + 3é. 

When we substitute this estimate into (7.1), we get 

V(TPn)(n- 2) > Frag +h + 20-2> Frio -2, 
hence the assertion of the theorem follows when S ¢ D. 

The remaining cases to be considered are Dn S = {0",0""'1} (or sym- 
metrically Diris =4{0%10")), Das =40""'1, 10°}, Dns = {0"}, 
DoS ={0"'1} (or symmetrically Dn $ = {10""'}), and Dn S = @. Each 
of these can be treated along similar lines as the case DN S = S above, 
which we have worked through in detail. 


Using integer linear programming, the following bounds were computed 
in [8] and by E. Saygi in [90], respectively: 
54<7(Ti2)<61 and 78<7(T13)< 93. 
Using these two upper bounds, it was proved in [90, Theorem 2.5] that 
if n > 12, then y(T,,) < 21F,-3 - (2Fn-10 + 8Fn-12). In [33], Egecioglu, 
E. Saygi, and Z. Saygi improved the bounds for T'y2 to 
55 < 7(Ti2) < 60, 
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which can in turn be used to derive the following upper bound. 


Theorem 7.2. [fn > 12, then 
(Tn) < 20Fn-8 = TF y-12 . 


Proof. It follows from the fundamental decomposition of T,, that y(Tn) < 
¥(Tn-1)+7(Pn-2). Indeed, a dominating set of [, can be simply formed as 
the union of a minimum dominating set of [,,_, and a minimum dominating 
set of T,-2. As stated before the theorem, y(Tj2) < 60 and y(T3) < 93. 
Define the sequence (@p)n>12, With a12 = 60, a13 = 93, and ay = dn_1 + Gn_2 
for n > 14. Then one can check by a simple induction argument that 
Qn = 20Fp-g — 7Fy-12 holds for any n > 12. Since y(T,) < an, the argument 
is complete. 


It is clear from the above proof that an improvement of known specific 
upper bounds will lead to an improved general upper bound. 

The proof of Theorem 7.2 simulates the proof of a similar result derived 
for the total domination number of Fibonacci cubes. The total domination 
number is probably the second most important invariant being studied in 
the field of graph domination. The only difference between the domination 
number and the total domination number is that in the case of the total 
domination, each vertex of a graph must have a neighbor in a total domi- 
nating set. This in particular means that the total domination number is 
not defined for graphs containing isolated vertices. 

The total domination number of Fibonacci cubes is known up to Ty. 
These values are listed in Table 7.2. 


nm |[l7~2),3)74)5)6) 7 | 8 | 9 | 10] 11 4} 12 
(Tn) |} 2) 2)2)3)5] 7} 10] 13) 20 | 30 | 44 | 65 


Table 7.2 Known total domination numbers of Fibonacci cubes 


The values from Table 7.2 were computed in [8]. The integer linear 
programming approach was again used, where the only difference with the 
program for the domination number is that now the constraints are 

> tw21, forallueV(In), tweB. 
weNp,, (v) 
Results analogous to Theorems 7.1 and 7.2 for the total domination number 
read as follows. 
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Theorem 7.3. [8, Theorem 2.2] [fn 2>9, then 
Fye2—- 11 
nt) 222] 
n-3 
Theorem 7.4. [90, Theorem 2.5] If n> 16, then 
VWUn) $ 21F,-3 — (2Fp-10 + 8Fn-12)- 


We conclude the section with the remark that in addition to domination 
and total domination, other domination-type invariants for Fibonacci cubes 
have also been investigated. In [20] the 2-packing number of Fibonacci 
cubes was considered. Next to domination and 2-packing, the paper [54] 
investigated the independent domination number of Fibonacci cubes. The 
paper [8] added to this list the connected domination number, the paired 
domination number, and the signed domination number of Fibonacci cubes. 


7.2 Wiener Index 


The Wiener index is one of the most studied invariants in mathematical 
chemistry, and has been also extensively investigated in mathematics either 
as the Wiener index or, equivalently, as the average distance of a graph. 

The Wiener index of a connected graph G is the sum of distances over 
all unordered pairs of vertices of G that is 

W(G) = > d(u,v). 
{u,v}cV(G) 

From Proposition 4.2 we know that Fibonacci cubes are partial cubes. 
Hence the following result due to Klavzar, Gutman, and Mohar on the 
Wiener index of partial cubes will be very useful to us. To understand it, 
let us recall that for a connected graph G and an edge abe E(G), the set 
Wap consists of the vertices which are closer a than to b. 


Theorem 7.5. [60, Proposition 3.1] Let G be a partial cube and let 
Ey,...,E,% be the O-classes of G. If aibj ¢ F;, i€ [k], then 


k 
W(G) z » n(G[Wa,p;]) n(G[W.a:]) : 
i=l 
Using Theorem 7.5, we now prove the following result due to Klavzar 
and Mollard. 


Theorem 7.6. [62, Theorem 3.1] [fn2>0, then 


W(Dn) = >) Fy Fist Fu-iet Frise - 


i=1 
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Proof. W(To) = 0, hence the result holds for n = 0. For the rest of the 
argument let n > 1 and let Fy,...,E, be the O-classes of [,, where EF; 
contains the edges that differ in the i*® coordinate (see Proposition 6.6, 
where we have determined the cardinalities of the O-classes of T’,.) Let 
a,b; € E;, where the i*® coordinate of a; is 0 (and hence the i*” coordinate of 
b; is 1). Then T’,[Wa,»,] consists of the vertices of I, whose i coordinate 
is 0 and T',[W5,a,] consists of the vertices of I, whose i‘* coordinate is 
lL. If c= c1...cn € Wo,a;, then c; = 1 which implies that cj; = 0 and 
Ci+1 = 0. It follows that for 2<i<n-1, |Wo,a,| = FiFn-i+i. Furthermore, 
|Wo.a,| = |Wo,,a,| = Pn. Similarly, |Wa,o,| = Fist Prize for 2<i<n-1, and 
|Waib,| = |Wa Fy11. Therefore by Theorem 7.5, 


nbn| = 


W(T,) = > (F; Fn i+ Fin 1 Fn i+2) + 2F, nlnt1 


= x Fy Fy-iad Mist Frise » 


which is the content of the theorem. 


In order to obtain a closed formula for W(I,) we apply the 
Greene and Wilf theory presented in Section 3.5. The values of 
wo Fi Frit Fiat Fr-iv2 for n € {0,1,...,5} are 0, 0, 2, 10, 39, 136, re- 
spectively. Hence the values of the linear combination 


OF? +0F?,+¢FaFniit+dnF? +enF?,, + fnFnFas 


must be 
(° 10 0 O aie (°) 
1111 i1éiid1 b 0 
Dt in B62: * 38: <a EE get 
1 1 t=t 1, 
14 9 6 12 27 18,,d, , 10, 
9 2515 36 100 60 |; e 39 
\55 64 40 125 320 200) \;] | 136) 
whose solution is found to be a oe b=0,c¢ 33, d *, e€ x and 


f= = Hence we have 


nal 4 4 23 
F; Fy-iat Fis Fo-ing = — Fe + F? FF, 
» +1 FG41 +2 5 i 95." hi 95 +1 


9 6 
+ 5p Mn Fst + 55 net : 


f 


& nt a 


1 


Dow i@n 
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Since 
n n-1 
W()) = >) Bf ai Poi he] Fat YBa Pa ive, 
t=1 i=0 


we have derived the following result. 
Theorem 7.7. (62, Theorem 3.2] [fn >0, then 
W(Dn) = ¢(A(n + 1) Fe + (9n + 2) Fn Frit + 6nFp,1)- 


We will consider the asymptotic behavior of W(T,,) in Chapter 10. 


7.3 Irregularity 


As we first discussed in Section 3.6, Fibonacci cubes have a considerable 
variety of vertex degrees. It is therefore interesting to consider the extent of 
their “degree of irregularity.” To quantify this, define the ¢mbalance imbg(e) 
of an edge e = uv € E(G) by 


imbg (e) = |degg(u) — deg (v)]. 


The imbalance of an edge is thus a local measure of non-regularity. To 
measure graph’s global non-regularity, different approaches have been pro- 
posed. One of the most natural such measures is the irregularity irr(G) of 
G introduced by Michael Albertson [1] as follows: 
ir(G)= >) |degg(u)-degg(v)|= >> imbe(e). 
uve E(G) ecE(G) 

As it turns out, the irregularity of the Fibonacci cubes is very interesting, 
as the following result which was first proved by Alizadeh, Deutsch and 
Klavzar demonstrates. This was followed by two alternative proofs which 
will be presented in the following subsections. 


Theorem 7.8. {2, Theorem 4.1] [fn > 2, then 
: 2 
inr([,) = =((n - 1) Fy + 2nFy-1) = 2m(Ln-1). 


Proof. The second equality is a consequence of Proposition 3.2. 

From Section 3.3 recall the fundamental decomposition F,, = Fe* + F1°° 
of [,. By further splitting the set F°* into F°°* and F°'*, the fundamental 
decomposition is transformed into 


_ 000e 0106 10° 
Fn =F, aa ag 7 
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In addition, the subgraphs induced by F2°*, F°10*, and F1° are isomorphic 
to Py-2, Pn-3, and Py_2, respectively. 

The definition of the irregularity of a graph G extends naturally to its 
subgraphs as follows. If H is a subgraph of G, then irrg(E(4#)) is 

De | degg(u) - degg(v)|, 
uvel(H) 

that is, irrg(£(#)) is the contribution of the edges from H to irr(G). 

The proof now proceeds by induction on n. By a direct computation we 
see that irr(['2) = 2, irr(T'3) = 4, irr([‘4) = 10, and irr(T's) = 20, hence the 
stated formula holds for n < 5. Assume now that n > 6. Using the above 
notation we have the following facts: 


) rrp, (E(En[Fn°*])) = itr(Tn-2), 
) rrp, (E(Pn[Fn'*])) = itt(Pn-s), 
(ii) dere, (Bal Fo" ])) Sire Tao) 4+ Fas, 

) the contribution of the edges between F°°* and F}°* to irr([,) is 
Fy-2+ Fn-s, 
(v) the contribution of the edges between F°* and F°!°* to irr(T,,) is 
OF. o + Fy-3. 


The first fact follows because each vertex from T,,[ 73°] has exactly one 
neighbor not in the subgraph. The second fact follows by a parallel argu- 
ment. The arguments for the other three facts are a little more involved, 
but are not difficult. For instance, consider the edges uv between F020 
and F°!*. Then u = 000u,...uUn and v = 010u4...un. Among such edges, 
the edges where u = 0000u;...u, contribute 2F;,-2 and the edges where 
u = 00010ug...un contribute Fi,_3. 

All edges of T’,, are accounted for in the five cases above as there are no 
edges between F,,°° and F21*. It follows that 


irr(T,) = 2irr(T,-2) + irr(Tn-3) + 4Fn-2 + 2Fn-3 
= 2irr(T,-2) + irr(Pn-3) + 2F iy. 
Using the induction assumption we get 


irr(Pp) = ((n — 3) Fn_2 + 2(n-2)Fn-s) 


+ =((n - 4) Fn_3 + 2(n-3)Fn—a) + 2Fn 


=((n -1) Fy +2nFp-1), 


where the last equality follows by a lengthy but straightforward computa- 
tion using the definition of the Fibonacci numbers. 
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7.3.1 Irregularity Polynomial 


The method described above leading to the proof of Theorem 7.8 can be 
extended to a more general context as presented in this subsection. In this 
way not only the theorem can be proved, but additional results can be 
deduced and extended to Lucas cubes. 

Egecioglu, E. Saygi, and Z. Saygi introduced in [35] the irregularity 
polynomial of a graph G as 


Ig(xz)= > gldesalu)-dege(v)| 
uveE(G) 


which carries the irregularity information of the graph in more detail. 
Namely, it enumerates the number of edges in E(G) having a fixed imbal- 
ance, that is, the coefficient of x” in I¢(x) is the number of edges e € E(G) 
with imbg(e) =r. In particular, the constant term of I[g(«) is the number 
of edges e with imbg(e) = 0. Hence, if G is regular, then Ig(x) = m(G), 
while in general m(G) = Ig(1). From our point of view it is most important 
that 


d 
irr(G) = —Ig¢(z) =1E(1)., 
dx a=1 
To simplify the notation, in the rest of the section let [,,(a) = Ip,, (2) 
denote the irregularity polynomial of T,,. 


Theorem 7.9. [35, Theorem 1] For n> 4, 
T,(@) = 2In-1(@) + In-2(@) - 2In-3 (x) - In-a(2) 
with Ip(x) = 0, Iy(x) = 1, In(x) = 2x and Is(x) = x? + 2x + 2. 


Proof. The values of [,,(a) for n < 4 can be easily obtained directly. As- 
sume that n > 4. Using the fundamental decomposition of T,,, the proof 
now mimics the proof of Theorem 7.8 by establishing the following facts. 


(i) The edges from E(T,,[F1°°]) contribute I,_2(x) to I, (2). 
(ii) The edges from E(T’,[F°'°*]) contribute I,,-3(x) to I,(2). 
(iii) The edges from E(T,[F°°]) contribute I,-1(x) - In-3(x) - 
(Fy-2@ + Fy-3) to I,(2). 
(iv) The edges between F0°* and F,°° contribute F,-12+Fy-2 to In(z). 
(v) The edges between F°°° and F°!° contribute x (Fy-2% + Fn-3) = 
Fy-227 + Fy_3x to In(a). 
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Summing up the above contributions we obtain 

I,(@) = In-1(%) + In-2(2) + Fy_ot? + 2F,_3@ + Fra. 
To eliminate the terms which involve Fibonacci numbers, write 

Inoi() = In(2) + In-1 (2) + Fn-12? + 2Fy-ot + Fr-3 
and 

Inso(#) = Engi (2) + Ip(2) + Fyne? + 2Fy-12 + Fo-2. 

By adding the first two of the above three equations and using the recursion 
of Fibonacci numbers we obtain 


Inai(2) = 2Ey-1(2) + In-o(a) + Fna? + 2F,-12¢ + Fh-2. 
The last two equations then give 
Fx? +2F,14¢ + Fr_2 = Inso(2) — Invi(x) — In(x) 
= Ingi (x) — 2In-1(2) - In-2(2), 


which gives the claimed result. 


Consider next the generating function I(x,t) of the sequence 
(In()) nso, that is, 
I(a,t) = > I,(x)t" =t + Qt? + (a7 + Qe + 2) +-- 
nz0 


Using Theorem 7.9, we obtain a closed form for I(z,t). 
Corollary 7.10. [35, Corollary 1] The generating function of the sequence 
CUIn(2))nso of the irregularity polynomials I,(x) of Ty, is given by 
t(1 +(x -1)t)” 

(SGP 7 
Proof. Multiplying the identity of Theorem 7.9 by t” and summing for all 
n>A4 we get 


> In(aye” = YS (2In-1(2) + In-2(@) - 2In-3(@) - In-a(2))t” , 


n>4 n2>4 


which in turn implies that 


3 3 
I(a,t) - d, Ia()e” = 24(1(e.1) -  f(eye""] 


I(x, t) = 2, In(x)t = 


oo (ne - 5; In-a(o yt} 


- 243( I(x, t) - Io(w)) - t4T(«,t). 


Using the polynomials [,,(x), 0 < n < 3, and some length but straightfor- 
ward calculations, the result follows. 
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From Corollary 7.10 we next deduce a closed form for the polynomials 
I,,(x) themselves. 
Corollary 7.11. [35, Corollary 2] [fn >2 and E,=m(Tp), then 


In(@) = En + 2Ep_1(—1) + En-o(x -1)? 
= (Ey, — 2Eq-1 + En-2) + (2En-1 — 2Ep-2) 0+ Epon? . 


Proof. Recall from Section 3.5 that 


t 
Spa! fa 
n=0 (lets) 
Combining this generating function with the one from Corollary 7.10 gives 
t 2 
I(z,t)= 4° I,(2)t” = 1+(a2-1)t 
(x,t) 2 (x) EET. (x-1)t) 
= (= Et") (1+ 2(a-1)t+(x-1)7t’) , 
n20 


from which we can read the result. 


Since irr(G) = I¢(1), Theorem 7.8 follows from the first expression of 
Corollary 7.11. This is the first of the two announced alternative proofs of 
Theorem 7.8. 

The second expression of Corollary 7.11 provides formulas for the num- 
ber of edges uv € E(T,) for which |degp (u)-degp, (v)| =r. Denoting this 
number by 6,(T,) for n > 2, we clearly have 


dr(Tn) =0, r>2, 


as I,(x) is a quadratic polynomial. For r € {0,1,2}, the following formulas 
hold: 

5o(Pn) = En — 2En1 + Eng = 4 (nLn_g + 2Fn) 

6:(['n) = 2En—1 — 2En—2 = 2 (nLn-2 + Fn) 

d2(Pn) = En = : (nIn-1 ~ 2Fn) , 


where Proposition 3.2 is used together with (1.10). These in turn give the 
higher moments of |degp (uw) — degp, (v)| over wv ¢ E(T,) as 


ds |degr,, (u) — degp, (v) |" = 61(Pn) + 2°52(Tn) 
uveB(Ty) 


= 2m(Ln-1) + (2 -2)m(Pn-2). 
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7.3.2 A Bijection for irr(T,) 


In this subsection, we will present yet another proof of Theorem 7.8 giving 
a direct explanation of the simple relation irr(T,,) = 2m(T,-1). It is due to 
Mollard [76] and is bijective in its nature. The proof constructs a one-to- 
one correspondence between the edges of I,-; and certain pairs of edges 
that in turn reflect the contributions to the irregularity of Ty. 

Let G be an induced subgraph of the n-cube Q,. Let e = cy € E(G), 
where x; = 1 and y; = 0, so that 2; = y; for all 7 € [nm] \ {2}. Recall from the 
beginning of Chapter 3 that we can write x = y+ 0; as well as y = 4+ 0j. 
Now, we say that an edge e’ = y(y+6,;) of G is an imbalanced edge for e if 
x+6;¢V(G). Note that in this case the edge between x and x + 6; is not 
in E(G). 

Let us illustrate the above key definition in Fig. 7.1, where [3 is drawn 
in blue as a subgraph of Q3. Consider the edge e ¢ E(1'3) between vertices 
y = 000 and x = 010. Selecting j = 1, the edge e’ between y = 000 and 
y + 0, = 100 is an imbalanced edge for e because x + 6, = 110 does not lie in 
V(T3). 


q 111 


1109 0 011 


100 001 


000 


Fig. 7.1 Imbalanced edges in 3 
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The key insight now is that if e’ is an imbalanced edge for e = xy, then 
e’ contributes 1 to the degree of y in G, while the edge between x and 
x +06, does not contribute to the degree of x in G. That is, the pair (e, e’) 
contributes 1 to the imbalance of G. See Fig. 7.1 again, where the edge 
connected to e’ by a double red arrow does not contribute to degp, (010), 
while e’ contributes 1 to deg, (000). We also point out that the roles of 
the edges e and e’ can be reversed. That is, starting with the edge e’ and 
selecting j = 2 we infer that the edge e is an imbalanced edge for e’, so that 
the pair (e’,e) also contributes 1 to the imbalance of G. In the figure this 
is indicated by the leftmost arrow. There are exactly two more such pairs 
as indicated in the figure. In Fig. 7.1 we have found four imbalanced pairs 
of edges which is equal to irr(['3). We claim that this holds in general, that 
is, there are 2E(T,,_1) such pairs of edges. Let e = xy ¢ E(T,), where x; = 1 
and y; = 0. Let e’ = y(y+4,;) be an imbalanced edge for e. Then we easily 
infer that either 7 =7+1 or j =7-1. Note that if2=1 or 2=n, then clearly 
only one case is possible. We say that e’ a right imbalanced edge for e if 
j =i+1, otherwise e’ a left imbalanced edge for e. Let 

Rr,, = {(e,e’): e€ E(L,), e’ is a right imbalanced edge for e} 
and 
Lr,, = {(e,e’): e€ E(L,), e’ is a left imbalanced edge for e}. 
We now claim that |Rr,,| = m(Tn-1) =|Lr,,|. Let 
a: Rp, > E(Pn-1) 
be defined as follows. If (e,e’) € Rr,,, where e = xy with x; = 1, y; = 0, and 
i¢[1,n-1], then set 
a((e,e’)) = (v1... @j-11 242... 2) (41... 24-102 j42...4n)- 

It is not difficult to prove that a is one-to-one, hence |Rp,| = m(Tn-1). 
Similarly it can be shown that |Zrp,,| = m(Tn-1). Technical details can be 
found in [76]. 


7.4 Mostar Index 


Let G be a graph. For an edge uv € E(G), let nu(G) denote the number 
of vertices in V(G) that are closer to wu than to v; and let n,(G) denote 
the number of vertices in V(G) that are closer to v than to u. When G 
is clear from the context, we may write n, = 21(G) and ny = ny(G). The 
Mostar index of G which was introduced in the context of the study of the 
properties of chemical graphs in [27]. It is defined by 


Mo(G)= DY  |na(@)—n.(G)). 
uveE(G) 
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7.4.1 Mostar Index of Fibonacci Cubes 


The Mostar index of Fibonacci cubes was determined by Egecioglu, 
E. Saygi, and Z. Saygi as presented in this subsection. For the main result, 
a couple of lemmas are needed. 


Lemma 7.12. [36, Lemma 1] For n > 2, assume that uv € E(T,) with 
up = 0 and vy = 1 for some k € [n]. Then nu(@n) = PeiiFn—pig and 
fal Pn) = Fy Paks: 


Proof. The result is clear for n = 2. Assume that n > 3, 1<k<n, and 
let ae V(T,,) have string representation b)b2...bn. Since uv € E(T,), wu 
and v must be of the form a1...@%_,0adx41...Gn and ay...@p-11ldg41..- Gn, 
respectively. Since v ¢ V(IT,) we must have az_1 = ag41 = 0. From these 
representations we observe that the difference between d(a,u) and d(a,v) 
depends on the value of by, only. If by, = 0 we have d(a,u) = d(a,v) - 1 
and if b, = 1 we have d(a,u) = d(a,v) +1. Therefore, the vertices whose 
k*® coordinate is 0 are closer to u than to v; and the vertices whose k*® 
coordinate is 1 are closer to v than to u. This means n,,(T,) is equal to 
the number of vertices in [', whose k** coordinate is 0. These vertices have 
string representation of the form (1082 where (6, is a Fibonacci string of 
length &-1 and $2 is a Fibonacci string of length n- k. Consequently 
Nu(En) = Peet Pn—n+2- Similarly n,,(T,,) is number of Fibonacci strings of 
the form 6301064, and this is given by Fy, Fy_p41. 

For the case k = 1 we have ue V(Ol',,-1) and ve V(101,_2). Therefore 
n(n) = |V(OPp-1)| = Fryi and n,(T,) = |VQ10P,-2)| = Fy. Similarly, 
for k = n we have u € V(Ty-10) and v € V(Tp-201). This gives again 
Nu(Tn) = Frei and n,(T,,) = F, for k=n. As F, = F = 1, these are also of 
the form claimed. 


To calculate Mo(T,,), we only need to find the number of edges wv in T, 
for which uz = 0 and vz = 1 for a fixed k € [n] and add up these contributions 
over k. 


Lemma 7.13. [36, Lemma 2] For n > 2, assume that uv € E(T,) with 
uz =0 and vg =1 for some ke [n]. Then the number of such edges in T, 
is equal to Fy Fy_k+1- 


Proof. As in the proof of Lemma 7.12, the result is clear for n = 2. 
Assume that n > 3. For 1 < k < n we know that u and v are of the 
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form a,...ap-2000axK42...a, and a,...ap_2010az42...a,. Then the num- 
ber edges uv in T,, satisfying uz, = 0 and vz = 1 is equal to the number of 
vertices of the form a1... a,¢—-2000ax%42...@n, which gives the desired result. 

For the boundary cases k = 1 and k = n we need to find the number 
of vertices of the form 00a3...a, and ay,...@,_200, respectively. Clearly, 
this number is equal to |V(00P,-2)| = F, and F, = 1. This completes the 
proof. 


Using Lemma 7.12 and Lemma 7.13 the following main result is ob- 
tained. 


Theorem 7.14. [36, Theorem 1] Jf n> 2, then 


Mo(T,) = y Py Fy-k+1 (FreitPn-+2 a Fi, Frn-k+1) : (7.2) 
k=1 


Proof. Let uv ¢ E(T,,) with uz =0 and vz = 1 for some fixed k € [n]. Then 
from Lemma 7.12 we know that 


Nw = Ny| = Pea1Fr—k+2 = Py Fy-k+1 
and therefore using Lemma 7.13 we have 


Mo(T,) = >> \ny — No| 
uveE(T,) 


= >) Fe Pn—net (Fast Pn-ke2 — Fe Frnt) - 
k=l 


Note that Fy Pr—p+2-FRP aki = Pe Pn—k + Pri FP n—k+2, 80 that we can 
equivalently write 


Mo(Pn) = >) Fi Fn—net (Fa Pn—k + Fr-1Fn-n+2) 
k=l 


in which there are no cancellations on the right. 


7.4.2 A Closed Formula for Mo(T,) 


A closed form formula for Mo(T,,) can be obtained by using the theory of 
generating functions. By the fundamental decomposition of [,,, the set of 
edges F(T) consists of three distinct types: 


(i) The edges in 0[,-1, which we denote by E(0Iy-1). 
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(ii) The link edges between 10I,-2 and 00P,-2 ¢ OP p-1, which we de- 
note by C,,. 
(iii) The edges in 10. ,-2, which we denote by E(10IP'‘n-2). 


We keep track of the contribution of each part of this decomposition by 
setting for n > 2, 


M,(2,y,2)= > |nu-miet+ Yo nw -noly 
uveB (00 n-1) UveCn 


~ om \ny — Nyl|z. (7.3) 
uve E(10P n-2) 


Clearly, Mo(T,) = M,(1,1,1). By direct inspection we observe that 
Myg=x+y 
M3 = 4x +2yt+z 
M, = 16x + 6y + 6z 
Ms = 54a + 15y + 23z 
which gives 
Mo(T'2) = Mo(1,1,1) = 2 
Mo(T's) = M3(1,1,1) =7 
Mo(T4) = Ma(1,1,1) = 28 
Mo(T's) = Ms(1,1,1) = 92, 


consistent with the values that are calculated using Theorem 7.14. 


Proposition 7.15. [36, Proposition 1] [fn >2, then 
M,(a,y,2) = Mn-1(@ + 2,0, 0) + My-2(2a + 2,042,042) 
+ Fy-1 (Fn + Fn-2) 0+ FrFn-iy, 
where Mo(x,y, 2) = Mi(a,y,z) =0. 


Proof. By the definition (7.3), there are three cases to consider. 

Case 1: wvé Cy, where we V(OPp-1) and ve V(100,-2). 

We know that d(u,v) = 1 and the string representations of wu and v must 
be of the form 00b3...b, and 10b3...bn, respectively. Then using Lemma 
7.12 with k = 1 we have |n,,-n.| = Fri1- Fr = Fn-1 for each edge wv in C,. 
As |C,,| = F, all of these edges contribute Ff, F,-1y to M,(2, y, z). 

Case 2: uv € E(100 y_2). 

Let the string representations of u and v be 10ug...un and 10v3...Un, re- 


spectively. Using the fundamental decomposition of I, there exist vertices 
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of the form u’ = Oug...u, and v’ = 0vg...Un in V(Tp-1); wu” = ug...Un 
and uv" = v3...U, in V(Tn-2). Then n, counts the number of vertices 
Oa in V(OF,-1) and 108 € V(10P,-2) satisfying d(0a,u) < d(0a,v) and 
d(108,u) < d(108,v). For any 0a € V(0Iy-1) we know that d(0a,u) = 
d(a,u’)+1 and d(0a,v) = d(a,0v')+1. Therefore, for a fixed 0a € V(0T',-1), 
d(a,u') < d(a,v’) if and only if d(0a,u) < d(0a,v). Similarly, for any 
106 € V(10P',-2) we have d(108, uv) = d(6,u") and d(8,v) = d(6,v"). Then 
we can write 


ye treet} “ no (Tn) = x. nw (Pn-1) = ny (Tn-1)| 


uve EB (10P 2-2) uv'eE(En-1) 
a a |nw(Pn-2) = ny (Pn-2)| ‘ 
ul ve E(En-2) 
Note that [,-1 = OP n-2 + 102 ,-3 and the edge u’v’ € E(T',-1) is an edge in 
the set E(OL,-2). Furthermore uv" ¢ E(Tp-2) is an arbitrary edge. Then 
by the definition (7.3) of M;, we have 
x nw (Tn1) - ny (Tn-1)| = M,,-1(1, 0,0) 
ulv'eE(En-1) 
and 
De |nw(Pn-2) = ny (T'n-2)| = Mn-2(1, 1, 1) . 
ul v"e€E(En-2) 

Hence all of these edges wv € E(10P,-2) contribute (My_1(1,0,0) + 
M,-2(1,1,1))z to M,(a, y, 2). 
Case 3: uwv¢€ E(0Dn-1). 
Since 0F,_-; = O0P,_-2 + 010F,_3 we have three subcases to consider here. 
For each of them, we give only the conclusion and invite the reader 
to look at the arguments for it in the proof of [36, Proposition 1]. If 
uv € Cy_1, where u € OOP,» and v € 0101-3, then all of these edges 
contribute Fy,1(F, + Fy_2)a to M,(2,y,z). The edges uv € E(010P,_3) 
contribute (M,_1(0,0,1)+M,p-2(1,0,0))a to M,(a,y, 2). Finally, the edges 
uv € E(00P,-2) contribute (My_1(1,0,0) + My-2(1,1,1))a to M,(2,y, 2). 

Combining all of the above cases and noting that M,,_1(0,0,1)x = 
M,-1(0,0,7), My -2(1,0,0)e = M,-2(2,0,0), and M,2(1,1,l)a = 
My-2(x,2,x), we complete the proof. 


If we write M,(2,y,z) = Gnu + bny + Cyz, then from the recursion in 
Proposition 7.15, we obtain for n > 2 the system of recursions 
Qn = An-1 + Ca_1 + 24n_1 + Dn_2 + Cn-2 + Fn-1( Fn + Fr_z2), 
bi = By ss 


Cn = An-1 + Gn-2 + bn-2 + Cn-2- 
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Eliminating b,,, this is equivalent to the system 
An = An-1 + 24n-1 + Cn-1 + Cn-2 + Fy-2F n-3 + Py-iF n-2 + FyFn-1 . 
Cyn = An-1 + An-2 + Cn-2 + Fy-2F n_-3 ‘ (7.4) 


Let A(t), B(t), and C(#) be the generating functions of the sequences an, 
bn, and Cn, (n> 2), respectively. It is already known ( [98, A001654]) that 


BO) = Y FaFeat™ = a a cre (7.5) 
From (7.4) we obtain 
A(t) = (£+ 2t?) A(t) + (t+ #7)C(t) + (14+ t+) B(d) (7.6) 
C(t) = (t+ ?)A()+PC(t) +P Bt). 
Solving the system (7.6) and using (7.5) we find 
A(t) = a weeose= (7.7) 


(14+ #)?(1-3t+¢#?)? (1+ #)2(1 - 3t + ¢?)? © 
Since Mo(T,,) = M,(1,1,1) = an + by + Cn, adding the generating functions 
A(t), B(t), and C(t) we obtain 


A (2-t)t? 
Motes 7.8 
x ane (1+ t)?(1 - 3¢ + #7)? (7.8) 
Using partial fractions decomposition in (7.8) and the expansions 

1 

eee Se ee 7.9 

1-3t+¢? 2, ane? (7.9) 

1 1 
(1 - 3¢ +22)? Dea )Fans2 + (3n + 3)Fons1) (7.10) 


we obtain 
Mo(Pn) = 3 ((38n + 2)(-1)” + (4n - 5) Fonse 
+ (8n +3) Fonsi — (4n - 3) Fon — 3nFon-1), 


which can be simplified to the closed form expression for Mo(T’,,) in Theo- 
rem 7.16. This is another way of writing the sum given in Theorem 7.14. 


Theorem 7.16. [36, Theorem 3] The Mostar index of Fibonacci cube Ty, 
is given by 


Mo(T;,) = 35 ((3n - 2) Ponsa + Fans + (8n + 2)(-1)"). 
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7.4.3 Connection to Wiener Index 


Here we point out a relation between the Mostar index and the Wiener index 
for Fibonacci cubes, giving an alternate expression to the closed formula 
for W(T,,) given in Theorem 7.7. We recall that by Theorem 7.6, 


W(Dn) = >) Fist Frist Prine - (7.11) 


i=l 
In view of formula (7.2), of Theorem 7.14, and of (7.11), this means 
that 


W(Pn) = Mo(I'n) + 3 (FFnist)?. 


i=l 
The sum above is the sequence [98, A136429] with the generating function 
t(1-t)? 
(14+ t)2(1- 3t+ t?)? - 
Adding the generating function in (7.8) to this, we get 


oe t 
Ze (1 + t)2(1 - 3t+ t2)2 ° 


Using partial fractions and the expansions (7.9) and (7.10), W(T,) (m2 2) 
is found to be 


W (Dn) = ( (87 + 2) Ponsa + (n- 2) Fonsa - (n+ 2)(-1)"), 


(7.12) 


which is an alternate expression to the one given in Theorem 7.7. 
It is also curious that in view of the generating functions (7.7) and (7.12), 
which differ only by the factor of t, we have 
Gn = M,(1,0,0) = W(Tn-1)- 


In Section 9.8.5 we will continue to explore the relation between Mostar 
index and Wiener index in the more general context of daisy cubes. 
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Chapter 8 


Lucas Cubes 


Eight years after the Fibonacci cubes were introduced, their cyclic version 
was proposed by Munarini, Perelli Cippo, and Zagaglia Salvi in [81] under 
the name Lucas cubes. In this chapter we will study the properties of Lucas 
cubes and their close variants. 


Let n > 1. A binary string b;...b, belongs to the set %, of Lucas 
strings of length n if it does not contain two consecutive 1s, when the 
string is considered circularly like a necklace. Another way to define the 
set of Lucas strings of length n is: 


Ly = {b1...0n: bibi-1 = 0 for ie [n-1] and b,,b1 =O}. 


The n-dimensional Lucas cube A, has V(A,) = Y,, and two vertices 
are adjacent if they differ in exactly one coordinate. It is thus the subgraph 
of Qn induced by Lucas strings. For convenience we will assume that the 
empty string belongs to Y and set Ag = Qo = Ky. See Fig. 8.1 for the first 
four Lucas cubes. 


0101 0100 
O © 


100 10001 0000 L010 


O 
0 01 00 10 001 j000 010 1000 
ie) Oo——_O0—O O O 


1010 
Ay Ao A3 Ng 


Fig. 8.1 Small Lucas cubes 


141 
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8.1 Decomposition, Order, and Size 


A Lucas string in Y°* is a Fibonacci string. Furthermore, a Lucas string in 
£'* cannot start with 11 or end with 1. Therefore the set of Lucas strings 
of length n can be written for n > 3 as 


Ly = OF n-1 + 10F p30. (8.1) 


An immediate consequence is that |Y%,| = Fn+1+ Fr-1 and therefore, 
by (1.10) we have the following fact. 


Proposition 8.1. [81] [fn2>1, then n(A,) = Ln. 
We can be more precise: 


Proposition 8.2. The number of vertices of Hamming weight w in Ay, is 


ia ae on () 
w w-1 n-w\ w } 
Proof. The mapping s » 10s0 is a bijection between Fibonacci strings 
of weight w-1 in F,,_3 and Lucas strings of weight w in Y'*. Similarly 


5 ++ Qs is a bijection between Fibonacci strings of weight w in F,_; and 
Lucas strings of weight w in 4°*. The result follows. 


given by 


OP n-1 


Fig. 8.2 Decomposition of the Lucas cube Ay in terms of [,-1 and T'n-3 


From the partition (8.1) of V(A,,) into 0F,_; and 10,30 we obtain 
a decomposition of A,. Indeed there exist three kinds of edges in this 
decomposition: 


(i) the edges of the Fibonacci cube 0P,-1, 
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(ii) the edges of the Fibonacci cube 101,-30, 
(iii) the link edges between the two Fibonacci cubes. 


More precisely, in case (iii), 10s0 is adjacent to its mate 00s0 for any s € 
Fn-3. See Fig. 8.2 and Fig. 8.3. We therefore have: 


m(An) =M(TPn-1) + M(Ty-3) + 2(Tn-3) - (8.2) 


Lucas cubes can be also view as subgraphs of Fibonacci cubes obtained 
after removing all vertices that begin and end with 1; compare Fig. 8.3 and 
Fig. 3.6. 


101000 101010 
Fig. 8.3. The Lucas cube Ag 


Most of the enumerative results about Fibonacci cubes use the funda- 
mental recursive decomposition we introduced in Section 3.3. Note that 
the decomposition of Lucas cubes shown in Fig. 8.2 is not recursive but in 
terms of Fibonacci cubes. A consequence is that the proofs for the enumer- 
ative results for Lucas cubes are more varied. Some proofs are easy because 
they can use the cyclic nature of the constraint appearing in the definition 
of Lucas strings, whereas others are more technical because they use the 
decomposition of Lucas cubes and thus use results from Fibonacci cubes. 
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The determination of the size of A, is an illustration of these two kinds 
of arguments. 


Proposition 8.3. [81, Proposition 4] [fn >1, then m(A,) = nFp-1. 


Proof. From the decomposition of Lucas cubes we deduce the rela- 
tion (8.2). Using the expression on the size of [',, (Proposition 3.2) we 
obtain 


m(A,) = : ((n-1)F, + 2nFy_1) + : ((n - 3)Fy_2 + 2(m - 2) Fy-3) + Pri. 


After a quick calculation this number reduces to nF y-1. 


We can also give a bijection that illustrates the first kind of proof. 
Let e = xy be an edge of A, with x; = 1 and y, = 0. The string x can 
be decomposed as x = 10s0 where s € F,_3. It is immediate that the 
mapping e+ s is one-to-one. Consequently, the number of edges using the 
first coordinate is |F,-3| = Fn-1. Because of the symmetry of the role of 
coordinates in the definition of Lucas cubes, the number of edges that use 
the direction 7, i € [n], is the same and the result follows. 


8.2 Sequence of Degrees 


The Lucas cube Ay, n > 2, is not regular, the vertex 0” is a vertex of 
maximum degree n. Using a technical computation similar to the proof of 
Theorem 3.4, the degree sequence of Lucas cubes can be determined. 


Theorem 8.4. [65, Theorem 1.1] For alln>k>0 with n> 2, the number 
of vertices of Ay, having degree k is 


: i n-2-1 t-1 \(n-2% 
2 + : 8.3 
2 Plosrem ei )*brce-adle-al 9 
By our convention for the binomial coefficients, the expression under 
the summation sign is 0 when i > Bn. In the same way as the correspond- 


ing result for Fibonacci cubes, we have a combinatorial interpretation of 
summands in (8.3). 


Theorem 8.5. [65, Theorem 5.2] For all n,k,w such thatn>k,w2>0 and 
n>2, the number of vertices of A, of degree k and weight w is 


2/ w We +( w-1 eee 
2Qw+k-n k-w Qw+k-n/\k-w/)- 
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Alternative proofs of the two previous theorems using generating func- 
tions are also proposed in [65]. 

From Theorem 8.5 we can also obtain the number of vertices of minimum 
degree in Lucas cubes. 


Proposition 8.6. [65] Let n>2. The minimal degree of a vertex in Ay, is 
6 =|(n+2)/3| and the number of vertices of degree 6 is 


(3 if n=0(mod3), 
{ gn(n+5) if n=1(mod3), 
un if n=2(mod3). 


8.3 Connectivity and Symmetry 


In Theorem 3.7 we have determined the connectivity and the edge- 
connectivity of Fibonacci cubes. For Lucas cubes, these behave analogously, 
but with one exception: «(A4) = 1 and k’(A4) = 2. 

Theorem 8.7. [7, Theorem 2.3] [fn 2>1 and n#4, then 

n+ =| 


Fg eer se eae | : 


Proof. The proof proceeds similarly to the proof of Theorem 3.7, hence 
we only provide its sketch. First, the result has been checked for n < 8 
by computer. Proceeding by induction, assume that the result is true for 
n < 3k+2, k > 2. Then the result is verified separately for the cases n = 3k+3, 
n=3k+4, and n=3k+5. 

Let n = 3k +3. By (8.1) we have if. = 0F n_-1 + 10Fy_30. Let X3, 2 13, 
and X3x42 2 U3p42 be the subgraphs of [3,43 induced by 107,30 and 
OF n-1, respectively. By Theorem 3.7, K(X3,) = k and K(X3p42) = k + 
1. Then as in the proof of Theorem 3.7, we find that A343 does not 
contain a separating set of cardinality k. Hence K(A3x+3) > k +1 and by 
Proposition 8.6, K(Asp+3) =k +1. 

The cases n = 3k +4 and n = 3k +5 are treated similarly, where the 
first of these two cases requires a more careful, technical treatment. The 
omitted details can be found in [7]. 


The definition of A, as a subgraph of Q,, induced by the binary strings 
of length n that have no two consecutive 1s in circular manner is more sym- 
metric than the definition of T’,,, hence one can intuitively expect that Lucas 
cubes have more symmetries than Fibonacci cubes. From Theorem 3.9 we 
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know that Aut(T,) ~ Z2 for every n > 1. To formulate the corresponding 
result for Lucas cubes, we need to recall from Page 49 that the dihedral 
group Do, is the group of symmetries of a regular n-gon. D2, is represented 
as (r,y: 2? =1,y”" = 1, (xy) = 1) (see Section 3.9). 


Theorem 8.8. [20, Theorem 2.3] Ifn>3, then Aut(A,) Dan. 


Proof. Recall from Section 3.8 that the reverse map r: V(A,) > V(An) 
is defined by r(bjbz...bn) = b® = bnbn-1...b1. Define further the map 
Ss: An > An by 


8 (by be see bn) = bnby Beae bn-1 F 


Let a be an arbitrary automorphism of A,. As 0” is the only vertex of 
degree n, we have a(0") = 0”. Hence a is bijective also when restricted 
to the set of neighbors of 0". Consider the neighbors 10°! and 0"~11. 
Then a maps them into two neighbors of 0", say a(10""1) = 0710"-¢4 
and a(0""'1) = 0°10"->!, where a,b € {0,1,...,n —1} and computations 
are carried out mod n. We claim that then either b= a-1orb=a+l. 
Indeed, if this would not be the case, then the vertices a(0") = 0", a(10"~+) 
and a(0""'1) would lie in a 4-cycle, while the vertices 0”, a(10""') and 
a(0"~'1) do not lie in a 4-cycle, so a would not be an automorphism. Now, 
when b = a—1 we get a = s%, and in the other case a = s“*'or. We 
can conclude that Aut(A,,) is generated by r and s® for 0< a<n-1, so 
Aut(A,,) © Dan. 


We can also count the number of orbits of Lucas cubes. As before, 
o(A,) denotes the number of orbits of A, under the action of Aut(A,) 
on V(A,,), and og(A,,) denotes the number of edge orbits of G under the 
action of Aut(A,) on E(A,). To state the corresponding result, recall 
that the Euler’s phi function (also know as the Euler’s totient function) 
@ returns, for a given positive integer n, the number of integers in [n] 
which are relatively prime to n. Now we have the following two formulas, 
the proofs of which are longer and somewhat technical, hence they are not 
included here. 


Theorem 8.9. [20, Theorems 5.1 and 5.9] [fn2>1, then 


ov(An) = 5 (* yo(5 )La+ Finjay .). 


on(An) = (Fa + Fj nasser |) : 
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8.4 Distance 


By the same arguments we used for [’,, in Section 4, it is immediate that if 
u and v are Lucas strings, then da, (u,v) = dr,, (u,v) = dg, (u,v) = H(u,v). 

As noted in [81], the diameter of A, is n for n even, and n-1 for n odd. 
Fixing a typo that appears therein, the following holds. 


Proposition 8.10. [81, Proposition 1] For n even, there exists a unique 
pair of vertices at distance n, the pair {(10)?,(01)2}. For n odd, there 
exist n pairs of vertices at distance n-1, which are the cyclic shifts of the 
pair 0(01)"2 and 0(10)*>". 


The authors of [81] proved also that the radius of A, is |n/2|. The eccen- 
tricity of a vertex in A, thus lies between these bounds. The number of 
vertices with a given eccentricity have been determined as follows. 


Theorem 8.11. [21, Theorem 5.16] Let £,,, be the number of vertices of 
An having eccentricity k. Then the generating function for the eccentricity 
sequence 1s 


1+ xt? 1 1-t 
((a,th= > lng t*t” = . af : 
ere a 1-2zt-2t l+at l1-2xt? 


(8.4) 


We will give only a sketch of proof, for details we refer to the original 
paper [21]. Let us start by some notation. 

Let poten be the set of strings in F, that begin with an odd number 
of 0s and end with a non-null even number of 0s. Let 44% be the set of 
strings in Y,, that begin with an odd number of 0’s and do not end with 0. 
In the same way, we define F2” and #2 where a,b « {od, ev*,@}. 

Note that F,, and Y,, partition as 


_ godod odev* od @ ev" od 
Seg SF Pe Fg bee 
* * * * 
+ Foren’ 4 Feu 4 FOod, Foe’ 5 FOO, 
_ odod od ev™ od @ ev* od 
Sop SEL ELS + Leer + Le 
ev" ev* ev" @ Zod Bev* DD 
+L, + Lr 4 GOO + GOO 4 FOO 
Let F,,, and 2%, denote the set of vertices having eccentricity k in T, 
and Ay. 
For any a,b € {od,ev*,@}, let Fe SPP Fis a Sars) 
ab _ ab ab _ ab 
Tikes, Pahl and ook ~ IZ 


The following property can be easily proved. 
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Proposition 8.12. [21, Proposition 5.3] [fn >1 andx¢« ZY. Got, then 
ecca,, (@) = eccp, (x). 
Since G2 = F2° for (a,b) # (,@), we deduce: 


Corollary 8.13. [21, Corollary 5.4] Let n,k > 0. For a,b € {od,ev*,@} 
such that (a,b) # (od,od) and (a,b) # (@,@) we have 
ear 
We have thus 
bru = fon — f20et - FOR + otet 4 22, (8.5) 


Note that for n>1, G2" = @ and thus, because of the null string, the 
generating function of (22 is £°?(2,y) = Dn,wo0 lee © myk = 1, 

We know from Theorem 4.7 that the generating function of the sequence 
Pik is 

1+at 
f(a, t) = Lie 2 
2, 3 1-xt(t+1) 

The three other generating functions of the sequences that appear in equa- 
tion (8.5) are determined by the following propositions. 


Proposition 8.14. [21, Proposition 5.13] The generating function of the 
sequence f@? is 


x°t3(t +1) 


PENG Ee aay 


Proposition 8.15. [21, Proposition 5.8] The generating function of the 


sequence f24°" is 


od od Wiz at(1—- xt? — xt) 
(1+ xt)(1 - xt?)(1 - xt - xt?) © 


Proposition 8.16. [21, Proposition 5.14] The generating function of the 


00404 satisfies 


sequence 
pet? a, t) = pt fodod (a. t) : 
We can thus derive (x,t) from equation (8.5): 


f(a, t) = f(a, t) — FoF" (a, t) — 2% (a, t) + 008 (a, t) + PP (2,1), 
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and after some algebraic manipulation we obtain the expression proposed 
in Theorem 8.11. 


Expanding each term in the generating function ¢(z, t) in (8.4) we obtain 


Corollary 8.17. (21, Corollary 5.17] Ifn>k2>1, then 


toa= (0°) (4a) 
— n-k n-k-1 aad 


where 
{-1 if n=2k, 
En,k = 4 1 if n=2k+1, 
. 0 otherwise. 


Furthermore, £0,0 = £1,0 = 1, €n,o =90 forn>1 and 


De te 2 if nis even (n> 2), 
mn |0 if n is odd. 


8.5 Hamiltonicity 


In the seminal work [81] on Lucas cubes it is proved that A, is not Hamilto- 
nian. In 2005, Baril and Vajnovszki proved [12] that A, has a Hamiltonian 
path if and only if n #0(mod3). Both results can be seen as straightfor- 
ward consequences of the Hamiltonicity study of Fibonacci cubes we have 
done in Section 4.3. 

Let us recall that we denote by €, and O,, the set of strings in F,, of 
even and odd Hamming weight, respectively. Let €% and OF denote the 
analogous sets for the Lucas strings. 


Theorem 8.18. [81, Theorem 3] For any positive integer n, 
ler|=|OF|+2 if n=0(mod6), 
lOX|=|EF|+2 if n=3(mod6), 
le|=|OL|4+1 if n=1,5(mod6), 
lOX|=|EF|+1 if n=2,4(modB). 


Proof. This is immediate by direct inspection for n < 3. Assume thus n > 4. 
From the decomposition of Lucas strings in terms of Fibonacci strings we 
get 


EY = 0En-1 + 100,30, 
OF = 00n-1 + 10En_30. 
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Therefore 


En | = Onl = [Ena] — |On-1] = ([En-sl - |On-sl) 
The result now follows using the values of |E,| - |O,| we determined in 
Proposition 4.14. 


Since a cycle in a bipartite graph has to have even length we infer 
Corollary 8.19. [81, Corollary 1] A, is not Hamiltonian. 


Theorem 8.20. [12, Corollary 12] There exists a Hamiltonian path in Ay, 
if and only if n #0 (mod3). 


Proof. The necessary condition is immediate since a path visits alterna- 
tively vertices of €% and OF. 

By direct inspection the result is true for n < 4. 

Consider the sequence of strings in F,, defined recursively by 

Vo =A 
VY, =0,1 
We=0V 10" 5 a = 2. 
We have proved in Section 4.3 that V,, defines a Hamiltonian path in [, 
with endpoints 
(010) and (100)” for n= 3m, 
(010)’"0 and (100)""1 for n =3m+1, 
(010)'01 and (100)""10 for n = 3m+2. 

The sequence of strings OV,,-; defines a Hamiltonian path Q in OI ,-1. 
Similarly S = 10V,,-30 is a Hamiltonian path in 101-30. 

Assume n = 3p +1 with p>1. The endpoints of V,-1 are (010)? and 
(100)?, thus those of Q are u = 0(010)? and 0(100)?. Likewise the endpoints 
of S are 10(010)?-'00 and v = 10(100)?"'10 = 1(010)?. Joining the paths 
Q and S by the edge uv belonging to the matching between 00[,-30 and 
101,-30 we obtain the required Hamiltonian path of Aj. 

Assume now n = 3p+2. By the same construction, we have a path Q in 
OL ,-1 with end points u = 0(010)?0 = 00(100)” and 0(100)?1. We have also 
a path $ in 10P',-30 with endpoints 10(010)?~'010 and v = 10(100)?"!100 = 
10(100)?. Finally, the vertices u and v can be linked by an edge of the 
matching. 


Theorem 8.20 has the following consequence. 


Corollary 8.21. For any integer n>1 not divisible by 3, a(An) = [shal 
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8.6 Diametral Shortest Paths 


Here we follow the terminology and the ideas of Section 4.4 which dealt 
with diametral shortest paths in [,. 
We have noted in Section 8.4 that 
: n if nis even, 
send = 8 -1 if nisodd. 
Rephrasing Proposition 8.10 in the manner of Proposition 4.16 we have: 


Proposition 8.22. [38, Proposition 2] The number of diametrically oppo- 
site vertices u,v in Ap is 1 ifn is even, and n if n is odd. They are 


(i) w=(01)2 and v= (10)? (n even), 
(ii) cyclic shifts of the pair u=0(01)"2 and v =0(10)"2 (n odd). 


For [,, we have denoted the number of diametral shortest paths by 
Cn. We let dy, denote the number of diametral shortest paths in A, in this 
section. This is unambiguous; the diametrically opposite pair is unique 
for n even, and the number of paths is equinumerous for any diametrically 
opposite pair for n odd, since cyclic shifts of the paths give a bijection 
between the shortest paths in question. 

Similar to Theorem 4.17, Egecioglu, E. Saygi and Z. Saygi proved the 
following result, where E,, is the Euler number defined in Section 4.4. 


Theorem 8.23. [38, Theorem 2] Let d, be the number of diametral shortest 
paths in A,. Then for n> 1, 


ain-1 if n is even, 
dy = 


. En-1 if n is odd, 
where E,, is the Euler number. 


Proof. First assume that n is even. From Proposition 8.22 we only need 
to consider the vertices u = (01)? and v = (10)?. Mimicking the bijective 
proof of Theorem 4.17 we arrive at permutations ¢ of [n] satisfying 0; > 0441 
for any odd index 7 with 1 <7 <n, 0; > o;_1 for any odd index i with 1 <i<n 
and the extra condition 0; > ao, since in A, we have 6;b, = 0. This last 
requirement is easily verified by tracing the first appearance of a 1 in the 
first and the last columns of the table of paths that define the bijection for 
[,. Therefore, o must be a circular alternating permutation of [n], and 
these were enumerated by Kreweras in [71]. 

For n odd, without loss of generality take u = 0(01)"2 and v = 0(10) 2. 
Then u,v € OP y,_1 and since Ay = OF ,-1 +101 ,-30 we have dy = Cy_1 = En-1, 
which yields the assertion. 
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8.7 Counting Substructures 


In this section we consider a number of substructures of A, in the spirit of 
the treatment of the case of Fibonacci cubes in Chapter 5. 


8.7.1 Cube Polynomial 


Results about the cube polynomial of Lucas cubes can be compared to the 
results for Fibonacci cubes from Section 5.1. Proofs are similar to those 
in the previous section and hence we omit most of the details but confine 
ourselves to pointing out the main differences. To begin with, by direct 
inspection of Fig 8.1 we find Ca, (a) = Ca, (xv) = 1 and Ca, (2) = 34 2a. 

We next find the generating function for the sequence of cube polyno- 
mials of Lucas cubes. 


Theorem 8.24. [61, Proposition 5.1] The generating function of the se- 
quence (C',,,(2))nso0 ts 


rn 1+(1+2)#? 
i= : 
2, Cn (2) 1-t-(1+2)@ 


Proof. Let n >3 and partition the vertex set of A, into vertices that start 
with 0 and those that start with 1. The latter vertices are then of the form 
10...0. Similarly to the proof of Theorem 5.2 we now get that for n> 3, 
Cy, (2) = Cr,_,(@) + (1+ 2)Cp,,_,(2). (8.6) 
To complete the proof combine Theorem 5.2 with (8.6) and the initial con- 
ditions Cp,(#) = Cr, (x) = 1 and Cp, (x) =3+ 2a. 


Using (8.6) we can quickly generate the first few polynomials: 
Cy, (2) = Ca, (4) = 1 
Cy, (2) = 3+ 2a 
Cy,(@) = 4+ 32 (8.7) 
Ca, (2) = 7+ 80 + 22 
Ca, (a) = 114 15a + 52? 
Ca, (2) = 18+ 30x + 15x? + 227 
Cy, (2) = 29+ 56x + 35x? + 72°. 


Corollary 8.25. [61, Theorems 5.2 and Corollary 5.3] [fn > 3, then Ca, (2) 
is of degree |n/2| and is given by 


enor EBC )-(Y Nase 


j=0 J Jj 
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Moreover, the number of induced subgraphs of Cy, isomorphic to Qx is 


Lef2l in - 5 n-t-1\](i 
An) = 2 - 
ert EO MC 
Proof. Rewrite (5.3) as Cr,_, (x) = Cr,_,(@)+(1+2)Cfp,,_,(”) and subtract 
this equality from (8.6) to obtain 
Cy,,(@) = 2Cfp,,_,(@) - Cr,_. (2) (n>). (8.8) 


The result now follows from Theorem 5.3. 


Like in Section 5.1, for any positive integer k it is possible to determine 
the generating function of the sequence (cz,(An))n>0- From its form we see 
that this sequence is the convolution of the sequence (Ly) n>9 with k-fold 
convolutions of the sequence (Fy1)ns0 with itself. With this observation 
we obtain: 


Corollary 8.26. [61, Corollary 5.6] For any k > 1, 


n-k 
ep Ne >>. dy Rt Se Ten ah sce) 
i=0 


ig, tp,-.-,2420 
igtiytet+ipaen-k 


Note that the first equality reduces for k = 1 to 


n-1 
e1(An) = >> Filn-1-i, 


i=1 
which is the expression for the size of A,, that first appeared in [58, Propo- 
sition 7], while the second equality for & = 2 was obtained in [58, Proposi- 
tion 8]. 

We have also a Binet-like formula for Cy, (x). 


Theorem 8.27. [61, Theorem 6.2] Ifn>1, then 


LVF) (ee) 
2 2 


Cn,(2) =( 
It is now easy to determine the zeros of Cy, (x). 


Proposition 8.28. [61, Proposition 6.4] [fn >1, then the zeros of Cy, (x) 
are 


2( Qr+l)a 
tan (Cop) +5 
4 bs 
In particular, the zeros are simple and are negative real numbers. 


O<r<|n/2]-1. 
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As a consequence, the sequence of coefficients of C',, (x) is unimodal. 
Theorem 8.27 leads to divisibility consequences. 


Corollary 8.29. 


(i) If p21, then Cp,,(«) = Cr,_,(£)Ca,,, (2). 
(ii) Ifn>1 and k is odd, then Ca, (x) divides Ca,, (x). 
Proof. Set 


1+V5+4e 1-V5+4e 


f(w)= = and (x)= —S 


(i) By Theorem 5.5, 


Crz,(#) = [pP (a) - 9 PP (2) 


1 
ee 
== fh Ga?) | PP erg)! 
= C(Tp-1,2)C(Api1, 2). 


(ii) Cy, (ao) = 0 means that f"(%o) = -g"(ao). Therefore f*"(ao) = 
-g*"(xo) which in turn implies C,,,,(%o) = 0. Since the zeros of C,,, 
are simple, divisibility follows. 


8.7.2 Maximal Hypercubes 


Let hy(Ay,) denote the number of maximal hypercubes of dimension k of 
Ay, and let 
Hix. (2) = & he (An e” 
k>0 
be corresponding enumerator polynomial. 

The study of maximal hypercubes in Lucas cubes is very similar to that 
of maximal hypercubes in Fibonacci cubes. Like Fibonacci strings, Lucas 
strings can be viewed as blocks of 0s separated by isolated 1s, or as single 
Os possibly separated by isolated 1s. Considering the constraint on the 
extremities of a Lucas string, these points of view give the following two 
decompositions of the vertices of Aj. 


Proposition 8.30. Any vertex of weight w in A, can be uniquely decom- 
posed as 


010% ...10"...10!” 


where p=w, YP gl =n-w, lo,lp 20, lotlp 21, andh,...,lp-1 21. 
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Proposition 8.31. Any vertex of weight w in A, can be uniquely decom- 
posed as 
101", 01.201", 


where q=n-w, Di ki=w, kot+kg <1, and ko,...,kq <1. 


Using the same arguments as in the proof of Lemma 5.9, it is immediate 
to deduce from the decomposition of Lucas strings as blocks of Os separated 
by isolated 1s a characterization of the bottom and top vertices of maximal 
hypercubes in Ay. 


Proposition 8.32. [73, Proposition 2.10] If H is a maximal hypercube of 
dimension k > 1 in An, then b(H) = 0" and t(H) = 0'°10"...10'...10"*, 
where Vol; =n—k, lo,ly € {0,1,2}, lo tle € B, and 1; € [2] for ie [k-1]. 


Furthermore, any such vertex is the top vertex of a maximal hypercube. 


Theorem 8.33. [73, Theorem 2.12] Ifk¢[n], then 
n( ok 
hy(An) = = F 
t(An) k (, = . 
Proof. The proof is similar to that of Theorem 5.10, the case of Fibonacci 
cubes, with three cases according to the value of Ip. 


Case 1: By Proposition 8.32, the set T of top vertices that begin with 1 is 
the set of strings which can be written as 10" ...10''...10'*, where ann I; = 
n-kand1<l;<2forie[k]. Let li =1;-1 for ie [k]. We have thus a one 
to one mapping between T' and the set of strings D = {10"...10"... 10}, 
where YI = n- 2k and I! ¢ B for ie [k]. Removing the first 1, and by 
complement, this set is in bijection with the set E = {1%...01%...01"*}. 
By Proposition 5.8, F is the set of Fibonacci strings of length n-k-1 and 
weight n—- 2k. Thus 
k 
te 6 - 5) 


Case 2: The set U of top vertices that begin with 01 is the set of strings 
which can be written as 010" ...10...10'*, where D4, 1; =n-k-1,1< 
<2 forie[k-1], andi, <1. Let ) =1;-1 for ie [k-1] and 1) = Ik. 
We have thus a one to one mapping between U and the set of strings 
F = {010%...10%...10'}, where 7%, 1) = n-2k and I! < 1 for i € [k]. 
Removing the first 01, and by complement, this set is in bijection with the 
set G= {1.01% ...01'*}. By Proposition 5.8, G is the set of Fibonacci 
strings of length n-k&-1 and weight n—- 2k. Thus 


Wl=(, on): 
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Case 3: The last set V of top vertices that begin with 001, is the set 
of strings which can be written as 0010" ...10!...0!*-11, where we l= 
n-k-2and1<1, <2 forie [k-1]. Let i} =1l,-1,i¢€[k-1]. We 
have thus a one to one mapping between V and the set of strings H = 
{0010% ...104%...0/-11} where SoU! =n-2k-1 and If <1 for ie [k-1]. 
Removing the first 001 and the last 1, this set, again by complement, is in 
bijection with the set K = {14...01%...01%1}. The set K is the set of 


Fibonacci strings of length n- k- 3 and weight n- 2k-1. Thus 


k-1 
Vi= i 
IV er) 


Therefore 


Note that for n #1, hy(A,) #0 if and only if [n/3] < k < |[n/2]. 


Corollary 8.34. [73, Corollary 2.13] [fn >5, then the enumerator polyno- 
mial Hy, (x) of the number of maximal hypercubes of dimension k in Ay 
satisfies 


Hy, (a) =2(Aa,,, (2) + Ha,s(2)) , 


with Hy,(v) = 1, Ha,(x) = 1, Ha, (@) = 2x, Ha,(x) = 3a, and Ha,(x) = 
2x7. The generating function of the sequence (Hy,,(x))nso is 


¥ Ha, (2)! = 1+t+ at? + at? - xi* 
so. 1-2t?(1+¢#) 


(8.9) 


Proof. Assume n > 5. By Theorem 8.33 and Pascal identity we get 
he(An) = he-1(An-2) + he-1(An-3) for n >5 and k > 2. Notice that when 
n > 5, this equality holds also for k = 1, and ho(A,) = 0. The recurrence 
relation for Hy, (x) follows. If g = g(a, t) denotes the left hand side of (8.9), 
then 


g—1-t- 2xt? -— 3xt? — 2n7t* = o(t?(g -—1-t- 2xt?) + 2(g-1-2)), 


and the corollary follows. 
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8.7.3 q-Cube Polynomial 


The study of a generalization of the enumerator polynomial of the hyper- 
cubes in Lucas cubes which qg-counts them by their distance to the all 0 
vertex is similar to the treatment of the Fibonacci cube case in Section 5.4. 
Here we follow the treatment by E. Saygi and Egecioglu from [93]. 

Cy,,(x,q) is defined as the sum of all terms of the form g4x* 
each subcube of A,,. The exponent k& is the dimension of subcube and the 
exponent d is the distance of the subcube to the all 0 vertex in Aj. 

As an example, we consider the structure of C,,(2,q). For k =0 there 
are seven vertices in the graph giving 0-dimensional hypercubes. The vertex 
0000 has distance 0, the vertices 0001, 0010, 0100 and 1000 each have 
distance 1 and the vertices 0101 and 1010 have distance 2 to 0000. So the 
coefficient of 2° is 1 + 4q + 2q?. 

Now consider k = 1, that is, 1-dimensional hypercubes in the graph. 
These are the edges of the graph. From Fig. 8.4 we see that there are four 
edges with distance 0 and four edges with distance 1 to the vertex 0000. So 
the coefficient of x in Ca,(x,q) is 4+ 4¢q. 

Finally there are only two 2-dimensional hypercubes in A, and these hy- 
percubes contain the vertex 0000, giving 2x”. Adding these contributions, 
we get 


, one for 


Ca,(2,q) = (1+ 4¢+ 2q”) +(4+4q)x + 2x? . 


A graphical presentation of these hypercubes in Ay and their individual 
contributions to C,,(x,q) is presented in Fig. 8.4. 

Cx,,(2,q) satisfies a simple recursion similar to the one for the cube 
polynomial. As a consequence, its computation is relatively straightfor- 
ward. 


Lemma 8.35. [93, Lemma 1] If n> 3, then 
Ca, (259) = Cana (2,9) + (9+ 2)Ca,,0(@, 9) (8.10) 
with Ca,(@,q) =1 and Ca,(a,q) = 14 2¢q+ 22. 


Using (8.10) we can quickly compute the first few Ca, (2,q). These are 
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0101 1010 


0101 1010 


Fig. 8.4 Calculation of Ca, (a,q) = (1 +4q+ 297) + (4+ 4q)a + 22. 


the “q-analogues” of the cube polynomials in (8.7): 
Cao(z,¢) = 1, 
Ca, (z,¢) = 1, 
Ca,(@,q) = 14+ 2q4 22, 
Cy, (2, q) = 1+3¢4+ 32, 
Ca, (2,q) = 14+ 4q + 2q? + (4+ 4q)a + 22”, 
Ca, (2,q) = 14+.5q+5q? + (5+10q)r +52”, 
Cy,(@,q) = 1+ 6q + 9q? + 2q° + (6 + 18¢q + 6q")x + (9 + 6g) x? + 22°, 
Ca, (2,q) = 14+ 7q + 14q? + 7q? + (7 + 28q + 21q”)a + (14+ 21q)x? + 72°. 
Also from recursion (8.10) we find: 


Proposition 8.36. [93, Proposition 1] The generating function of the q- 
cube polynomial Cy, (x, ¢q) is 


~ 1+(q+2)t? 
Towers ao 
sO 1-t-(q+a)t 


The recursion in (8.10) can be solved directly to find Cy, (x, q) in explicit 
form. 


Theorem 8.37. {93, Theorem 1] For any positive integer n, the q-cube 
polynomial Cy,,(x,q) of the Lucas cube has degree |n/2| in x and it is 
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given explicitly as 


1 [n/2| 


Cn, (@9)* sz D (55) + 4a+a)) 


Writing 
Cx, (2,9) = x En,k(q)a* ’ 
k>0 


thus thinking of C,,,(a,q) as a polynomial in x whose coefficients of x” are 
polynomials in g, we obtain 


Corollary 8.38. For any positive integer n, the coefficient polynomials of 
the q-cube polynomial Cy,,(x,q) are given by 


Cn,k() = st (; +) ) (C)(,)a +4q)'. 


7 


A few of the polynomials ¢,,,(q) are given in Table 8.1. 


n\k 0 
1 
1 
1+2q¢ 
1+3q 
14+ 4q + 2q? 4+4q 
1+5q+5q? 5 +109 
1+6q+9q7+2q? 64189 +69? 9+6q 2 
1+7q+14q?7+7q? 7+28q+21q? 14+2lq 7 


wn CO OC]rF 


2 
0 
0 
0 
0 
2 
5 


ee ee ee ee ee) 


4 
0 
0 
0 
0 
0 
0 
0 
0 


NO oT BP WY FF © 


Table 8.1 The table of coefficients of the g-cube polynomials C'y,, («,q) by rows. The 
entry in row n, column k is the coefficient polynomial €,, ,(q) 


Using the properties of convolutions we also obtain a convolution char- 
acterization of G,4(q). 

First we need to define g-Lucas numbers. Similar to the q-analogue 
of the Fibonacci numbers in (5.12) with generating function (5.13), a gq 
analogue of the Lucas numbers can be defined by Lo(q) = 2,Li(¢) = 1, 
and 


Ln(q) = Ln-1(q) + qLn-2(q) (n> 2). (8.11) 
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The generating function of (Ln(q))nzo is 
t 


Y En(q)t" = (8.12) 


ooh 1-t- qt?” 


Proposition 8.39. [93, Proposition 2] For n> 1 the coefficient polynomials 
Gn,k(q) of the q-cube enumerator Ca,,(x,q) are given by 


, Oty the 
totizgt:-+ip=n-k 


Proof. From (8.12) and (5.18), the convolution of L,(q) with the k-fold 
convolutions of F;,,(q) has the generating function 
(2-4t)¢* 
(1 —~t- qt?)R+1 : 
Setting 
(2-+t)i?* 
el = p= qt?)r+1 


2-t 
go(t,q) = (tae 1 and g,(t,q) = (k>1) 


we find 


k 
2-t xt? 
gn(t, qa” 1+ ( 
> G=t=a) 2 1-t- qt? 


_ 1+(qta)?? 
1-t-(q+2x)t? 


This is identical to the generating function of the Cy, (x,q) of Proposi- 
tion 8.36. It follows that the g,(t,q) are the generating functions of the 
columns of Table 8.1. The proposition now follows by equating the coeffi- 
cients of t”a* in the two expressions as we have 


k 
Y ae(tsa)a* =P (x La(o} (> cae! Jit 


k>0 k>0 1920 


=2 5 b inte) 


n2>0 \k>0 


We saw in Proposition 8.2 that there are 


ml ae a) 
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vertices in A, of Hamming weight i. The distance between such a vertex 
and the all zero vertex is obviously 7. Using this, the polynomials in the 
first column (k = 0) of Table 8.1 can be written for n >1 as 


Em (4) = En,0(4) = ‘3 — (oa. 


i=0 u 


In general, we have the following expression for the entry in row n, column 
k of Table 8.1: 


Proposition 8.40. [93, Proposition 3] The coefficient polynomials Cn,4(q) 
of the q-cube enumerator Cy, (x,q) of the Lucas cube Ay, are given explicitly 
by 

[n/2] 


mane OY 


ja n-t\ 2 


Next we consider divisibility properties of C,,,(x,q). These are mostly 
consequences of Binet formulas for the g-cube polynomials. 


Proposition 8.41. [93, Proposition 4] Let Cp,,(2,q) and Cy,,(,q) be the 
q-cube polynomials of the Fibonacci cubes T, and the Lucas cubes An, re- 
spectively. Then the following assertions hold. 


(i) If n,m > 0 and m is odd, then Cy, (a,q) divides Cy,,,,(4,q) as a 
polynomial in x. Furthermore, the coefficients of powers of x in this 
quotient are polynomials in q with non-negative integer coefficients. 

(ii) If m>1, then Cp,,,(@,q = Cr,,1(4,9) Cri (2, 9)- 
(itt) Ifn,m>1 and m is even, then Ca,,(x,q) divides Cr,,,, ,(x,q) as a 
polynomial in x. 


Incidentally, similar to the case of the Fibonacci cubes, the values a, = 
Cx,, (1,1) satisfy the recurrence 


An = An—-1 + 2an_2 
with the initial values a9 = a, = 1, giving the shifted Jacobsthal se- 
quence [50]: 
1,1,3,5, 11, 21, 43, 85, 171, 341, 683, 1365, 2731,... 
Write 


Ca,(@,9) = i tra(g)e® and Cp, (2,9) = >. enn(a)a*, 
k30 k=0 


and let D: Z[q] > Z[q] denote the differentiation operator. 
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Proposition 8.42. [93, Proposition 6] The coefficient polynomials Cn,~(q) 
and Cn.~(q) of the q-cube polynomials of Ca,,(«,q) and Cp, (x,¢) satisfy 


1 1 
—Dén,n-1(@) = En,n(q) and —Den,-1(@) = ene (@)- 


k k 
In particular, 


1 
k! 


Using operator notation we can write 


Cn, (2,q) =e"? Ln(q) and Cr,,(x,q) = e*? Fnso(q). 


1 


= Di en.o(4) = en.e(4) 


D*Gn,0(9) = En,e(q) and 


Therefore Taylor’s theorem gives the following expressions for the q-cube 
polynomials. 


Proposition 8.43. [93, Proposition 7] Let Ca, (2,q) and Cr, (x,¢q) be the 
q-cube polynomials of the Lucas cubes A, and the Fibonacci cubes Pn re- 
spectively. Then 

Ca, (tq) =Ln(a+q) and Cp, (2,9) = Fria(e +a), 
where Ly(q) and F,(q) are as defined in (8.11) and (5.12). 


8.8 Characterizations and Recognition 


Taranenko [102] reduced the recognition of Lucas cubes to the recognition of 
Fibonacci cubes by the following theorem which is similar to Theorem 6.9. 
Recall that the latter was the key tool for fast recognition of Fibonacci cubes 
as presented in Section 6.3.3. Before stating the corresponding theorem for 
Lucas cubes, we recall from Section 6.3 the following sets defined with 
respect to an edge ab of a connected graph G: 

Wap = {we V(G): d(a,w) < d(b,w)}, 

Woa = {we V(G): d(w,b) < d(w,a)}, 

Uap = {w € Wap: w has a neighbor in W,,}, 

Usa = {w € Woo: w has a neighbor in Wap}, 

Fup = {ec = wv € E(G): ue Ua, v € Uoa} . 


Taranenko’s theorem now reads as follows. 


Theorem 8.44. [102, Theorem 3.7] Let ab be an edge of a connected, bi- 
partite graph G with dego(a) =n. Then Ge Ay, if and only if the following 
conditions are satisfied: 
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(i) All the neighbors of a are of degree n- 2. 
(ii) G[Uap] is convex in G[Wap]. 
(iit) Fan is a matching defining an isomorphism between G[Uay]| and 
G[Usa]. 
(iv) G[W.] is isomorphic to Tp-1, and G[Woa] is isomorphic to Ty-3. 
(v) Woa = Uba- 


Theorem 8.44 together with Theorem 6.11 yields the following result. 


Theorem 8.45. [102, Theorem 4.2] If G is a graph, then it can be checked 
in O(m(G)) time whether G is a Lucas cube. 


While Taranenko was working out Theorem 8.44, he found the next 
result, which is very interesting in its own right. To formulate it, we need 
some preparation. Assume that we have the situation as in Mulder’s convex 
expansion theorem (Theorem 6.5). Let H be the graph obtained from G 
by identifying each pair of vertices u and v such that uv € Fy». Let X be 
the set of these identified vertices. Then H is a smaller median graph and 
X induces a convex subgraph of H. We say that G is obtained from H 
by an expansion over X. Moreover, in case when X induces a peripheral 
subgraph of H, we say that G is obtained from H by a peripheral expansion 
over X. The announced result of Taranenko now reads as follows. 


Theorem 8.46. [102, Theorem 3.6] [fn > 3, then T, contains a unique 
conver subgraph H ~ Ty-2, such that the peripheral expansion of I, over 
H is isomorphic to Ans. 


We sketch the way Theorem 8.46 is proved. Let H be an arbitrary con- 
vex subgraph of T,, (assuming it exists) such that the peripheral expansion 
of G over H is isomorphic to An41. Then by degree conditions we infer 
that a = 0" « V(A), but b= 10"! ¢ V(H) and c= 0""'1 ¢ V(A). Using 
the Convexity Lemma from [55] which we already applied in the proof of 
Theorem 6.8, we next infer that none of the vertices from Wy, as well as 
none of the vertices from W,, lies in H. Set now 


S= V(Tn) \ (Woa U Wea) = Wab ia) Wac- 


Then the subgraph of [,, induced by S is the unique subgraph as required 
by the theorem. This constructive proof is illustrated in Fig. 8.5, where As 
is obtained from Ty by a peripheral expansion over Ip. 
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Fig. 8.5 As (right) obtained from I'4 (left) by a peripheral expansion over [2 (black 
vertices left) 


8.8.1 Lucas Cubes as Resonance Graphs 


in Theorem 6.2 we have presented a surprising connection that Fibonacci 
cubes can be characterized as the resonance graphs of fibonaccenes. Lucas 
cubes play a similar, important role in chemical graph theory. Indeed, as it 
can be deduced from [122, Theorem 3.4.(2)] due to Yao and Zhang, Lucas 
cubes are also resonance graphs. Moreover, in [126], Zigert PleterSek and 
Berlic investigated the resonance graphs of the so-called armchair carbon 
nanotubes, also known as cyclic polypyrenes and proved that their reso- 
nance graphs are almost Lucas cubes. More precisely, the resonance graph 
of a cyclic polypyrene is an amalgam of two Lucas cubes, together with a 
Cartesian product power of the path P; and one isolated vertex. 


8.9 Invariants 


We next consider the domination related invariants of Lucas cubes along 
with irregularity, followed by the computation of Wiener and Mostar in- 
dices. 


8.9.1 Domination-Type Invariants 


In Table 8.2 all known exact values of domination numbers and total 
domination numbers of Lucas cubes are listed. The values of 7(A,) for 
n < 8 are obtained by brute force in [20]. Integer linear programming can 
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be used exactly the same way as for Fibonacci cubes. Values of y(A,,) for 
n< 11 and of %(A,), for n < 12, are obtained in this manner in [54] and by 
Z. Saygi in [95], respectively. For other values of n only bounds are known. 


n |fl}/2)3)4)5)6)]7) 8 | 9 | 10) 11 | 12 


(An) |} 1}1)1)3)4/5] 7) 11 | 16 | 23 | 35 
(An) 2/2|/3]4/7)/9] 13 | 19 | 27) 41 | 58 


Table 8.2 Known domination numbers and total domination numbers of An 


We can first deduce interleaving relations from decompositions of Ay. 
Proposition 8.47. [20, Proposition 3.1] Ifn>4, then 


(i) V(An) < ¥(Pn-1) + WE n-s); 
(it) ¥(An) < y(Pn) < (An) + y(Tr-4) : 


Proof. (i): V(A,,) can be partitioned into vertices that start with 0 and 
vertices that start with 1. The latter are of the form 107,30 and hence 
can be dominated by {10b0: b<¢ U} where U is a minimum dominating set 
of [,-3 with y([n-3) vertices. While the former vertices can be dominated 
by y(Pn-1) vertices. 


(ii): Let D be a minimum dominating set of T’, and set 
D' ={u: wis a Lucas string from D} vu {0b2...bpn-10: 1b2...bn-11€ D}. 


A vertex 1b2...b,-11 dominates two Lucas vertices, namely 0b2...bn—11 
and 1b2...b,-10. Since these two vertices are dominated by 0b2...b,-10, 
we infer that D’ is a dominating set of A,,. It follows that y(A,) < 7(Tn). 

A dominating set of A,, dominates all vertices of [,, but the vertices of 
the form 10b3...by)-201. These vertices in turn are dominated by 7(Ty_4) 
vertices. 


With a similar proof we obtain the following parallel result for the total 
domination number. 


Proposition 8.48. [95, Proposition 3.2] Ifn>4, then 


(i) (An) < V(Pn-1) + (PE n-s) ; 
(ii) y(An) $ %#(Pn) $ 1(An) + %4(Pn-a) - 
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A general lower bound on the domination number of Lucas cubes is 
established in [20]. This result is parallel to the bound of Pike and Zou 
for Fibonacci cubes, Theorem 7.1, but the proof is rather different. The 
starting point is the following lemma and some specific notations. 

We will denote by 2%,» the set of all the vertices of A, of Hamming 
weight w. In addition, for n > 4 set 4 = {0°1010""*8 : 0< as n- 1}. 


Lemma 8.49. [20, Lemma 3.3] Let n >7. Then for the Lucas cube Ay, the 
following hold. 


(i) The vertex 0” is the only vertex of maximum degree n. 
(ii) The vertices of LZ, have degree n- 2. 
(iit) Among the vertices with at least two 1s, only the vertices of Ly, 5 
have degree n-3. All the other vertices have degree at most n-4. 


Proof. Facts (i) and (ii) are immediate. Assertion (iii) is easy by a 
straightforward case study or, alternatively, can be seen as a consequence 
of Theorem 8.5. 


Lemma 8.50. Let n>1. Then any & vertices from 2) 5 have at least ¢ 
down-neighbors, that is, at least € neighbors in Ln. 


Proof. For i « [¢], let A; be the set of down-neighbors of some v; € -Z;, 9. 
Then |A;| = 2 for each i. Considering bits by modulo n, each ver- 
tex 0710"-*! in py, can be a down-neighbor of at most two vertices 
071010"-¢-3 and 07-71010""-*"!, and hence at most two of v1,...,v. The 
assertion follows by the pigeonhole principle. 


To establish the lower bound, we apply the concept of over-domination 
introduced in Section 7.1. Recall from there that the over-domination of G 
with respect to D is: 


ODg(D) = ( > (dege(u) + 0) -n(G). (8.13) 
ueD 
Theorem 8.51. [20, Theorem 3.5] Ifn>7, then 
Ly, - 2n 
(An) 2 | 
n-3 
Proof. Let D be a minimum dominating set of A,,. Set Dy = DN.Y, and 
Dz = DZ)», and let k =|D,| and I =|Ds|. Then clearly 0 < k and I< n. 
Note that the over-domination of G with respect to D can be rewritten as 


OD(G) = > (ie eD: d(u,v) <1}|-1). (8.14) 
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For a vertex u of Ay, set t(u) = |{v ¢ D: d(u,v) < 1}|-1. As Disa 
dominating set, t(u) > 0 for all ue V(A,,). We now distinguish two cases. 


Case 1: 0” € D. 
Combining Lemma 8.49 with Equation (8.13) we get 
OD(D) < (n+1)+k(n- 1) +U(n- 2) + (7(An) -&-1-1)(n- 3) - Ln 
= 7(A,)(n- 3) +2k4+14+4-L,. 


Since t(u) > 0 for all we V(A,,), (8.14) implies 


OD(D) > t(0") + ¥> t(v) > 2k. 
veD, 


HAYS — = =) . — =) 


Therefore 


Case 2: 0” ¢ D. 
Again, combining Lemma 8.49 with (8.13) we infer 
OD(D) < k(n-1) + l(n- 2) + (¥(An) - k-D(n- 3) - Ln 
= ¥(A,)(n-3)+2k+1-L,. 

Let A be the set of down-neighbors of D2. Then for ue D, nA, t(u) > 1. 
By Lemma 8.50, |A] >/ and hence |D,M A| >&+1-n. Therefore by (8.14), 
OD(D)> >> t(v)>k+l-n. 

veDi NA 
Thus 


xfs] [2 


The conclusions of the two cases gives the theorem. 


Other domination-type invariants for Lucas cubes have also been inves- 
tigated, as for instance the 2-packing number in [20,54] and the independent 
domination number in [54]. 


8.9.2 Irregularity 


To simplify the notation, in the rest of the section let I,(x) = Ip, (2) 
and Jn(x) = I,,(a) denote the irregularity polynomials of [, and Ay, 
respectively. Using the decomposition of Lucas cubes in terms of Fibonacci 
cubes and proceeding along the lines the argument given for Fibonacci cubes 
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but with more cases to consider, the following relation for the irregularity 
polynomial of Lucas cubes was established. 


Theorem 8.52. [35, Theorem 2] [fn > 3, then 
Ins2(2) -— Insi(@) - In(x) = Insi (x) - In(x) - In-2(@) - In-3(4), (8.15) 
with Ji(x) = 0, Jo(x) = 2x, Js(x) = 3a7, Ja(x) = 427 +4, and Js(z) = 


5a? + 10x. 


If we multiply identity (8.15) by ¢”*? and sum for n > 4, then using 
the generating function I(x,t) obtained in Corollary 7.10 we obtain the 
generating function of the irregularity polynomials of Ay. 


Corollary 8.53. [35, Corollary 3] The generating function of the sequence 
(Jn(2)) nso of the irregularity polynomials of Ay is given by 
F In(a)t t(c1(x)t + co(x)t? + c3(x)t3 + ca(x)t* + c5(x)t° + c6(x)t®) 
nh& = 
‘0 (1-t-t?)? 
where ci(x) = 2x, co(x) = x(3x - 4), cg(x) = -2(a -1)(@ + 2), ca(x) = 
-2(a -1)(3x - 4), e5(x) = 2(a -1)(2r-1), and ce(x) = 3(a-1)?. 


9 


After calculations similar to those involved in Corollary 7.11 we de- 
rive an expression for the irregularity polynomial itself from the generating 
function in Corollary 8.53. 


Corollary 8.54. [35, Corollary 4] [fn > 4, then the irregularity polynomial 
JIn(x) of the Lucas cube An is given by 


In (2) = NF p32? + 2nFy_4ez + nF ys, 


with Ji(x) =0, Jo(x) = 22, and J3(x) = 327. 


By evaluation in x = 1 of the derivative of J,(a), we deduce the following 
expression for irr(A,,). 


Corollary 8.55. [35, Corollary 5] [fn > 3, then irr(A,) = 2nFy_2. 


The above expressions for J,,(x) and irr(A,,) are obtained after a long 
and technical path (for details see [35]), hence it is astonishing that the 
resulting expressions are surprisingly simple. It is thus attractive to show 
a bijective proof as Mollard did in [76] and as we did for Fibonacci cubes 
in Section 7.3.2. 

Taking into account the cyclic nature of the definition of Lucas strings, 
coordinates are to be considered cyclically in [n]. For example, in the 
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following, the coordinate 1+ 1 must be understood as 1 when 7 = n and i-1 
means n when 7 = 1. 

Let 7 € [n]. Consider an edge e = xy that uses coordinate 7, where x; = 1, 
and let us compare deg, (a) and deg, (y). 

For some 7 #7, an edge of A,, that uses coordinate j is incident to x if 
and only if 2+6; ¢-Z,. Since vj. = yj-1 and 2541 = yj41, for j ¢ {2-1,1+1} 
an edge using the coordinate j is incident to x if and only if an edge using 
the same coordinate is incident to y. Therefore the contribution of the 
edge e to the irregularity of A,, depends only of the existence of edges using 
coordinates 7-1 andi+1. 

Since vj-1 = y-1 = 0, Vis1 = Yar = O and x; # y;, this contribution, 
ie., imba,,(e) = |deg,, (a) —degy, (y)|, can be determined according to the 
following result. 


Theorem 8.56. [76, Theorem 4.6] Let n > 4 and let e = xy be an edge of 
An with y= x2+6;. Then imb(e) is given by Table 8.3, where the coordinates 
i-2 andi+2 are taken cyclically in [n]. 


imb(x(a+6;)) | w-2 | Vise 
0 1 1 
0 1 
1 
1 0 
2 0 0 


Table 8.3 imb(e) in An 


In Section 7.3.2 we have defined right and left imbalanced edges for 
Fibonacci cubes. The same can be done for Lucas cubes. More precisely, 
let e= xy ¢ E(A,,), where x; = 1 and y; = 0. Then an edge e’ = y(y+4;) isa 
right imbalanced edge for e if 7 =i +1, otherwise e’ a left imbalanced edge 
for e. Set now 


R; = {(e,e'):e€ E(An), © uses coordinate i, 

e’ is aright imbalanced edge for e}, 
L; = {(e,e’):e€ E(A,), e uses coordinate 4, 

e’ is a left imbalanced edge for e}. 


If e’ = y(y+d,) is a right imbalanced edge for e, then #12; %i41%i+2 = 0100 
and thus 1j43...@n21...%n_2 € Fn_4. It is immediate that we can define 
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this way a one-to-one mapping between R; and F,-4. We have thus |R;| = 
F,-2 and similarly |L;| = F,-2. Since i can be chosen arbitrary in [n] we 
obtain irr(A,,) = 2nF,-2. 

Observing Table 8.3, imb(e) = 2 if and only if w;-2 = vi42 = 0. We can 
thus associate to any edge xy that uses coordinate 7 with imbalance 2 a Fi- 
bonacci string 2j43...%21...2;-3 in Fy_5 and this mapping is one-to-one. 
We thus obtain a bijective proof that the coefficient of x? in the irregularity 
polynomial of A, is nF,-3. Similar bijective proofs are immediate for the 
other coefficients [76]. 


8.9.3. Wiener Index 


Obtaining the Wiener index of Lucas cubes is significantly simpler than the 
corresponding one for Fibonacci cubes. The intrinsic reason for it is that 
in Lucas cubes all the coordinates of vertices are cylically equivalent, while 
in Fibonacci cubes the first and the last coordinate behave differently from 
the other coordinates. 


Theorem 8.57. (62, Theorem 3.4] Ifn>1, then W(A,,) = 7 Fr-1 Frit. 


Proof. We use the fact that Lucas cubes are partial cubes [58]. This fact 
can be deduced similarly as Proposition 4.2, hence we do not repeat the 
argument here. This means Theorem 7.5 can be applied, that is, 


W(An) = > [Woe1) (An)| . [Woi,0)(An)| ’ 
i=l 


where Wi;,.)(G) = {u = urug...tn € V(G): us = x} for x ¢ B. By the 
symmetry of Lucas strings |W(;,1)|-|W(,0)| does not depend of 7. So we may 
assume that i= 1. There are |F,_3| Lucas strings whose first coordinate is 
1, and there are |F,_1| Lucas strings whose first coordinate is 0. 


8.9.4 Mostar Index 


The symmetry of Lucas cubes also enables a simpler derivation of a closed 
formula (Theorem 8.59) for Mo(A,,) than Mo(T,). 

Since Ag = T2, we have Mo(T2) = Mo(Ag) = 2. For n > 3 we have the 
following result, which is similar to Lemma 7.12 and Lemma 7.13. 


Lemma 8.58. [36, Lemma 3] If n > 3 and uv € E(A,) with uz, = 0 and 
Up = 1 for some ke [n], then nu(An) = Fn41 and ny(An) = Fr-1. 
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Proof. Assume that 1<k <n and let ae V(A,,) have the string represen- 
tation b1b2...b,. Since wv € E(A,), the binary representations of u and 
v must be of the form a, ...az—-2000ax42...an and a,...ap-2010ax42...an, 
respectively. Then, if b, = 0 we have d(a,u) = d(a,v) -—1 and if b, = 1 
we have d(a,u) = d(a,v) +1. Thus n,(A,) and n,(A,) are equal to the 
number of vertices in A, whose k'® coordinate is 0 and 1, respectively. 
Therefore we need to count the number of Lucas strings of the form 6,062 
and 6301084, which gives ny(An) = Fna1 and ny(An) = Fn-1. 

For the case k = 1, using the decomposition of A, in terms of Fibonacci 
cubes, we have ue V(0P',-1) and ve V(10P'n-30). It follows that ny(An) = 
|V(OA,)| = Fri and ny(A,) =|V (100 n-30)| = Fy. Similarly, for k =n we 
have the same results n,(An) = Fni1 and n,(A,) = Fr-1- 


Using Lemma 8.58 for any uv € E(A,,) we have 
|nu(An) — 2y(An)| = Fanaa -— Fr-1 = Fa. 


Since the size of A, is nF,-1, a computation similar to the one that was 
used in the proof of Theorem 7.14 gives 


Theorem 8.59. [36, Theorem 2] [fn >2, then Mo(A,) = nF, Fy_1. 


8.10 Alternate Lucas Cubes 


Since Lucas numbers satisfy the same recurrence as Fibonacci numbers, we 
may wonder if there is a way to construct a family of graphs mimicking that 
of Fibonacci cubes, with a fundamental decomposition similar to that of 
Fibonacci cubes. In other words the family should be constructed in terms 
of two previous graphs and a perfect matching as is the case for Fibonacci 
cubes, but the orders should be given by the Lucas sequence instead of the 
Fibonacci sequence. 

With this in mind, the family of graphs called alternate Lucas cubes was 
introduced and studied by Egecioglu, E. Saygi, and Z. Saygi in [34] as an 
alternative for Lucas cubes. These interconnection networks are subgraphs 
of Fibonacci cubes and have a fundamental decomposition similar to the one 
for Fibonacci cubes. The vertices of alternate Lucas cubes are constructed 
from binary strings that are encodings of Lucas representation of integers. 
The order and the size of alternate Lucas cubes are identical to those of 
Lucas cubes. 
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Every positive integer n can be expressed uniquely [16] as a sum of 
distinct Lucas numbers in the form 
n= > disks, 
i20 
where 6;b;.,; = 0 for 7 > 1 and b,b3 = 0. We call this representation the 
Lucas representation of integers. Lucas representations of the integers 


neé{0,1,...,6} and their corresponding binary encodings are given in Ta- 
ble 8.4. 

n | Lucas representation | Binary encoding b4b3b2b; 

0 0 0000 

1 Ly 0010 

2 Lo 0001 

3 Le 0100 

4 Ls 1000 

5 [3+ 1010 

6 L3+ Lo 1001 
Table 8.4 Lucas representations of n € {0,1,...,6} and their binary encodings as used 


as vertex labels in the construction of the alternate Lucas cubes 


The n-dimensional alternate Lucas cube £,, is defined as the induced 
subgraph of the hypercube Q,, obtained by removing vertices from Q,, that 
do not correspond to a Lucas representation. More precisely, 


V(Lr) = {bn ... 09d, | b;bj41 = 0 for 1<i<n and 61 b3 = 0} 


At the top of Fig. 8.6, the first four Lucas cubes are presented with their 
vertices labeled with the corresponding binary strings in the hypercube 
graph. At the bottom of Fig. 8.6, the first four alternate Lucas cubes are 
presented with their labels that are their digits in the Lucas representation. 
The first three cubes £1, £2, £3 are identical to the first three Lucas cubes 
Ay, Ag, Ag. However £4 is not isomorphic to Ay because of the existence of 
a vertex of degree 3 in £4. This vertex has label 1000 as shown in Fig. 8.6. 
In fact, comparing the degree sequences of the families £, and A, shows 
that £, is not isomorphic to A,, for n> 4 [34, Proposition 9]. 

It is worth emphasizing that the n-bit binary representations of the 
integer labels 0,1,...,2” —1 correspond to the binary labels of the vertices 
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0101 1010 
O Q 


01 10 001 010 100 


00012 1000 
ie) O 
0 00 000 0000 
Ay Ao As 4 
1001 1010 
O O 
01 10 001 010 100 
1000 
0001° 
ie) e 
0 00 000 0000 
Lyi Lo L3 La 


Fig. 8.6 Lucas cubes Aj, A2,A3, A4 and the alternate Lucas cubes £1, £L2, £3, La 


of the hypercube Q,,. Similarly, the n-bit Zeckendorf representations of the 
integer labels 0,1,..., Fn42—-1 correspond to the binary labels of the vertices 
of the Fibonacci cube [,,. This property is carried over to alternate Lucas 
cubes; the n-bit Lucas representations of the integer labels 0,1,..., 2, -1 
correspond to the binary labels of the vertices of the alternate Lucas cube 
L£,. This pleasing property is missing in the classical Lucas cubes. 


OLn-1 


Fig. 8.7 Recursive decomposition of the alternate Lucas cube Ly in terms of £p-1 and 
L£n-2 
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The alternate Lucas cube £, can be decomposed into two subgraphs 
induced by the vertices that start with 0 and 10 respectively. The vertices 
that start with 0 constitute a graph isomorphic to £,_-; and the vertices 
that start with 10 constitute a graph isomorphic to £,_-2. Additionally, 
there is a perfect matching between these two subgraphs, analogous to the 
decomposition of Fibonacci cubes. For n > 3 we denote this decomposition 
of £,, symbolically as 


Le = OLn-1 + 10L 2 * (8.16) 


In (8.16), there are L,,_2 edges in the perfect matching between the vertices 
in 10£,_2 and the corresponding vertices in O0Ly 2 ¢ O£Ly_1, in complete 
analogy with the Fibonacci decomposition but with different initial condi- 
tions since £, #T,. Of course in the case of T’,,, the corresponding perfect 
matching is enumerated by Fibonacci numbers. 

The fundamental decomposition of I’, reflects the recursion F,, = Fy,-1+ 
F,-2 whereas the corresponding decomposition of A, reflects the identity 
Ly = Fp-1 + Fn+i given in (1.10). The decomposition of alternate Lucas 
cubes corresponds to the recursion Ly, = Dn-1 + Dn-2 of (1.8). 


8.10.1 Enumerative Properties 


By the definition of alternate Lucas cubes, n(L,) = n(An) = En. 


8.10.1.1 The Size 
The first few values of m(L,,) for n > 2 are 
2,3, 8, 15, 30, 56, 104, 189, 340, 605, ... 
Proposition 8.60. [34, Proposition 3] Ifn>2, then m(L,) = nFy-1. 


Proof. By the fundamental decomposition (8.16), the edges of £, are of 
three types: those that are from £,-1, those that are from £y,-2, and the 
Ln-2 link edges that are added between the twin nodes in the two copies of 
Ly-2. This gives the recursion 


m(Ly) = m(Ly-1) + m(Ly-2) + Lin-2 (8.17) 


for n> 3. Using Dyn-2 = Fn-1 + Fn-3 and the initial values, we find that the 
solution to the recursion (8.17) is given by m(Ly) = nFp-1. 


Therefore, the size of £, is the same as the size of the Lucas cube Ay, 
(see Proposition 8.3). 
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8.10.1.2 Number of Vertices by Weight 


The next result is parallel to Proposition 8.2. 


Proposition 8.61. [34, Proposition 4] The number of vertices of Hamming 


weight w in Ly is given by 
n @ = ") 
n-w\ w )- 


Proof. Let r,,~ denote the number of vertices of Hamming weight w in 
Ly. From the fundamental decomposition (8.16), 


Tryw = Tn-1w + Pn-2,w-1 


forn>w>1 with rz 9 =1 for n>1, andr, =n for n> 2. The solution to 
this recurrence gives the result. 


8.10.1.3 Degree Sequences 


Using technical computations along the lines of the proof of Theorem 3.4, 
the following result can be shown. 


Theorem 8.62. [34, Theorem 5] Ifn>1 and ke[n], then the number of 
vertices of Ly» of degree k is 


seer Ale aleces) 
70 k-g-l/\n-k-j-1 k-g-2/]\n-k-g 


a ea all 


We can also incorporate the Hamming weight into this count. 


Proposition 8.63. (34, Proposition 6] For0<w<k<n, the number of 
vertices of Ly» having degree k and weight w is 


(ear | rere bc sieaey | eee) eee 


We consider a refinement of the degree polynomial of £,,. This generaliza- 
tion keeps track of the number of down-neighbors of v (vertices obtained 
by changing a 1 to a 0), and the number of up-neighbors (vertices obtained 
by changing a 0 to a 1 in v). Denoting these two quantities by deggown(v) 
and deg,,,,(v), respectively, we now set 

G,(u, 2) = » yteSup() 2desaown(Y) 


veLy 
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and define the generating function 
G(t) = G(u,z,t) = 4) Gr(u, ze”. 
n21 
A closed for expression for G(t) is the following. 


Theorem 8.64. [34, Theorem 11] The generating function of the bivariate 
polynomials G,(u, z) ts given by 

G(t) = t(1+ (2z-u(1-1u))t+ 22(1 - u)t?) 
(1 - ut)(1 - 2t?) - 2t3 ; 


(8.18) 


As demonstrated in [34], Theorem 8.64 can be specialized to give a 
number of results. Here a include a few of these. 


(i) Taking u = z = 1, in (8.18), we have the generating function of the 
Lucas numbers: 
t+2t? 
1-t-7- 
(ii) Taking u = z = y, we have the generating function of the degree 
polynomials. 
(iii) Taking wu = 1 in G,,(u, z), we obtain the weight enumerator polyno- 
mial G,,(1, z) of L,. This specialization gives 
et) = t+ (1+2z)é? + (14.3z)t2 + (1+ 424 227)e* 


+(14+524+527)t? + (14+ 62492? +229) +=. 


— 
= 
< 

Rema 


Similarly, G,(u,1) has the generating function 
t(1+(2-u(1-u))t+2(1-u)t?) 
(l-ut)(1-#?)-#6 


+(34+2u+u?+u*)it+ (54+ ut 3u24+u3 4+ u*)t° +-- 


=t+(2+u7)t? + (34+ u7)¢? 


8.10.2 q-Cube Polynomial 


Let Cn,k,q denote the number of k-cubes in £,, whose distance to the all 0 
vertex in £, isd. Analogous to the g-cube polynomial of T’,, (see Section 5.4) 
we define 
Cc,,(2,¢)= >> eupag’e". 
d,k20 
Note that by taking q = 1 one obtains the cube polynomial of £,. In 
Fig. 8.8, the calculation of cc, (a, ¢q) is illustrated. 
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Fig. 8.8 The calculation of the g-cube polynomial Cz, (x, q) = 14+4q+2q?+(44+4q) a+ 2a? 
indicating the contribution of each hypercube in £4 


Proposition 8.65. [34, Proposition 13] If n> 3, then 

Cen, (z, q) =U eis (z, q) + (q + ONC (x, q) 
with Cc, =1 and Cc, =1+2q+2x. The generating function of (cz,,)nz1 18 
given by 


t+ (2q+2x)t? 
Ce, (x, q)t” = ‘ 
pe Lr ( q) 1-t-(q+2)t? 


We have determined the q-cube polynomial of A, in Section 8.7.3. From 
the generating function given therein, we see that for n > 1, the g-cube 
polynomials of A, and Ly, are identical. This is a curious fact as A, and 
£,, are non-isomorphic for n > 4. So not only does £,, have the same order 
and size as A, but the number of induced hypercubes of every dimension 
is also the same for both, even when we take into account their distance to 
the all zero vertex in each. 

In fact we will see in Section 9.8 that this is a consequence of the fact 
that A, and £, are daisy cubes with the same number of vertices with a 
given Hamming weight. 


8.10.3 Maximal Hypercubes and Irregularity Polynomial 


The number of maximal hypercubes isomorphic to Q, in Fibonacci cubes 
and in Lucas cubes were studied in Section 5.2 and Section 8.7.2, respec- 
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tively. Recall that h,(G) denotes the number of maximal hypercubes of 
dimension k of G, so that the enumerator polynomial is 
He, (x) = >. he(Ln)2*. 
k20 
Since the decomposition of T,, and £,, follow the same pattern, we have 
the following recurrence relation. It can be proved along the same lines as 
Corollary 5.11. 


Proposition 8.66. [34, Proposition 16] Ifn>4, then 
Ae, (&) = «(He,.(#) + He,_5(#)) 
with Hye, («) =1, He,(x) = 2x, and He,(x) = 3x2. Furthermore, the gener- 
ating function of (Hz, (®))nsi 48 
Qart?(1+t 
Y He, (att = APH OD 
at 1-«t?(1+t) 


Note that although the recursive relations for £,, A, and T, are the 
same for the maximal hypercubes, the initial conditions are different, and 
consequently the enumerator polynomials are not the same. 

Recall from Section 7.3.1 that the irregularity polynomial I[g(x) of a 
graph G is defined by 

Ig(z)= > gl desalu)—dege(r)] 


uveB(G) 
Using (8.16) we can write 
Ly = 0Ln-1 + 10Ln-2 (8.19) 
= (00Ly-2 + 010L,-3) + 10Ln-2 (8.20) 


= ((000L,,-3 + 0010L,,-4)+010L,-3)+(100L,,_3 + 1010L,,_4) (8.21) 
where there are perfect matchings (see Fig. 8.9) between 
e 10L,_-2 and O0L 2 Cc OLn-1 in (8.19), 
e 10£,-2 and 00Ly,-2; 010L,-3 and 000L,-3 ¢ OOL»-» in (8.20), 
e O10L,-3 and O000L,-3; 100£L,-3 and O00L,-3; 1010L,_-4 and 


0010L,-4; O010L,-1 and OO00L, 4 ¢ O00L,-3; 1010£L,-4, and 
1000L,-4 ¢ 100£,,-3 in (8.21). 


Setting [,(x) = Ic, (a), we have the following result. 


Theorem 8.67. [34, Theorem 18] [fn > 6, then 

Ty(@) = 2In-1(@) + In-2(@) - 20n-3() - In-a(2), 
with Iy(x) = 0, In(x) = 2a, I(x) = 3x7, Iy(x) = 2° + 227 + 32 +2 and 
Is(x) = 2? + 6x7 +7r+1. 
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000L»-3 =+_ 100Ly-3 


ofa Sie ah iw i a ae me a 


Fig. 8.9 Fundamental decomposition and perfect matchings in the alternate Lucas 
cube Ln, n>4 


Corollary 8.68. [34, Corollary 20] Ifn2>2, then 
Ic, (#) = WFy1 + 2( Fra + (n= 1)Fy-2) (a = 1) 
+((n+1)Fn-3 + 3Fy-4)(@- 1)? 
+4(nFna+ (2n-3)Frs)(a-1)° , 


int(Ln) = 2( Fra + (m= 1)Fn-2) = 2m(Ln1) + 2Fna- 


8.10.4 Additional Properties 


Several other properties of alternate Lucas cubes are proved in [34], here 
we summarize some of them. 

£,, never has a Hamiltonian cycle, while £, has a Hamiltonian path if 
and only if n is not divisible by 3. A consequence of this is the independence 
number of £,,, which is identical to the one given in Corollary 8.21 for Lucas 
cubes. 


Corollary 8.69. [34, Corollary 24] If n > 1 is not divisible by 3, then 
a(Ly) =|]. 


The diameter, the radius, and the center of £, are as follows. 
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Proposition 8.70. [34, Proposition 25] Ifn>3, then diam(L,,) =n-1, 
rad(£L,) = |n/2|, and 


_ { {or} if n is odd, 
C(Ln) = toe 107} if n is even. 


8.10.5 Wiener Index and Mostar Index 


The fundamental decomposition of £, suggests that the calculation of the 
Mostar index and the Wiener index for alternate Lucas cubes should be 
similar to the corresponding calculation for Fibonacci cubes. This is indeed 
the case. 

By direct inspection we observe that Mo(£) = 0, Mo(£2) = 2, and 
Mo(£3) = 6. Using the same ideas as in Lemma 7.12, Egecioglu, E. Sayga, 
and Z. Sayg obtained: 


Lemma 8.71. [39, Lemma 3.1] For n > 3, assume that uv € E(Ly) with 
ux = 0 and vy =1 for some ke [n]. Then fork <n-2 we have nu(Lry) = 
Friiln-~ and ny(Ly) = FeLn_-n-1; and fork €¢ {n-1,n} we have nu(Ly) = 
Frys and ny(Ly) = Fr-1. 


To find Mo(£,,), we need to find the number of edges uv € E(L,,) for 
which uz = 0 and vz = 1 for each fixed & € [n] and add up these contributions 
over k. Similar to Lemma 7.13, we have: 


Lemma 8.72. [39, Lemma 3.2] For n > 3, assume that uv € E(L,) with 
up =0 and vp =1 for some ke[n]. Then the number of such edges in Ly, 
is equal to Fy Ly_p-1 fork <n-2, and is equal to Fy_, forke {n-1,n}. 


Just as these two lemmas are parallel the related ones for Fibonacci 
cubes, the following theorem can be proved along the lines of Theorem 7.14. 


Theorem 8.73. (39, Theorem 3.3] Ifn>1, then 


n-2 
Mo(L,) = 2Fy-1F yn + PS FRE n-k-1 (Fi, Ln_p_2 a Py Link) : 
k=1 


A closed form evaluation of the sum in Theorem 8.73 is: 
Theorem 8.74. [39, Theorem 4.2] Ifn>1, then 


Mo(Ln) = 5(16Lan + (Sn - 28)Lan-1-(15n-40)(-1)"). (8.22) 
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For the calculation of the Wiener index W(ZL,,), we use Lemma 8.71 
and mimic the proof of Theorem 7.6. 


Theorem 8.75. Ifn2>1, then 
n-2 
W(Lr) eS 2F +1 il n-1 + oy FP p41 Ln—r-1Lin-k : (8.23) 
k=1 


The generating function of the sequence (W(L,,))n>1 was found in [39, 
Equation (5.2)]. 


t?(4- 7t + 2t? + 6t? — 2¢4 
A>1 (1+t)?(1-3t+¢t?)? 


The first few terms of the sequence (W(Ly,))ns1 are 
0,4, 9, 38, 118, 380, 1156, 3476, 10247, 29862, 86090, 246134, 698664, ... , 


in agreement with the values obtained from (8.23). 
A closed form expression for the formula (8.23) is given by the following 
result. 


Theorem 8.76. (39, Theorem 5.2] Ifn>1, then 


W(Ln) = dg((5n- 6) Lona + (52+ 8)Lon-2 + (Sn+ 20)(-1)") (8.24) 


8.10.6 Diametral Shortest Paths 


Here we follow the terminology and the ideas of Section 4.4 which dealt 
with the case of ’,,, and also Section 8.6 that dealt with A,,. The results in 
this section are from [38] and are due to Egecioglu, E. Saygi, and Z. Sayg1. 

If n > 3, then we know from Proposition 8.70 that diam(L,) = n- 1. 
This fact is complemented by the following result. 


Proposition 8.77. [38, Proposition 3] For any integer n > 4, the number 
of diametrically opposite pair of vertices in Ly, is 4. These pairs are: 


(i) w= 08(10)*001 and v = 18(01)*010, 
(ii) w= 08(10)*010 and v = 18(01)*001, 
(iti) w= 08(10)"100 and v = 18(01)*001, 
(iv) u=08(10)*100 and v = 18(01)*010, 


where n= 2k +3+ 8, k is a non-negative integer, and s € {0,1}. 
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For a pair of diametrically opposite vertices u and v of a graph G, let 
c(u,v;G) denote the number of diametral u,v-paths. Recalling that EF, 
is the Euler number as defined in Section 4.4, we can state the following 
result. 


Theorem 8.78. [38, Theorem 3] [fn = 2k+3+ 58, wheren> 4, k is a 
non-negative integer, and s € {0,1}, then 


c(0°(10)*100, 1°(01)*001; £,,) 
= c(0°(10)*100, 1°(01)*010;£,,) = En_1, and 
c(0°(10)*001, 1°(01)*010; £,,) 


n-1 


= c(0*(10)*010, 1°(01)*001; Ly) = ( ; 


)En-s , 

Proof. We sketch the proof. We consider the permutations o of [n] sat- 
isfying extra conditions depending on the pair of vertices. We will give 
the proof for n even (s = 1) and only for the pairs u = 0°(10)*100 and 
v = 19(01)*001 and u = 0%(10)*001 and v = 18(01)*010. The other cases 
can be obtained similarly. 

For the pair u = 0(10)*100 and v = 1(01)*001 as we consider the shortest 
paths we will not change the (n-1)** position since it is 0 for each vertex. 
Therefore we need to consider the permutations o of [n] \ {n-1} satisfying 
0; > Oi+1 for any odd index i with 1 <i < n-3, 0; > oj) for any odd index 2 
with 1<i<n-3 and oy > On-2, since in Ly we have b,_2by, = 0. By setting 
7, = 0; for i € [n- 2] and T,_-1 = on we observe that 7 is an alternating 
permutation of [n- 1]. 

Now consider the pair u = 0(10)*001 and v = 1(01)*010. In the shortest 
paths under consideration, we will not change the (n — 2)?¢ position since 
it is 0 for each vertex. Therefore we need to consider the permutations o 
of [n] \ {n - 2} satisfying o; > oj41 for any odd index i with 1<i<n-38, 
0; > o;-1 for any odd index 7 with 1 <i<n-3 and on_| > On. By setting 
7; = 0; for i € [n- 3] we observe that 7 is an alternating permutation of 
[n — 3] and we have CS) different choices for Oj-1,0, which gives the 
desired result. 
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Variations on Fibonacci Cubes 


Not only the investigation of the properties of Fibonacci cubes attracted 
many researchers, but it has also led to the development of a variety of in- 
teresting generalizations and variations. We have already considered Lucas 
cubes and alternate Lucas cubes in detail in Chapter 8. In this chapter, we 
further consider the basic properties of a number of interesting classes of 
graphs brought about by the study of Fibonacci cubes. Among these fam- 
ilies of graphs are generalized Fibonacci cubes, Pell graphs, k-Fibonacci 
cubes, Fibonacci-run graphs, cube-complements of Fibonacci cubes, daisy 
cubes, and Fibonacci p-cubes. One way or another, the study of all of these 
graph families were inspired and initiated by the idea of Fibonacci cubes. 


9.1 Generalized Fibonacci Cubes 


Recall from Chapter 2 that if f= fi... f, € By, then 
B,(f) = {w € {0,1}" :Au,ve {0,1}* with w=ufv}. 

That is, B,(f) is the set of binary strings of length n that do not contain 
f as a substring. [,, is then the subgraph of Q, induced by the vertex 
set F,, = B,(11), hence the following generalization of Fibonacci cubes is 
natural. 

Given f = fi... fe € Be, the generalized Fibonacci cube Qn(f) is the 
subgraph of Q, induced by B,,(f), that is, 


In other words, Q,,(f) is obtained from Q,, by removing all the vertices that 
contain f as a substring. Fibonacci cubes are thus the following instance 
of generalized Fibonacci cubes: 


183 
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As another example, consider Q,,(01). Let 6 = by...bn € V(Qn(01)) and 
let b; be the first coordinate which is equal to 0. By the definition of 7 we 
then have b; = --- = bj; = 1, and since 01 is not a substring of b, we have 
bist = + = by = 0. It follows that V(Qn(01)) = {170"9 : 7 € {0,1,...,n}} 
and consequently Q,(01) © Pnii. We show in the same way (or using 
Proposition 9.1 for that matter) that Q,(10) © Pr+i, so that 


Q,(01) = Q,(10) = Pri . (9.1) 


For a sporadic example of a generalized Fibonacci cube see Fig. 9.1, where 
Q4(110) is drawn. Note that the binary strings of length 4 that contain 
110 are 1100, 1101, 0110, and 1110, so that Q4(110) is obtained from Q4 
by removing these four vertices. 


1011 


11119 


O 
0100 
Fig. 9.1 The generalized Fibonacci cube Qa(110) 


Generalized Fibonacci cubes were introduced by Ili¢, Klavzar, and 
Rho [52]. The guiding line of research put forward in this seminal paper is 
the question of isometric embeddability of generalized Fibonacci cubes into 
hypercubes. Before heading there, we note that when studying generalized 
Fibonacci cubes Q,,(f), we do not need to consider all binary strings f, as 
different generalized Fibonacci cubes may be isomorphic to each other. To 
this end, recall from Section 2.2 that for a binary string b = bib2...b,, the 
reverse of b is b® = byby_1...b, and the complement of f is #. Then we 
have the following isomorphism cases. 
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Proposition 9.1. If f is a binary string and n>1, then 
Qn(f) = Qn(f") = Qn(Ff). 


Proof. Note that f is a substring of a binary string b if and only if f” is a 
substring of b®. Hence the assignment b+ b® is an isomorphism between 
Qn(f) and Q,(f*®). Similarly, f is a substring of b if and only if f is a 
substring of b. Hence the assignment b + 6 is an isomorphism between 


Qn(f) and Qn(f). 


As an example, T, £ Q,(00) © Qn(11), a fact implicitly or explicitly 
used elsewhere in this book. Notably this is done in Fig. 9.6 where an 
isomorphic copy of [4 is found in JJ, and the standard roles of 0 and 1 in 
Ty are interchanged. 

Before we turn to isometric embeddability, we would like to add that the 
generalized Fibonacci cubes Q,,(111) can also be recognized in linear time. 
This result due to Rho and Vesel [89] nicely complements Theorem 6.11. 


Recall that a subgraph H of G is isometric if the distances are the same 
when considered in H or G and that isometric subgraphs of hypercubes are 
called partial cubes. We further introduce the notation H - G to denote 
that H is an isometric subgraph of G and H + G that this is not the case. 
For instance, it follows from Theorem 6.3 that Fibonacci cubes are partial 
cubes, that is, if n > 0, then 


We can directly verify this fact as follows. Let b= b,...bp, and b’ = b4...b), 
be arbitrary vertices of T,,. Then first changing each coordinate of b from 
1 to 0 for which }; = 1 and bi = 0, and afterwards changing from 0 to 1 the 
other coordinates in which 6 and 0’ differ, yields a shortest b, b’-path in Qn 
which lies completely in Tp. 

A simple feature that applies to all generalized Fibonacci cubes which 
are partial cubes is the following. 


Proposition 9.2. [52, Proposition 6.1] Let f ¢ {01,10} be a binary string 
of length at least 2. If Qn(f) @ Qn, then 


A(Qn(f)) = diam(Qn(f)) =n. 


Proof. In view of Proposition 9.1 we may without loss of generality assume 
that f contains at least two 1s. Since 0” as well as all its neighbors in Q, 


belong to Qn(f), we get A(Qn(f)) =n. 
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To prove that diam(Q,,(f)) =, we first observe that diam(Q,(f)) <n 
because Qn(f) @ Qn and diam(Q,) = n. It remains to show that 
diam(Q,n(f)) =n. To do it, we distinguish three cases. Suppose first 
that f contains two adjacent 1s. Then consider a path from b = 10101... 
to b by passing through the vertex 0". Similarly, if f contains two adjacent 
Os, consider a shortest path of length n passing through the vertex 1”. As- 
sume finally that f does not have two equal consecutive coordinates, that is, 
f ¢{1010...,0101...}. Then consider a path from 0” to 1” by complement- 
ing digits from left to right. In each of the three cases we have constructed 
a shortest path in Q,(f) of length n, hence diam(Qn(f)) 27. 


It is not difficult to prove that if s > 1, then Q,(1*°) o Qn, andifr,s,t>1 
and n>r+s+t+1, then Q,(1"0°1') 4 Qn (see [52, Propositions 3.1 and 
3.2]). To prove a characterization of the strings of the form 1"0*, for which 
Qn(f) @ Qn holds, we need some preparation. 

If G is a connected graph and u,v € V(G), then the interval between u 
and v, denoted by Ig(u,v), is the set of all vertices which lie on shortest 
u,v-paths. If 6,b' € Qn(f), n = 2, then 6 and 0b! are d-critical strings for 
Qn(f) if dg,,(b, 0’) = d, but none of the neighbors of b in Ig,,(b, b’) belongs 
to Qn(f), or none of the neighbors of b’ in Ig,,(b,b’) belongs to Qn(f). 
The following lemma is clear. 


Lemma 9.3. If there exist d-critical strings for Qn(f), n > 2, then 
Qn(f) # Qn. 


The announced embeddability characterization now reads as follows. 
Theorem 9.4. [52, Theorem 3.3] [fn > 2, then the following hold. 


(i) Ifr>1, then Qn(1"0) > Qn. 
(ii) If s>2, then Q,(170°) > Qn if and only ifn<s+4. 
(iti) If r,s >3, then Q,(1'0°) > Q,, if and only if n< 2r+2s-3. 


Proof. (i): If r = 1, then the assertion follows by (9.1). Assume r > 2, 
and let b,b' « V(Q,(1"0)). We proceed by induction on d = dg,,(b,b’). If 
d = 1, then 6 is clearly adjacent to 0’ in Q,,(1"0). Let d > 2 and let i be 
the smallest index such that b; # bj. We may assume that b; = 1 and 0/ = 0. 
In b, change the i coordinate to 0 and denote the new vertex by b’. The 
only possibility that b” does not belong to Q,,(1"0) is that b/’ is preceded 
by s 1s. By the way the index 7 is selected, bi = 0 is then also preceded by 
r 1s. As this would mean that 0’ ¢ Q,(1"0), we infer that b” € Q,(1"0). 
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Since b” differs from b’ in d-1 coordinates, induction implies that there 
exists a b, b’-path in Q,,(1"0) of length d. 

(iz) and (iti): Let r,s > 2. 

Claim: If r,s >2 and n< 2r+2s-3, then Q,(1"0°) > Q, if and only if it 
is not the case that r=2, 5>4, andn>s+4. 

Let again 6,b’ « V(Q,,(1"0)) and let 7 be the smallest index such that 
b; # bi, where b; = 1 and bj = 0. Let further b” be the neighbor of b as 
above. Then dg,,(b”,b') < dg,,(b,b'). If 6” ¢ Q,(1"0°), then induction 
yields dg, (1r0s)(b, b’) = da,,(b, 6’). Suppose that 6” ¢ Q,(1"0°). Then b” 
contains a substring xy = 1"0*b//0%"1-*, where b/ = 0 and the corresponding 
substring xy of b is 170*10°"!-*. In the corresponding substring ay of b’, at 
least one of the last s- 1- coordinates is 1, for otherwise b’ ¢ Q,(1"0*). 
We now distinguish two cases. 


Case 1: xy contains a coordinate 1 which is not the last coordinate of xy. 
In this case, s- 1-k > 2 and therefore k < s— 3. Then we can change this 
bit in 6 to obtain a vertex from Q,(1"0*) at distance dg,, (6, b’) - 1 from b’ 
unless r= 2, s>4andn>s+4. Assume r= 2,52>4andn>s+4. Let 
k=n-s-4. Then k ¢[s—3]. Select vertices b = 170*100° and b’ = 170*010°. 
Note that b, b’ « Q,,(170°) and that they differ in two coordinates. The only 
neighbors of b in Ig, (b, b’) are 170*000° and 170*110%. Since none of these 
two vertices lies in Q,,(170°), the vertices b and b’ are 2-critical for Q,,(1"0°) 
and hence Q,,(170°) # Q, by Lemma 9.3. 


Case 2: The last coordinate of xy is 1, and it is preceded with s-—1 zeros. 
Change the last coordinate of x» in b. If the new vertex is not in Q,,(1"0°), 
then the length of b is at least r+(s-2)+r+s=2r+2s-2ifs—-1-k=1, 
while if s-1-k > 2, the length of 6 is at least r+(s-1)+rt+s=2r+2s-1. 
Hence Q,,(1"0°) @ Qn for each n < 2r + 25-3. This proves the claim. 

By the just proved claim, (i2) holds for s = 3 ifn<s+4=2r+2s-3, 
and (iit) holds if n < 2r+2s-3. 

For the remaining subcases of (77), assume first s = 2. Then s+4=6> 
2r+2s—3=5, thus we need to prove that Q,(1707) > Q, if n = 6, and that 
Qn(1707) $ Qn if n > 6. The latter subcase will be proved in Subcase 1 
below, while for n = 6 the assertion has been checked by computer. When 
s > 4, we have s+4 < 2r+2s-3 and by the claim it remains to demonstrate 
that for r #2 or s #2 we have Q,,(1"0°) 4 Qn if n> 2r+ 25-3. This will 
be done in Subcase 2 below. 

Subcase 1: r=s=2. 
Suppose first that n = 7. Set b = 171010? and b’ = 170100? and observe that 
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b,b’ € Q,(1707). Moreover, b and b’ differ in three coordinates. The only 
neighbors of b in Ig,,(b,b’) are 1700107, 1711107, and 1710007. As none of 
them belongs to Q,,(1707), the vertices b and b’ are 3-critical strings for 
Qn(1707). Attaching an appropriate number of 1s to the front of b and 0’, 
we get 3-critical strings for Q, (1707) for n > 7. Now apply Lemma 9.3 for 
the desired conclusion. 


Subcase 2: r>2 or s>2. 
Suppose first that n = 2r+2s-2. Then b = 1"0%7101""20° and b! = 
1"0%-7011"~708 are 2-critical for Q,(1"0°) and hence Lemma 9.3 gives that 
Qn(1"0°) # Qn. Attaching an appropriate number of 1s to the front of b 
and 6’, we then get 2-critical strings for Q,,(1"0*) for each n > 2r+2s-2. 


Many other results on isometric (non-)embeddability of generalized Fi- 
bonacci cubes into hypercubes have been demonstrated. Here we list only 
a selection of these results. 

In [52], a classification of when Q,(f) @ Qn holds was provided for all 
strings f with |f| <5. In [112], Wei proposed a necessary condition for an 
isometric embeddability of Q,(f) into Q,, for strings f consisting of odd 
number of blocks, and determined a classification of all strings consisting 
of 5 blocks (by a block we mean a run; i.e., a maximal substring consisting 
of the same bit). As a final result, we present the following theorem proved 
by Wei, Yang, and Wang, where f” denotes the concatenation of n copies 
of a given string f. 


Theorem 9.5. [116, Theorem 3.3] Let f be a binary string andn>2. Then 
Qn(f) e Qn if and only if Qn(f") > Qn. 


9.2. Good and Bad Words 


Based on what has been said in the previous section, the following termi- 
nology introduced by Klavzar and Shpectorov [67] is very natural. A binary 
word f is bad if there exists n ¢ N such that Q,(f) # Qn. For bad words 
we have the following fact. 


Lemma 9.6. If Qn(f) 4 Qn for some née N, then Qy(f) 4 Qn for all 


n'>n. 


Proof. Let n’ =n+r,r2>1. Since Qn(f) # Qn, there exist vertices b, b’ 
of Qn(f) such that dg,,)(b,b’) > dg,,(0,0'). If f starts with 1, then set 
b=0"b and 6’ = 0"0’, while if f starts with 0, then set 6= 1"b and 6’ = 1"0’. 
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In either case, the vertices 6 and 6’ lie in Qa(f) and 


— 


dau(p) (0.8) = dq, (f(b, 8') > da, (0,8) = do,, (6,8), 
which means that Qn(f) 4 Qn. 


Thus for every bad word f there exists the smallest integer n for which 
non-isometricity holds; it is called the index of f and denoted by B(f). On 
the other hand, assuming that f is bad and hence Qa: f)(f) # Qacfy, it 
could still be possible that there exits n’ > B(f) such that Qa f)(f) > Qn’. 
However, Wei and Zhang proved that this cannot happen. 


Theorem 9.7. {119, Theorem 1.2] If f is a bad word and n> B(f), then 
Qn(f) cannot be isometrically embedded into any hypercube. 


To paraphrase Theorem 9.7, bad words are really bad. On the other 
hand we say that the word f is good if it is not bad, that is, if Qn(f) ? Qn 
for all né€ N. For instance, the word 11 is good (Fibonacci cubes are partial 
cubes!) as well as are the words 1"0 for every r > 1 by Theorem 9.4 (i). On 
the negative side, Theorem 9.4 (ii) says that 1"0°, r,s > 2, are bad words. 
Set 


GVn={f € Bn: f is good}, 
BY, ={f €B,: f is bad}. 


Clearly, a word is either good or bad, hence 6, partitions into GV, and 
BY, so that 


IGVn| + |BVal = |GVn U BV »| = |Bn| = 2”. 


In graph theory it is often the case that when we look at a given graph 
property, asymptotically almost all graphs have that property, or almost all 
graphs do not have that property. For instance, if the property in question 
is to have a non-trivial automorphism, then it is well-known that asymp- 
totically almost all graphs have no non-trivial symmetries (non-identity 
automorphisms). Another such property is that almost all graphs have di- 
ameter 2. Hence it would be natural to expect that asymptotically almost 
all words are bad or almost all words are good. As a surprise, we have the 
following impressive result. 


Theorem 9.8. [67, Corollary 4.4, Theorem 6.1] The sequence BVal con- 
verges to a, where a is between 0.919975 and 0.924156. 
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Theorem 9.8 thus asserts that for large n, the number of good words is 
approximately 8% of all words of that length, that is, the number of bad 
words is approximately 92% of all words of that length. So asymptotically 
a significant proportion of words are good words! 

To derive Theorem 9.8, several ideas and concepts are needed, a key 
one is the following. For a given binary word f, let b,(f) be the prefix of 
f of length k, and let e,(f) be the suffix of f of length k. Then f has an 
r-error overlap, if for some k, the words b,(f) and e,(f) agree in all but r 
coordinates. As a step to derive Theorem 9.8, it was proved in [67] that a 
bad word has a 2-error overlap, while in [113] a proof that the converse is 
also true was given. Hence we have the following result. 


Theorem 9.9. [67, Theorem 5.1], [113, Theorem 1.1] A word is bad if and 
only if it has a 2-error overlap. 


Here we give a proof of the left-to-right implication of the theorem. The 
proof for the reverse implication is quite lengthy and technical and hence 
not given here. 

Suppose that f is a bad word and choose n so that Qn(f) # Qn. Let 
bb’ € V(Qn(f)) with dg, f(b, 0") > da,,(b, b'). Assume that b and 0’ are 
selected such that m = dg,,(b,0’) is as small as possible. Clearly, m > 2. 
Let 71 < ig <+++< im be the positions in which b and 0’ differ. For a subset 
S of V = {t1,72,...,im}, let b(S') be the word obtained from b by switching 
the bits in all positions contained in S. Note that b(@) = 6 and b(V) = 0’. 
For simplicity we will write b(i) instead of b({7}). 

Clearly, each word 0(S’) lies on a shortest 0, b’-path in Q,,. By the way m 
is selected, none of the words b(S'), where @ # S # V, is contained in Q,,(f). 
Hence all these words contain occurrences of f. For each 7 € {%1,i2,...,%m}, 
let f; be one occurrence of f in b(i). Let also s; +1 be the first position 
that f; occupies within b(7). Every f; contains the corresponding position 
i. Now, define a digraph D with the vertex set V, where there is an arc 
from i to 7 if and only if f; covers the position j. 


Claim: There exist i,7 €V with arcs both from i to 7 and from j tot. 


Since b’ does not contain f, every i € V is a source of an arc. Furthermore, 
all arcs from 7; are directed to the right, and all the arcs from i, to the 
left. Let 7 =2, be the first vertex from which there is an arc pointing left. 
Then 7 =7,-; and 7 fulfill the assertion of the claim. 

Let now i and 7 be as in the claim. Then the factor f; of b(i) and the 
factor f; of w(j) are both are equal to f, and they both contain positions 
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iz and j. So they have an overlap and within this overlap, they disagree 
exactly in positions 1 and j7. We have thus proved that each bad word has 
a 2-error overlap. 


Using Theorem 9.9 we can use a computer to determine the first few 
values of |BY,,| and |BYV,,|/2”. These results are presented in Table 9.1. 
Interestingly, the sequence |BY,,|/2” is not monotone. 


n IBY, | IBY,,|/2” n IBY, | IBY,,|/2” 
3 2 0.250000 17 119802 0.914017 
A 8 0.500000 18 240362 0.916908 
5 22 0.687500 19 480966 0.917370 
6 46 0.718750 20 963302 0.918676 
7 98 0.765625 21 1927382 0.919047 
8 210 0.820313 22 3857746 0.919758 
9 430 0.839844 || 23 7715446 0.919753 
10 886 0.865234 || 24 15437078 0.920122 
11 1790 0.874023 25 30873042 0.920088 


12 3638 0.888184 || 26 61759618 0.920290 
13 7350 0.897217 || 27 | 123512490 0.920240 
14 | 14830 0.905151 28 | 247051278 0.920338 
15 | 29758 0.908142 29 | 494077866 0.920292 
16 | 59802 0.912506 30 | 988213906 0.920346 


Table 9.1 The first few values of the sequences |BV,,| and |BVn|/2”. The latter con- 
verges to a € (0.919975, 0.924156) 


In [113], Wei proved several additional characterizations of bad words, 
out of which we select the following. 


Theorem 9.10. [113, Corollary 1.4] A word f is bad if and only if for every 
n> B(f) there exist 2-critical words or 3-critical words. 


With respect to the index B(f) of a bad word f, it is natural to wonder 
whether B(f) can be bounded as a function of f. In [53, Theorem 2.1], 
llié, Klavzar and Rho proved that if f is a bad word, then B(f) < |f|?. 
Moreover, in [53, Theorem 2.2] it was established that for almost all bad 
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words f we actually have B(f) < 2|f|. It was further conjectured that the 
same conclusion holds for all bad words. The conjecture was confirmed by 
Wei and Zhang. 


Theorem 9.11. [118, Corollary 1.4] If f is a bad word, then B(f) < 2|f]. 


Wei, Yang, and Zhu [117] continued the investigation of the index of 
bad words. Among other results they characterized the bad words with the 
smallest and with the largest possible index. The smallest possible index 
is B(f) =|f|+1 and is achieved if and only if f = 1*0°1* (or f) for some 
k,s,t > 1. The largest possible index of a bad word f is 2|f|- 1. In the 
case when f contains exactly two 0s, the word 0011 (or its reverse) is the 
unique such word. 


9.3. Perfect Codes in Generalized Fibonacci Cubes 


Perfect 1-error-correcting codes appeared first in coding theory, and later 
the concept was extended to arbitrary graphs by Biggs [13]. 

A 1-perfect code of a graph G is a subset C ¢ V(G) such that every 
vertex of G is either in C or adjacent to precisely one member of C’. This 
concept generalizes to r-perfect codes, r > 1, but since we will exclusively 
deal with 1-perfect codes, we will call them simply perfect codes. A perfect 
code is thus a dominating set such that any vertex is dominated exactly 
once, for this reason another name frequently used for it is an efficient 
dominating set, a concept we briefly encountered just before Theorem 7.1. 


Proposition 9.12. A dominating set D of G is a perfect code if and only 
ifa+#y implies dg(x,y) >3 for every x,y € D. 


Proof. This is immediate since the existence of a vertex u dominated by 


two vertices x and y implies dg(z,y) < 2. 


The existence or non-existence of perfect codes have been considered for 
many classes of graphs. See the introduction of [4] for some references. 

The (classical) perfect codes of coding theory correspond to codes in 
Qn. Let us recall some basic results about them we will need in the sequel. 

It will be convenient to consider the binary strings of length n as vectors 
of F”, the vector space of dimension n over the field F = Zo, that is, to asso- 
ciate to a string « = 2%1%2...%p, the vector 0(a1%2...Un) = (41, 02,..-,Ln). 
The parity function is the linear mapping from F” to Ze defined by 
1(@1,02,-.-,Un) = 21 +2_Q++++2y. By the correspondence 6 we can define 
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the binary sum x + y = 0-1(0(a) + @(y)), and the parity m(x) = 7(0(x)) 
of strings in B,. The complement of a string x € B, is thus the string 
c=x2+1". 

In this section, the concatenation of strings x and y is denoted explicitly 
by x-y instead of just xy when there is a risk of ambiguity. 

Since Q,, is n-regular, the existence of a perfect code of cardinality |C| 
implies |C|(n + 1) = 2”, thus a necessary condition of existence is that n+1 
is a power of 2. In other words n = 2? — 1 for some integer p. 

For any integer p, Hamming [47] constructed a linear subspace of F?’~! 
which is a perfect code. Such a code is called a binary linear code. It is 
easy to prove that all binary linear perfect codes are Hamming codes. 

In 1961, Vasil’ev [106] constructed the first family of perfect codes which 
are not linear codes. Let us recall Vasil’ev’s construction. 


Theorem 9.13. [106] Let C;. be a perfect code of Q,, let f :C; > Zo, and 
let 7 be the parity function. Then the set 


Cor41 = {a7 (a) + f(c)-xt+c: ve B,, ce C,} 


is a perfect code of Qar+1- 


g2rtl 


Proof. First notice that |C2,41| = 2"|C,| = 2” — ree 
Proposition 9.12, if suffices to prove that the Hamming distance between 
two different elements of C2,;41 is at least 3. Indeed any vertex of Qor-+1 
will be dominated by at most one vertex of C2,+1, thus vertices of C',+1 
will dominate (2r + 2)|C2,41| = n(Qer+1) vertices. 


Assume (z,c) + (2’,c’) and consider the distance 
2 7 


Thus, in view of 


d(x-n(x) + f(c):x+e,x'-r(a') + f(c)-2' +c!) =d, +do+d3, 
where d, = d(x, 2’), dz = d(a(x)+f(c), 7(2’)+f(C)), and dg = d(xtc,x’+c’). 
(i) If dy =0, then x = 2’, thus ds = d(c,c’) > 3. 
(ii) If dy = 1 and c=’, then a(x) # a(2’), thus dz = ds = 1. 


) 
) 
(iii) If d) = 1 and c# ¢, then dg > 2, otherwise d(c,c’) < 2. 
(iv) If d; = 2, then ds + 0, otherwise d(c,c’) = 2. 


Thus we always have d = d, + dz + ds > 3 and C2,,1 is a perfect code. 


If f(c) =0 for any c€ C,, we obtain the classical inductive construction 
of Hamming codes with C; = {0} as basis. For n > 7 other choices of f can 
give perfect codes not isomorphic to Hamming codes by the automorphisms 


of Qn. 
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Since Fibonacci cubes are close to hypercubes, it is natural to study the 
existence of perfect codes for them. We first prove a non-existence result 
due to Ashrafi, Azarija, Babai, Fathalikhani, and Klavzar. 


Theorem 9.14. [4, Theorem 1.1] T,, admits a perfect code if and only if 
n<3. 


Proof. It can be easily checked by hand that each of [9,1T,,T2,T3 contains 
a perfect code and that neither of [4 and T's does. It remains to prove that 
T,, does not admit a perfect code for any n> 6. 

By F,,,, we denote the vertices of I’, of Hamming weight k. We have 
thus 


k 


We denote by con and ay the vertices of I, that start with 0 and 1, 
respectively. It is immediate that 


n—-k+1 
Fol =( ). 


. n-k é n-k 
Pel lFeaal=(")") and (FS I=Fa-oetl=(7 5): 


Claim: Ifn>6 and C is a perfect code of Ty, then 0° ¢C. 


Suppose on the contrary that 0” « C. Then all the vertices in F,,; are 
dominated by 0”. Hence F,,2 9 C = @. Consequently, each vertex of Fy,2 
must be dominated by a vertex of F,,3. The only vertices in F,,,3 that 
dominate the vertices in F}*, are in F;*,. Since each vertex v € F,°3 has 
precisely two neighbors in Pino we have 


le} _ ljple)_1 
ICO Frtsl = glFral = 3(m- 2). 
Therefore, the number of undominated vertices in F,;°, so far is 


n-3 
2 


Fit B(n=2)= ("5 *)-B(n-2) = b(n? 8414), 


These vertices can only be dominated by the vertices of Fas Moreover, 
each such vertex dominates precisely three of the undominated vertices of 


Fig: Hence we have that 


IC 0 Ful = (mn? - 8n + 14). 


But the last expression is not an integer. This contradiction proves the 
claim. 
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Suppose now that C' is a perfect code of [,,. Then by our Claim we 
have that 0” ¢ C. This implies that |Cn F,,,1| = 1. Denote by a this unique 
vertex. The remaining n-1 vertices of F,,1 must be dominated by the 
vertices of F;,2. Since a vertex of F,,.2 dominates precisely two vertices of 
Fy1, it follows that n is odd and that there are 


\Fn2|-4(n-1)-(d = ("5 ')-3@-0-@-1) 
= 3(n? - 4n-2d +5) (9.2) 


undominated vertices in Fy,2, where d € {n- 2,n-1} is the degree of a. 
These vertices must be dominated by the vertices of F,,3 and hence the 
expression in (9.2) must be divisible by 3. Setting d= n-1 and using the 
fact that n = 2k +1 for some integer k, (9.2) is reduced to 2k? - 4k +1. 
Since 3 does not divide 2k? — 4k +1 for any k > 0, it follows that d=n- 2. 
Consequently, a ¢ {10"-1,0"-11}. The fact that d=n-2 implies that there 
are $(n— 3)? undominated vertices in F,,2 that need to be dominated by 
the vertices of F,,3. This implies that 6 divides (n -3)?, that is, n = 6k +3 
for some k > 0. In what follows we split the proof into two parts depending 


Fig. 9.2 The case when a starts with 00 
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on whether a starts with 00 or 01. 


Case 1: a starts with 00. 

In this case a it dominates precisely n—4 vertices of F° 2 and a single vertex 
of Fy,,9 (see Fig. 9.2.) In order to dominate F;,", = {10"- '}, the perfect code 
C must contain at least one vertex of F}*,. Moreover, since every vertex of 
Eee ") is adjacent to 10"~ ' we must have ic nF, = = 1. Since the vertex a 
dominates precisely one vertex in F;}*), there are \F, n2|-2 = n—4 vertices in 
eo ", that must be dominated by the vertices in ee and since each such 
vertex dominates precisely two elements of Fe 2, it follows that C’ must 
contain $(n-4) vertices of F*;. The fact that n is odd implies that the 
last expression is not an integer thus deriving a contradiction. 


le Oo 
Fa Ft 
le Oo 
Fre 2 Frio 
le Oo 
Fas Fr 

ae n=3 n=3 n>—11n+2t+26 

n-4A-t 5 5) — 9a 


Fig. 9.3 The case when a starts with 01 


Case 2: a starts with 01. 

In this case a = 0100"-° and dominates precisely n — 3 vertices of Fe 
As before, in order to dominate {10"-'} = F,%,, the set C’ must contain 
precisely one vertex of F,*5, call it b (see Fig. 9.3.) Notice that this vertex 
dominates 10"! as well as precisely one vertex in F, de Observe furthermore 
that the number of undominated vertices in F}*, is (n-2)-1 which in turn 
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implies that 


ICn Fis] = A(n-3). 


n 


Finally, we compute the number of undominated vertices of gene Ob- 
serve that b dominates n -4~-t vertices in F}*;, where t = 0 when 6 starts 
101 or when b= 10...01, and t = 1 when b starts 100 and ends 0. Since ae C, 
every vertex of Cn.F}*, starts with 00 and hence has precisely one neighbor 
in Fae, The set F,,,; contains precisely one vertex of C namely a. In addi- 
tion, the vertex b dominates precisely two vertices of F,,,. Therefore there 
are n~3 undominated vertices in F,, implying that |C n F2*,| = $(n- 3). 
It thus follows that (n - 3) vertices of F}*, are dominated by F;/*, and 
that consequently 


FASI=(n—3) - (n= 4-1) = ("5 *)-3(n=3)- Hn 3) = (n- 4-0 


= 4(n* - 11n + 2t + 26) (9.3) 


vertices of Fa remain undominated by C. These vertices must be dom- 
inated by the vertices in Fea each vertex dominating precisely 3 ver- 
tices. Since n = 64 +3 for some integer k the expression (9.3) reduces 
to 18k? -15k+t+1 which is equivalent to t+ 1 (mod 3) ¢ 0 for t € {0,1}. 
Hence the expression (9.3) is not divisible by 3 and we have derived a final 
contradiction which proves Theorem 9.14. 


We continue with an existence result given by Mollard [75]. Indeed 
when n = 2? —1, for some integer p, and s is large enough, there exits 
a perfect code in the generalized Fibonacci cube Q,,(1°). The idea is to 
construct, using Vasil’ev’s approach, a perfect code of Q,, without elements 
that contains 1° as substring. 


Lemma 9.15. Let m be an integer. Let Ao be the set of strings Ag = 
{omy : ye By}. For ie [ml], let A; = {210™+y: z € Byi,y € Bmx}. 
Then the sets Aj, i€ {0,...,n}, are disjoint and any string of Bom+1 con- 
taining 0"*! as substring belongs to some Aj. 


Proof. Let x be a string of By,,,; containing 0'*! as substring and i be 
the minimum integer such that 2j41%i42---Li+m+1 = om! Then either 
i = 0, and x belongs to Ag, or m >i2> 1. In this case x; = 1 thus x € Aj. 
Assume x € A;n A; with m>j>7>0 then 2; =1 thus 7 >1+m+2>m,a 
contradiction. 
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Theorem 9.16. [75, Theorem 2.2] Let n = 2? -1 where p > 2 and let 
s=3.2P-*. There exists a perfect code C in Qn such that no element of C 
contains 1° as substring. 


Proof. Let m = 2?-?-1 thus 2m+1 = 2?-!-1 and s = 3m+3. Let Cams41 be 
a perfect code in Qam+1. Let f be the function from Bz,41 to Z2 defined 
by 


(i) f(o™*ty) = 1 for y¢ By 

(ii) f(10™*"y) =0 for ye Bry 
(iti) f(210*+y) = 2(z) for z€ B,_, and y € Bm_; for i= 2 to m. 
(iv) f =0 otherwise. 


Note that by the previous lemma the function f is well-defined. Let C’ be 
the perfect code of Q4m+3 obtained from Vasil’ev’s construction from Co ,+1 
and f. Assume there exists a string d in C with 1°*? as substring. This 
means d is obtained from x = d,dz...dam41 and c€ Com41. Since n = 4m+3, 
note first that dm41dm+2-.-d3m+3 = 17*%. Let i be the minimum integer 
such that djdj.1...d3m+ie2 = 1978. We consider three cases. 


Case 1: i= 1. 
Then x = dy dy oe .doam+1 = poms and dom+2dam+3 oe .d3m+3 = yr? Since 
e+2 = 1™"d344d3mi5-..dams3 we have c = 0™*ly for some y € Bm. 
Thus f(c) = 1 and since a(x) = 1 we obtain doms2 = f(c) + 7(a) = 0, a 
contradiction. 


Case 1: i= 2. 

Then « = 01?" and domsodams3---dama4 = 1. Since c+ a = 
1” * d3m+5d3m+6-.-dam+3 we have c = 10™*'y for some y € Bm-1. Thus 
f(c) = 0 and since (x) = 0 we obtain dgm42 = f(c) +7(x) = 0, a contradic- 
tion. 

Case 3: i > 3. In this case x = 201?" ? for z € Bi» and 
doy aadinissoo dsm = VO. Since CFR = 1 day ces arnseeds 5 Cans 
we have c = Z10*'y for some y € Bm-is1. Thus f(c) = (Z). Since 
n(x) = w(z) + 71?) and a(Z) + 7(z) = (1%?) we obtain dams2 = 


f(c) + m(x) = 7(1?"") = 0, again a contradiction. 


Therefore, there exists no string d in C with 1°’”"*? as substring. 


Corollary 9.17. [75, Corollary 2.3] Let n = 2?-1, where p> 2, and let 
s>32P-?. Then there exists a perfect code in Qn(1°). 
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Proof. Indeed, let C' be a perfect code in Q, such that no element of C 
contains 13?” as substring. The strings of C are in V(Q,,(1°)). Let x be 
a vertex of V(Q,,(1°)). Ifa ¢ C then z is adjacent in Q,, to a vertex c in C. 
Note that x and ¢ are also adjacent in Q,,(1°) thus C is a dominating set of 
Qn(1°). If ¢ and c’ are two strings of C then dg, (1s)(c,c’) 2 da,,(c,c’) 2 3. 
Therefore C is a perfect code in Q,,(1°). 


For n = 2? — 1, it is of interest to determine the minimum s such that 
there exists a perfect code in Q, (1°). From this point of view, Corollary 
9.17 is not always the best result possible. For example, for n = 7, it gives 
a perfect code in Q7(1°) for s >6. But the code C7 obtained in Vasil’ev’s 
construction starting from C3 = {000,111} with f(000) = f(111) =lisa 
perfect code in Q7(1°). Indeed 


(i) 11111ab or 0011111 cannot be in C7 since P(111)+1 = P(001)+1 = 0. 
(ii) 011111la cannot be in C7 since the possible codewords beginning 
with 011 are 0111011 and 0111100. 


Consider now perfect codes in Lucas cubes. 

It can be easily checked by hand that {0”} is a perfect code in A,, for 
n < 3 as shown in Fig. 8.1, and that A, and A; do not contain a perfect 
code. Mollard proved [77] the non-existence of perfect codes in A, for n > 4. 

By Zn,~, we denote the vertices of A,, with Hamming weight k. From 
Proposition 8.2 we obtain 


|Ln2| = sn(n -3) and |Z, 3] = an(n -4)(n-5). 
Assume n>3 and k>1. Let ae be the vertices of A,, that start with 1. 
Since Zr = {10s0: s€ F,_-3 ,-1} it is immediate that 
n-1- " 
k-1 
Lemma 9.18. [77, Lemma 2.1] [fn >6 and C is a perfect code of Ay, then 
Oo" eC. 


Bl = Fn-s.e-al = ( 


Proof. Suppose on the contrary that 0” ¢ C. Since 0” must be dominated 
there exists a vertex in %,,19C. This vertex is unique and because of the 
circular symmetry of A,, we can assume 10" € C. 

Since 0” ¢ C the other vertices of %,,1 must be dominated by vertices 
in Z%,,2. But a vertex in %,2 has precisely two neighbors in £,,1, thus n 
must be odd and 


| Zr20C|=4(n-1). 
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The unique vertex 10”~! in Ln,10C has exactly n-3 neighbors in %, 9. Let 
D be the vertices of %,,2 not in C and not dominated by 10"-!. Vertices 
in D must be dominated by vertices in %,,.3 C. Each vertex of 2,,39C 
has exactly exactly three neighbors in %,,2. Thus 3 divides the number of 
vertices in D. This number is 


|D| = |-Ln,2| - (n- 3) - $(n- 1) = $(n? +1) -3(n +1). 


But this quantity is not divisible by 3 since for n odd, n? + 1 modulo 6 is 
either 2 or 4. 


We are now able to prove the following result. 


Theorem 9.19. [77, Theorem 1.2] The Lucas cube A, admits a perfect 
code if and only ifn< 3. 


Proof. Let n> 6 and C be a perfect code. Since 0” € C all vertices of 2,1 
are dominated by 0” and thus 2, 29C = %,19C = @. Consequently, each 
vertex of %,2 must be dominated by a vertex in -Z,,3. Since each vertex 
in %,,3 has precisely three neighbors in %,,2 we obtain 


Lng NC| = aILn,2 . 


This number must be an integer thus 3 divides |Y,2| = 5n(n - 3) and 
therefore 3 divides n(n-3). This is only possible when n is a multiple of 3. 

Each vertex of Y must be dominated by a vertex in Y3. Fur- 
thermore a vertex in 3 has precisely two neighbors in %} 5. Therefore 
|IZi.g|=n-3 must be even and thus n = 6p + 3 for some integer p > 1. 

Let E be the set of vertices of Y,3 not in C. Vertices in EH must 
be dominated by a vertex in %,4. Furthermore each vertex in %,,4 has 
precisely four neighbors in %,3. Therefore 4 divides |E|. Since 


|E| = |_Ln,3l -|Ln,3 9 Cl = gn(n- 4)(n- 5) - En(n- 8) = Zn(n? - 10n + 23). 


Replacing n by 6p+3 we obtain that 4 divides the odd number (2p+1)(18p?- 
12p +1). This contradiction proves the theorem. 


9.4 Pell Graphs 


Pell graphs form an interesting family of graphs that are defined similarly 
to Fibonacci cubes, extend our treatment from binary to ternary, and are at 
the same time intrinsically related to Fibonacci cubes. More than enough 
reasons to present Pell graphs in this section! 
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Recalling that for the binary alphabet we use B = {0,1}, we set 
T ={0,1,2}, 


where 7 stands for ternary. For each n > 1, we collect the ternary strings 
of length n into the set 


Tn = {t1..-tn t. €T,1€ [n]}. 


Clearly |7;,| = 3". A Pell string is a ternary string in which each run of 2s 
is of even length. Equivalently, a Pell string is a string over the alphabet 
{0,1, 22}. Let P,, be the set of all Pell strings of length n. P; = {0,1} and 
Pe = {00,01, 10, 11, 22}. 

Let Cy, © Tn. Recall our convention from Chapter 3 that the notation 
cf*, where f = f,... fy is a ternary string of length k ¢ [n], stands for the 
set of the all strings from C,, which have f as a prefix, that is 


CF = {th ..tp € Cyt ty = fi, th = fa 
Since a non-null Pell string begins either with 0, 1 or 22 followed by a Pell 
string, for n > 3 we have 
Pr = pe a Pe ig pers : 

where the operation + stands for the disjoint union. This can equivalently 
be written 

Pn a OP n-1 + 1Py-1 aa 22P n_2 . (9.4) 
The Pell numbers P,, are defined by the recursion 

Py = 2Pn-1 + Pr-2 
for n > 2 with Py = 0 and P; = 1. The identity (9.4) leads to the same 
recurrence for |P,,| and hence we have 
[Pnl= Pasi, n21. (9.5) 


In [80], Munarini introduced the Pell graphs JZ, as follows. Set first Ip = 
Ky. For n> 1, let V(ZI,) = Pn. Two vertices of I, are adjacent if either 
one of them can be obtained from the other by replacing one 0 with 1 (or 
the other way around), or by replacing one substring 11 with 22 (or the 
other way around). Note that when the latter change is performed, the 
two 2s replaced by two ls must be selected such that the obtained string 
remains a Pell string. For instance, given the Pell string 01222200, we may 
replace the first two 2s to obtain the Pell string 01112200, or the last two 
2s to obtain 01221100, but we are not allowed to replace the middle two 2s, 
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022 0 0 122 


000 0 © 100 
Llp Ih, Il IT3 


Fig. 9.4 The Pell graphs Ip, Ih, Io, Iz 


as the string 01211200 obtained by this substitution is not a Pell string. In 
Fig. 9.4, the first four I, are drawn. 

Just as the intrinsic recursive structure of Fibonacci cubes leads to their 
fundamental decomposition, Pell graphs also have such a decomposition. 
Indeed, since for n > 3 we have 


Vn) = Pn = PS + P. = pS ’ 


each of the subsets of vertices P?* and P,° induces a subgraph of I], isomor- 
phic to IJ,-1, while the subset P?2*° induces a subgraph of J, isomorphic 
to IIn-2. Moreover, each vertex Ox of P°* has exactly one neighbor in P;*, 
that is, the vertex 1x. This means that the subgraph of /7, induced by the 
set P°* + P!* is isomorphic to the Cartesian product I,-; O Ko. Further- 
more, each vertex 22x of P?2* has exactly one neighbor in P}*, that is, the 
vertex lla. What we have just described is the fundamental decomposition 
of IT,. 

The fundamental decomposition of IJ, is illustrated in Fig. 9.5. The 
blue edges are the matching edges between the subgraphs induced by P;° 
and P}*, respectively, each of them isomorphic to [13. The red edges are 
the matching edges from P7?* to Pz’. 

Recall that for a given connected graph G, the eccentricity eccg(u) of 
uéV(G) is the maximum distance between u and any other vertex of G, 
and that the diameter diam(G) and the radius rad(G) of G is the maximum, 
respectively minimum, eccentricity among vertices of G. The center C(G) 
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Fig. 9.5 The Pell graph J/4 and its fundamental decomposition 


of G is the set of vertices wu with minimum eccentricity, that is, 
C(G) = {ue V(G): eccg(u) = rad(G)}. 


As it happens, the subgraph of a Pell graph induced by its center is just a 
Fibonacci cube. More precisely, we have the following result. 


Theorem 9.20. [80, Propositions 4 and 5] Ifn>1, then 
T,[C(n)] &Tn- 


Proof. We first claim that rad(JZ,,) = n. Let t = t1...t, be an arbitrary 
vertex of I,, that is, an arbitrary Pell string. Suppose that |t|2 = 2k. 
Then |éo + |é|1 = - 2k. Consider now the Pell string t’ obtained from t by 
exchanging the role of 0 and 1 and by replacing all the occurrences of 2 by 
0. As we can change the substring 22 to 00 in three (but no less) moves, 
say 22 > 11 > 10 > 00, we infer that dy, (t,t’) = 3k + (n-2k)=n+k2n. 
Hence rad(J/,,) >. On the other hand, we easily see that ecc(1") = n, 
hence we conclude that rad(Z/,,) = n. 

It remains to determine which vertices besides 1” belong to C(JI,). 
First, ift ¢ V(ZZ,,) contains at least one 2 (in which case, of course, t contains 
at least two 2s), then the above argument implies that eccy, (t) > n, so 
t ¢ C(I). Suppose hence in the rest that ¢ ¢ V(J[,) is a binary (Pell) 
string. In the first subcase assume that t contains two consecutive Os. Let 
t’ be the string obtained from t by replacing two fixed consecutive 0s by 
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22, and by binary complementing all the other bits of t. Then, using the 
argument from the first paragraph again, we infer that dy, (t,t’) >n+1 and 
hence also in this case t ¢ C(JI,,). In the second subcase let t ¢ V(/I,,) be 
a binary (Pell) string which contains no two consecutive 0s. Then we infer 
that ecc7,(f) <n and as rad(J/,,) = n we have t € C(JI,,). We conclude 
that 


C(I) = {t=t1...tn: t; € B,1€ {t;, tis} for ie[n-1]}. 


To complete the proof just observe that C(J/,,) induced a subgraph of I, 
isomorphic to [, because taking the binary complement of each (binary) 
string from C(J/,) yields the vertex set of T,, while the adjacencies are 
inherited. 


Fig. 9.6 shows an example illustrating Theorem 9.20. The center of I, 
is highlighted. Note that it is isomorphic to Ty. As stated at the end of 
the proof of Theorem 9.20, the standard labeling of this [4 is obtained by 
reversing the roles of 0 and 1. 


Fig. 9.6 The Fibonacci cube [4 as a subgraph of the Pell graph [14 


The center of the Pell graph JZ, is thus isomorphic to the Fibonacci 
cube [,,. On the other hand, we also find Pell graphs inside Fibonacci 
cubes as the next result asserts. 
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Theorem 9.21. [80, Theorem 7] [fn >1, then II, is a subgraph of Tan-1- 


Proof. Let n > 1, and define a mapping a on the set V(Z,) = Pn as 
follows. Let p = p1...pn € V(I,) and proceed from left to right by 
replacing each 0 by 10, each 1 by 00, and each substring 22 by 0100. 
Denote the obtained string by p’. For instance, if p = 12200120, then 
p’ = 0001000100 101000010010. Clearly p’ € Bo,. Note that p’ ends by 
0. Define now a(p) to be the string obtained from p’ be removing the last 
0. Then a(p) € Bon-1. Moreover, it is clear by the construction that a(p) 
contains no two consecutive 1s, hence we have defined a mapping 


a: VC) = V(Tan-1) . 


From the definition of a we also infer that a is injective. Hence the theorem 
will be proved by demonstrating that a maps edges to edges. 

Let pq ¢ E(I,), where p = p,...py and q = q1..-Qn. Suppose first that 
p and q differ in one position, say 7. Then we may without loss of generality 
assume that p; = 0 and q; = 1. Then a(p)2i-1 = 1 and a(q)2i-1 = 0, while 
a(p); = a(q); holds for every j € [2n], 7 # 2i-1. Hence a(p) is adjacent 
to a(q) in T2n-1. Suppose second that p and q are adjacent in JZ, because 
pi = Pis1 = 1 and q; = Gi+1 = 2 hold for some i € [n-1]. Then we see that 
a(p)o; = 0 and a(q)2; = 1, while in all the other positions a(p) and a(q) 
are equal. We conclude that also in this case a(p) is adjacent to a(q) in 


Ton-1- 


In Section 6.3 we have seen that a central insight into Fibonacci cubes, 
which allows them to be quickly recognized, is the fact that they are median 
graphs. As it happens, Pell graphs are median graphs as well. One way to 
see this is as follows. 

Let F3,, be the set of Fibonacci strings u of length 2n without a final 
1 such that wu cannot be written as u = v0101w with v and w of even 
length. For example 00101000 belongs to Fg but not 00010100. Let further 
T3,, denote the subgraph of Qa, induced by the strings from F>3,,. Then, 
using the mapping a from the proof of Theorem 9.21, we deduce (see [80, 
Theorem 8]) that IZ, = T3,,. Considering IZ, = T3,, as a subgraph of Qoan, we 
can then proceed along the same lines as we did in the proof of Theorem 6.3 
to establish the following result. 


Theorem 9.22. [80, Theorem 10] H, is a median graph for n> 1. 


Another way to derive Theorem 9.22 is to use the fundamental decom- 
position of IZ,. By induction, I7,-; is median, and hence Hp; O Mp-1 
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is median. But J, can be obtained from JJ,-; O H,-1 by a (peripheral) 
convex expansion and hence, by the Mulder’s convex expansion theorem 


mentioned in Section 6.3.3, I, is indeed a median graph. 

In addition to what we have outlined so far, a number of other interesting 
properties of Pell graphs have been identified. We will present only a short 
list of these properties. 

In [80, Theorem 17] a recurrence for the cube polynomials of Pell graphs 
is determined, leading to corresponding generating functions that can be 
expressed in terms of the so-called Delannoy polynomials. This in turn 
enables to express the number of k-cubes in IJ, as 


HREOC) 


For k = 0 this result implies 
Me fi\(n- 5 
nUh,)= Poa => »(‘)( a, 
i=k j=0 SJ t 
while for k = 1 it yields the following formula for the size of Pell graphs: 
vay BB( 9) 
i 
As a conclusion to this section, we would like to add that in the arti- 
cle [84], Ozer, E. Saygi and Z. Saygi investigated domination parameters of 
Pell graphs along the directions that we presented in Chapter 7 on domina- 
tion in Fibonacci cubes. Among other things, they also used integer linear 


programming there. 
Pell graphs are explored further in Section 9.8. 


9.5 k-Fibonacci Cubes 


For any given k > 0, a variant of Fibonacci cubes called k-Fibonacci cubes 
(or k-Fibonacci graphs) are obtained as subgraphs of Fibonacci cubes by 
eliminating certain edges during the fundamental recursion phase of their 
construction. These graphs have the same number of vertices as Fibonacci 
cubes, but their edge sets are determined by the parameter k. 

The edge elimination which defines k-Fibonacci cubes is carried out at 
the step analogous to where the fundamental recursion is used to construct 
T,, from the two previous cubes by the perfect matching between 10[p-2 
and its copy 001,-2 in OP,-1. The edges in the matching have a natural 
ordering induced by the labels of (either) ends of the edges. In k-Fibonacci 
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cubes, only the first k of these edges are used as link edges, and the others 
discarded. The eliminated edges in I* then recursively propagate according 
to the resulting fundamental construction. We denote k-Fibonacci cubes by 
T* and follow the treatment of Egecioglu, E. Sayg1 and Z. Saygi from [32]. 

Let Tf = and r¥ =Ty. As long as F,, < k, the construction for the 
k-Fibonacci cube [* for n > 2 in terms of '¥_, and I'*_, is identical to 
the construction of the Fibonacci cubes with the same initial graphs, and 
therefore for F,, < k we have [* =T,,. Let ng = no(k) be the smallest integer 
for which F,,, > k. Using the Binet formula for the Fibonacci numbers, it 
can be shown that 


nig = no(k) = 1+ | log (VBk + VB - >| 


where vy is the golden ratio. 
Fig. 9.7 shows the steps of the construction of the k-Fibonacci cubes Tf 
from T¥ and § for k € [3]. 


3.4 3 «4 
> 1 

2 0 1 My 2 0 1 

T =-T! o_o 
aeer i a 7 B-.8 
3° 4 3.4 

2 

Beane | | > 2 fey 
S22 Sia kt V4 "5 ei 
ia =P? oo 5 O O O 
POS OR oe 7 5 6 
3. 4 3. «4 
n= | | > 3 bad 
IT. = T3 o—o—»o d d 
ee oe ae a a 


Fig. 9.7 The construction of re from rs and rs for k =1,2,3 
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9.5.1 Examples for Small k 


For k = 1, the graphs [! are all trees, as shown in the first column of 
Fig. 9.8 for n € {0,1,...,6}. If we think of them as rooted at the all zero 
vertex, then the next tree is obtained by making the root of the previous 
tree a child of the root of the present tree, i.e., by making the previous 
tree a principal subtree of the current one. Note that this is different from 
the usual definition of Fibonacci trees which was defined and studied in 
Section 4.2, where the two previous trees are made left and right principal 
subtrees of a new root vertex. 

The number of vertices in T} is n([n) = Fig. The height h, of I} 
satisfies ho = 0, hy = 1 and hy, = min{hy_-1,1+hy_-2}. Therefore the height is 
given by hy, = [n/2]. Indeed, k-Fibonacci cubes for k = 1 are the “Fibonacci 
Trees” (we have written “Fibonacci Trees” here because this is not about 
Fibonacci trees from Section 4.1) as given in Hsu’s original paper [51]. 

Examples of k-Fibonacci cubes for small n and k are shown in Fig. 9.8. 
For n > 3, I’? consists of F;, — 1 squares (Q2’s, or 4-cycles) glued by their 
edges and F;,; pendant vertices. For n > 4, I’? is constructed from Fy,41-2 
squares and for n > 4, [4 is constructed from 2F,,—3 squares in the manner 
shown in Fig. 9.8. The graphs of '{, and '}3 on 144 vertices are shown in 
Fig. 9.9. 


9.5.2 Basic Properties 


By definition, n([%) = n(T',) = Fase. The size satisfies m(I*) = m(T,) for 
nm <p and the recursion 


m(Py,) = m(Lp_1) + m(Lp_2) + min{k, Fn}. (9.6) 
For n > no, the recursion in (9.6) reduces to 
m(Dy) = m(Pp-1) +m(Dy-2) +k. (9.7) 
Using (9.7) and induction on n, we obtain 
Proposition 9.23. The size of [® is given by 
m(Dh) = (k + m(Png-2)) Fira + (mM(Png-1) — M(Png-2)) Fiza - k, 
where t=n- No. 


By using the classical identity DL, = Fi-1 + Fi41 along with Proposi- 
tion 9.23 and the expression for m(T,) given in Proposition 3.2, the fol- 
lowing closed form is obtained. 
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° ° ° 


hb OG 
Hood 
Hh th eth 
aH BH BS 


Fig. 9.8 The first seven k-Fibonacci cubes Te for k = 1,2,3: the rows are indexed 
n=0,1,...,6 from top to bottom; the columns are indexed with k = 1,2,3 from left to 
right 


Corollary 9.24. If n> no, then m(I*) is given in closed form by 
m(LE) = § (Le + 3F2) M(Pnp-1) + 5 (Le + Fe) m(Prg-2) + (Lt + 2 - Ik 
= - (Mo Fro-1 Lisi + (M0 - 1) Fro Lt+2) + (Fins - Ik, 


where t=n—- 1. 


We note that there is an edge between the vertices ely and «Oy in I* 
if and only if y is either the null-word, or it is the Fibonacci encoding of a 
number in {0,1,...,k-1}. 
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Fig. 9.9 The structure of I’, (top) and P'!3 (bottom 
12 (bop 12 


9.5.3 Degree Polynomials of T® 


For the degree sequence of I'® we need a refinement of Theorem 3.4. Define 
the bivariate degree enumerator polynomial D* (x,y) for T® in which the 
degrees of the & vertices with labels 0,1,...,4-—1 are kept track of by the 
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variable y, while the others are kept track of by the variable x. Thus 


" k-1 2 Fy42-1 é 
Dey) = Sy OS a 
i=0 i=k 


where d; is the degree of the vertex labeled 1. This polynomial can be 
seen as a refinement of the boundary enumerator polynomial D,,9 given 
in [94, Section 3). 

As examples we have D3(z,y) = y*+y+a and D3(z,y) = y?+y?+2x7 42. 
Using D3(x,y) and D3(x,y) we can now develop D7(x,y) as follows: By 
the definition of 7 there are k = 2 link edges between T'3 and ['3. The 
first one is the edge between the vertices labeled 0 € 3 and 0 ¢ 3, whereas 
the second one is the edge between the vertices labeled 1 ¢ [3 and 1 € T3. 
Therefore, only the degrees of these first 2 vertices in Tr and first 2 vertices 
in [3 increase by 1 in ['7. The degrees of the other vertices remain the 
same. The vertices labeled 0,1 ¢ Ij are the vertices 0,1 €T'3 whose degree 
information in D7(x,y) should be kept track of by the variable y. This 
means 


D3 (x,y) = yD3(0, y) + D3(x,0) + xD3(0,x) + D3(x,0) 
=y*+y?4+a° + 307420. 


By generalizing the above idea for fixed k, one obtains the following result 
on degree enumerator polynomial D* (x,y) for T*. 


Theorem 9.25. Assume that DE _s(#,y) = Pno-1(Y) + Ano-1(@) and 
DE _9(2,Y) = Pno-2(Y) + Ino-2(x). Then the degree enumerator polynomial 
D* (x,y) for T* satisfies the recursion 


DE (x,y) = y** ppg_1(y) + Fis2dng-1(2) + Fes dn-2(2) 


t 
+ Fis1£Dng-2() + LPno-1(2) >, Fei" 
i=0 


forn>no witht=n-nQ9. 


Using Theorem 9.25 with the initial conditions from Theorem 3.4 we obtain 
the following special cases. 


Corollary 9.26. For k € {1,2,3} the degree enumerator polynomials 
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DE (x,y) forT® are given by 


n-1 ‘ 
Di(a,y) = y" + Friv+ DF.’ 
1=2 
9 1 n-1 : 
Dy (24) = y” a ye + Py-12 + a ye Ko 
1=2 


n-2 : 
Di(z,y) = yey + y+ a? + Ene? +2 Yo Fae’. 
1=3 


9.5.4 Number of Hypercubes in T® 


In this section we count the number cq(I*) of d-dimensional hypercubes 
Qa induced in TX. We know that for d = 0 and d = 1 these numbers are 
equal to the order and size of I* respectively. 

We first consider the number of squares (Qys) in I, i.e., the case where 
d= 2. 


Definition 9.27. Let Z(i) denote the number of 1s in the Zeckendorf rep- 
resentation of 2 for 7 > 0 and define for m > 0, the partial sums 


P(m) = Y Zi). 


These sequences start as 
0,1,1,1,2,1,2,2,1,2,2,2,3,1,2,2,2,3,2,3,3,1,... 

for Z(i) and 

0,1, 2,3,5,6,8, 10, 11,13, 15,17, 20, 21, 23, 25, 27, 30, 32, 35, 38, 39,... 
for P(m). 

Let S(n) = c2(T',) denote the number of Qes inT,, and S;,(n) = c2(T*) 
denote the number of Qs in I for k > 2. From [58] we know that 

S(n) = 3 ((5n+1)(n- 2)F, + 6nF,_2) 

For n < no we have $;(n) = S(n). By the fundamental decomposition of 
T*, the number of Qzs in I is the sum of three quantities: the number of 
Qes in Pica the number of Qes in es and the number of Qes that are 
created by the addition of k link edges between [*_, and ['k_, involving 
the vertices with labels 0,1,...,4-1. 

The number of Qgs of the last type above is equal to the size of the 
subgraph of ce induced by the first & vertices 0,1,...,4-1. 


Lemma 9.28. The size of the subgraph of ® induced by the first k vertices 
0,1,...,k-1 is P(k-1). 
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Proof. For a vertex i in I* with i ¢ {0,1,...,k-—1}, switching a 1 in the 
Zeckendorf representation to a 0 gives an adjacent vertex to? in {0,1,...,k- 
1}. So z has Z(%) neighbors in the subgraph induced by the vertices 0 
through k - 1. Summing the contributions over 7 gives the lemma. 


It follows that S;,(n) satisfies the recursion 
Sx (n) = S,(n—- 1) + Sy (n- 2) + P(K-1). (9.8) 
Using (9.8) and induction on n we directly obtain that for n > 
Sk (n) = (P(k-1) + S(no - 2)) Fiss (9.9) 
+ (S(mo - 1) - S(no - 2)) Fra - P(k- 1), 
where t = n—- No. 
Numerical values of the number of Qos for small values of & and n can 
be found in Table 9.2, where the entries given in boldface are the number 
of Qos in the Fibonacci cube I, itself. Note that this sequence for n > 0 is 


0,0,0,1,3,9, 22,51, 111, 233, 474,942,..., and these numbers are the triple 
convolution of the Fibonacci numbers. 


k\n |} 3] 4 | 5] 6 7 8 9 10 Closed form no(k) 
2 1 2|4 7 12 20 33 54 Fn-1+ Fn-2-1 4 
3 1| 3 | 6 11 19 | 32 53 87 3Fn-2 + 4Fn-3 - 2 5 
4 1|3 | 7 13 23 | 39 65 107 4Fy-2 + 4Fn-3 -3 5 
5 1/3 {9 17 31 53 89 147 8Fn-3+12Fp_4-5 6 
6 1/3 ;]9/] 18 | 33 | 57 96 159 9Fn-3 + 12Fp_4-6 6 
7 1/3 | 9] 20 | 37 | 65 10 | 183 11F,-3 + 12F,_-4 -8 6 
8 1/3 |]9/] 22 | 41 73 24 | 207 19F,,-4 + 31F,-5 — 10 ti 
9 1/3 |9] 22 | 42 75 28 | 214 20Fp—4 + 31Fp-5 - 11 7 
10 1/3 |9] 22 | 44 | 79 36 | 228 22Fy-4 + 31Fy-5 - 13 7 
11 1/3 |9] 22 | 46 | 83 44 | 242 24Fp_4 + 31Fy-5 - 15 7 
12 1|3)9 | 22 | 48 | 87 52 | 256 26Fn—4 + 31Fp_5 - 17 7 
13 1/3 | 9] 22 | 51 | 93 64 | 277 42Fy-5 + 73Fy-6 — 20 8 
14 1/3 |9] 22 | 51 | 94 66 | 281 43Fy-5 + 73Fy-6 - 21 8 


Table 9.2 Counting Qes in T* 


Let ca(I*) denote the number of Qg in TX. Then c,(I*) = m(T*) and 
co(T*) = $;(n) as they appear in (9.6) and (9.8), respectively. Let Pi(k - 
1,n) denote the number of Qq contained in the subgraph of I® induced 
by the vertices with labels 0,1,...,4-—1. Note that with this notation, 
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P,(k-1,n) = P(k-1) as it appears in recursion (9.9) and Po(k-1,n) =k, 
as it appears as the non-homogeneous part of recursion (9.7). 


Proposition 9.29. cq(I*) satisfies the recurrence relation 
ca(Pn) = ca(n-1) + ca(Un-2) + Pa-a(k - 1), 


where 


k-1 . 
Py-1(k-1) = > i . 
Proof. There are three types of Qy that contribute to cg(T*): those com- 
ing from Tk _,, kK ,, and the ones formed by the k 
link vertices used in the construction of [¥. The d-dimensional hypercubes 
of the last type are counted by the number of (d- 1)-dimensional hyper- 
cubes contained in the subgraph of P¥_, induced by the vertices with labels 


0,1,...,4-1. For any of these vertices i we need to select d— 1 ones among 


those coming from I 


the Z(i) ones in i. Then by varying these d—1 ones we obtain 27! vertices 
with labels in {0,1,...,4-1} each giving a (d—-1)-dimensional hypercube in 
rk_,. Therefore, a simple generalization of Lemma 9.28 gives the number 
of such hypercubes as 


Pa-i(k-1,n-1)= > Cs) ; 


We can denote the above quantity as Pa_1(k-1) as the sum on the right 
does not depend on n. This completes the proof. 


The number of Qq in [, and its q-analogue are determined in Theo- 
rem 5.3 and Proposition 5.20, respectively. Using these result we have the 
following 


Corollary 9.30. Let cq(T,) denote the number of Qa inTy. Then ca(Tn) 
is given explicitly by 


ntl 


care (°F YC 


ied a 
In particular, we have the formulas for the first few dimensions d as follows: 
e([,) = mM(Tp) = 5 (2(n+ 1) Fy + Frys), 
c2([n) = S(n) = 3 ((5n + 1)(n-2)F, + 6nFy-2), 


c3([n) = pegn(n - 2) (4(n - 4) Fr_3 + 3(n - 3) Fa) - 
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Using Corollary 9.30 and by solving the recurrence relation satisfied 
by ca(I*) given in Proposition 9.29 by induction, similar to the case of 
Proposition 9.23 and (9.9), we obtain 


Theorem 9.31. Let cq(T'*) denote the number of Qa in TK. Then 


can) = (Pia(k - 1) + ca(Ung-2)) Firs 
te (collet) = cg yee) Prue  Paei(k <1); 


forn>no witht =n-—no, where ca(Tn) is the number of Qa inTn. 


9.5.5 Diameter and Radius 


The diameter and the radius of I* are directly related to the same prop- 
erties of the Fibonacci cubes themselves. We start by noting the following 
nested structure of k-Fibonacci cubes. 

For non-negative integers n and k we know that [® can be obtained 
directly from [,,. It is either equal to T,,, or for n > no, it is obtained from 
T,, by removing certain edges. Furthermore, for n > no, ae can also be 
obtained from I'**! by removing edges. Therefore 


[hea er eer (9.10) 


I), is a tree with root 0” (the vertex with integer label 0). It follows that 
for u,v«¢ V(T}) 

d(u,v) < d(u,0") + d(v,0") = [uli + luli. (9.11) 
We have diam(T,,) = n as given in [51]. For n < ng we have diam(I*) = 
diam(T’,) = n. For n > ng, we know that I* is a subgraph of T,,, the 
vertices of [® and I, are the same and I has fewer edges. Therefore, 


diam(I) > diam(I,,) =n. On the other hand, using (9.10) and (9.11) for 
any u,ve V(X) we have 


d(u,v) < d(u,0”) + d(v,0") = Juli + lula <n. 
Therefore, we have diam(I*) = n. 


By a similar argument one can show that the radius of I is equal to 


the radius of [,, which is obtained in [82] as | }]. 


9.5.6 Domination-Type Invariants 


Using the definition of IX and the recursion Tk = O*_, + 10P*_, the fol- 
lowing bounds on 7(I*) and y%;(T'*) can be obtained. 
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Theorem 9.32. [33, Theorem 4.1] [fn and k are positive integer, then 
a(TS") <TR) Sp) + (Ph), and 
eT SED SE) FE) 


Proof. By the definition of k-Fibonacci cubes, ry can be obtained from 
r**! by removing certain edges. This means that a (total) dominating set 
for I is also a (total) dominating set for P**!, which gives y(T**") < y(T*) 
and 44(PR*") < (TR). 

Consider the fundamental decomposition of '* into the subgraphs in- 
duced by the vertices that start with 0 and 10, which are isomorphic to the 
graphs ['*_, and I'k_,, respectively. We have y(I*) < y(T*_,) + y(T*_2) 
and 9(Ph) < ¥4(Pn-1) + ¥¢(Ph-2)- 


Next we use the integer linear programming formulation used in [8,54 
that we described in Section 7.1 to obtain 7(T,) and y%(T',). We recall that 
if each vertex v € V(I*) is associated with a binary variable 2,, then the 
problems of determining y([*) and 7;(I'*) can be expressed as a problem 
of minimizing the objective function 


Ly 
veV (TE) 


subject to the following constraints for every v ¢ V(I*): 


>> -&q > 1 (for the domination number), 
aeNpx [v] 


La 21 (for the total domination number). 
ae Nyx (v) 


The optimal value of the objective function gives 7([*) and 7;(T*) 
respectively. The values in Table 9.3 and Table 9.4 are taken from [33]. 

Using Theorem 9.32 and the results in Tables 9.3 and 9.4, the following 
upper bounds on 7(I'*) and 7,(*) can be obtained. 


Corollary 9.33. [33, Corollary 4.2] We have the following upper bounds 
on (UR). 


(i) Ifn 213 and ke {1,2}, then 7(T*) < Fy. 

(it) If n>13 and k « {3,4}, then y(T*) < 42F,,-8 - 16Fy-10. 
(iti) Ifn>13 and k=5, then y(T*) < 37Fy_-g — 14Fy-10- 

(iv) Ifn>13 and k€ {6,7,8}, then y(UE) < Fy-1. 

(vu) Ifn>13 and k € {9,10,11}, then y(U*) < 32F,-s -12Fn-10. 
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k\n 1 | 2 3 4 5 6 7 8 9 10 11 12 
1 2 5 8 13 | 21 | 34 55 89 | 144 
2 3 5 8 13 | 21 | 34 55 89 | 144 
3 4 6 10 | 16 | 26 42 68 | 110 
4 4 6 10 | 16 | 26 42 68 | 110 
5 6 9 14 | 23 37 60 97 
6 5 8 13 | 21 34 55 89 
7 5 8 13 | 21 34 55 89 
8 8 13 | 21 34 55 89 
9 8 13 | 20 32 52 84 
10 8 13 | 20 32 52 84 
11 8 13 | 20 32 52 84 
12 8 12 | 19 31 50 81 


Table 9.3 Known domination numbers y(I'®) of k-Fibonacci cubes 


k\n 1} 2 3 4 5 6 7 8 9 10 11 12 
1 2 3 5 8 13 | 21 | 34 55 89 | 144 
2 3 5 8 13 | 21 | 34 55 89 | 144 
3 5 8 13 | 21 | 34 55 89 | 144 
4 5 8 13 | 21 | 34 55 89 | 144 
5 7 10 | 16 | 26 42 68 | 110 
6 7 10 | 16 | 26 42 68 | 110 
7 7 10 | 16 | 26 42 68 | 110 
8 10 | 15 | 23 37 60 97 
9 10 | 14 | 22 36 58 94 
10 10 | 14 | 22 36 58 94 
11 10 | 14 | 22 36 58 94 
12 10 | 14 | 22 35 57 92 


Table 9.4 Known total domination numbers 7;(I%) of k-Fibonacci cubes 


(vi) Ifn>13 and k > 12, then 7(T*) < 31Fy,_-g —12Fy-10. 


Proof. We give the proof only for the case k € [2] and note that the same 
proof is valid for all of the other stated cases. From Table 9.3 we know 
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that 7([?,) = Fi. and (I?) = Fi2 where k ¢ [2]. Then for n > 13, using 
Theorem 9.32 we have 7(I*%) < y(T*_1) +y(V¥_2) < Fh. 


Corollary 9.34. [33, Corollary 4.3] We have the following upper bounds 
on y:(T*). 


(i) Ifn>13 and ke {1,2,3,4}, then %(T%) < Fh. 
(ii) Ifn>13 and k«¢ {5,6,7}, then y(T*) < 42F,-s — 16Fn-10- 
(iti) Ifn>13 and k =8, then y:(T*) < 37Fy-8 - 14Fy-10- 
(iv) Ifn>13 and k € {9,10,11}, then %(T*) < 36F,-s - 14F-10- 
(v) Ifn>13 and k > 12, then %(T*) < 35Fy-g — 13Fy-10- 


The exact values of domination and total domination numbers of I for 
k€ {1,2} can also be determined. 


Proposition 9.35. [33, Proposition 4.4] If n > 2 and k € {1,2}, then 
VPS) = 4(Cn) = Fa. 


9.6 Fibonacci-run Graphs 


Another set of binary strings which are counted by Fibonacci numbers are 
those with a restriction on the runlengths. Induced subgraphs of the hy- 
percube on the latter strings as vertices define Fibonacci-run graphs. These 
were introduced and studied by Egecioglu and Irsié [30,31]. Fibonacci-run 
graphs have the same number of vertices as Fibonacci cubes, but fewer 
edges and different graph theoretical properties. 

We start by noting that a Fibonacci cube can equivalently be defined 
by adding 00 to the end of the binary representation of every vertex, essen- 
tially embedding [, into Qn+2. We can call such binary strings extended 
Fibonacci strings. Actually, in an extended Fibonacci string, the rightmost 
zero corresponds to the Fibonacci number fg and the second to last zero 
corresponds to f; in the encoding of the Zeckendorf representation of Sec- 
tion 1.5. Here fp is not needed since it is zero, and f; is not used to preserve 
the uniqueness of the representation. We call this representation with the 
two additional 0s the extended Zeckendorf representation. 

With this interpretation 


V(Tn) = {w00 | we Fy} 


and two vertices are adjacent if they differ in exactly one coordinate. Ex- 
tended Fibonacci strings together with the null-word A and the singleton 
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0, are generated freely (as a monoid) by the infinite alphabet 
F = {0, 100, 10100, 1010100, ...}. 


This means that every v ¢ V(T,,) can be written uniquely as a concatenation 
of zero or more strings from F’. 

We now consider run-constrained binary strings, which are strings of 0s 
and 1s in which every run of 1s is immediately followed by a strictly longer 
run of 0s. Such run-constrained strings, together with the null-word and 
the singleton 0, are generated freely by the letters from the alphabet 


R = {0, 100, 11000, 1110000,...} (9.12) 


Note that run-constrained strings of length n > 2 must end with 00. 
The Fibonacci-run graph R,, is defined as follows: 


V(Rn) = {w00: w00 is a run-constrained string of length n + 2}, 
E(Rn) = {{u00,v00} : H(u,v) = 1}. 


Clearly, R, is a subgraph of Qn+2, but it is more natural to see it as a 
subgraph of Q,, (after suppressing the tailing 00 in the vertices of R,,). We 
can view the vertices of a Fibonacci-run graph without the trailing pair of 
ZEYOS as 


V(R») = {w: w00 is a run-constrained binary string of length n+ 2}. 


This is the same kind of a convention as viewing I’, as a subgraph of Qn+2 
if we think of the vertices as extended Fibonacci strings, or as a subgraph 
of Q, as usual by suppressing the trailing 00 of the vertex labels in the 
extended Zeckendorf representation. 

Additionally, we define Ro = Ky, its only vertex corresponding to the 
label 00, which after the removal of the trailing pair of zeros corresponds 
to the null-word. 


9.6.1 Order and Decomposition 


Lemma 9.36. [30, Lemma 3.1] [fn>1, then n(Rn) = Frio. 


Proof. It suffices to provide a bijection between vertex sets of [, and 
Rr. For the purpose of this proof, we view both vertex sets with addi- 
tional 00 at the end of each string. First define ®: F > R by setting 
((10)'0) = 1°0'*! for i> 0, and then extend ® to full words via the unique 
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factorization. So for example, starting with the extended Fibonacci string 
w = 10010100001010100100, 


®(w) = ((100)(10100)(0)(0)(1010100)(100) ) 
= (100) (11000) (0)(0)(1110000) (100) 
= 10011000001110000100. 
This clearly yields a bijection, thus n(R,») = n(Tn) = Fnsa- 


Corollary 9.37. [30, Corollary 3.2] The number of vertices in Ry, of Ham- 
ming weight w, 0< w<[n/2] is oe) : 


Proof. The bijection ® preserves the number of 1s in a string. Therefore 


the corollary is a consequence of Proposition 3.1. 


There is a certain decomposition of the Fibonacci-run graphs. It is 
shown in [30, Lemma 4.1] that V(R,,) can be partitioned as 
eed 2Aln/2 
LOY (Ry-(aee1)) UUI"/lol"71V (Ro) 
k=0 
so that R,, contains the following graphs as subgraphs 
ORn-1, LOOR»-3, 11000R,-5,1110000R n-7,... 


The last graph in this sequence is 1” o"R, ifn = 2m, and 17-10" Ro if 
n= 2m-1. We augment this list by one more subgraph of R,, consisting 
of a single vertex: 10™Rg if n = 2m, and 10"! Ro if n =2m-1. If we 
denote this partition into subgraphs with +, then we obtain the following 
for ne [8]: 

Ry, =0Ro + 1Ro 

Re =0R1 + 10Ro 

R3 =O0R2 + 100Ro + 110Ro 

R4 = 0R3 + 100R1 + 1100Ro 

Rs =0R4 + 100R2 + 11000R + 11100Ro 

Re = ORs + 100R3 + 11000R, + 111000Rg 

R7z = O0R¢ + 100R4 + 1100072 + 1110000Ro + 1111000Ro 

Rg =0R7 + 100R5 + 1100073 + 1110000R, + 11110000Ro 
Fibonacci-run graphs R,,...,R5 and their decompositions as indicated 


above are shown color-coded in Fig. 9.10. A schematic representation of 
the decompositions of Rg and R7 appears in Fig. 9.11. 
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100 110 


0 1 10 00 01 001 000 010 


10001 


00001 va 
10010 F 10000, | 


0010 0110 01001 
11000 
0001 70000 0100 00010 700000 101000 
11100 
1001 1000 1100 00110 00100 01100 


Fig. 9.10 The graphs Rn, for n € [5], with their decomposition schematically shown 
using colors. As an example, in Rs = OR4 + 100R2 + 11000Rp + 11100R 0, the induced 
subgraphs R4, R2, Ro, and Ro of the decomposition from left to right are shown using 
the colors red, green, blue, and yellow, respectively 


9.6.2 Size 


We have the first few sizes by inspection: m(R1) = 1, mM(R2) = 2, m(Rs) = 
5, and m(R4) = 10. For n> 5, we can use the decomposition to obtain 


[n/2]-1 [n/2]-1 
m(Rn) = >. M(Ry—-(2k+1))+2(Rn-3) +2 > N(Rn-(2k+1)) +2. (9.13) 
k=0 k=2 


Lemma 9.38. [30, Lemma 4.2] Ifn>4, then 
M(Rrn) = M(Rn-1) + M(Rn-2) + Fy-1 + Fy-3 - 


Proof. Set e, = m(R,). If 27, we can use the recursion from (9.13) for 
n and n-— 2: 
[n/2]-1 
En = En-1 + s, €n—-(2k+1) + n(Rn-3) + 2n(Rn—s) 
k=l 


[n/2]-1 
+2 » n(Rn—-(2k+1)) +2 
k=3 


= €n-1 + Fn-1 + Fn-3 + €n-2, 
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1*000R, 11*000Ro 
100k3 —————— 11000R,; ————— 111000?o 


*1000R4 


*00R3 *11000Ro 


ORs 


1*000R2 11*0000Ro 111*000Ro 
100R4 —————— 11000R2 1110000Ro 1111000Ro 


*1000R2 *110000Ro 
*00R4 *111000Ro 
OR 


6 


Fig. 9.11 The decomposition of Rg (above) and R7 (below). The edges are symboli- 
cally marked with the lines indicating the edges present between the parts 


where we used n(Rp) = Frni2. For n € {4,5,6}, we can determine e,, 
from (9.13), and directly check that e, = €n-1 + €n-2 + Fn-1 + Fn-s. 


Note that the result of Lemma 9.38 can be simplified to m(R,) = 
M(Rn-1) +M(Rny-2) + Ln-2, where Ly-2 is the Lucas number. This com- 
pares nicely to the expression m(T,) = m(Ty-1) + M(En-2) + Fn, which 
follows directly from the fundamental decomposition of T,,. 


Corollary 9.39. [30, Corollary 4.3] Ifn>5, then 
MRy) = M(Tr) -— M(Tn-4) = (82 + 4) Fp-6 + (52 + 6) Fp-s - 


It would be satisfying to find a proof of this difference result for the 
size combinatorially, without using the decomposition of R,,. Note that 
the count of edges shows that [,, and RR, are never isomorphic for n > 5 
as noted in [30, Corollary 3.4]. It is also known that R, is a partial cube 
if and only if n < 6 [30, Proposition 8.1] and it is not a median graph for 
n>od. 


Downloaded from www.worldscientific.com 


Variations on Fibonacci Cubes 223 


9.6.3. Diameter 


Determining the diameter of Fibonacci-run graphs turns out to be a rather 
difficult task. Clearly, diam(R,) = n for n € [4]. The exact values of 
the diameter computed by brute force in [30] are shown in Fig. 9.12 for 
n< 30. Using the computer, the following values were also obtained in [80]: 
diam(R,,) =n-1 for 5<n< 18, and diam(R,,) =n-2 for 14< n< 22. 

We start with the following lemma. 


Lemma 9.40. (30, Lemma 5.1] If n = 3(r? + 3r- 2), then diam(R,) > 
r-l1 
n-["]. 
Proof. It suffices to find two vertices u,v ¢ V(Rp) with d(u,v) =n-|*]. 
If r is even, take 
u= 1071304 ie: qr-toryr/2gr/2t1 ; 
P20FO 1 0 107, 
where the trailing 00 in the representation of the vertices is not omitted. 
In this case, 


n=14+2+--+r4(r-1) = 4(r? +3r-2), 


d(u,v) =1+24—-4r4 5 n (; 1) n |. 


2 2 
If r is odd, then we take 


u = 107130*...170"*1, 
v= 0170214 ah ory rt)/2-1o(r+t)/2+1 F 
where again the suffix 00 is not omitted. In this case, we get 
n=14+2+--+rt+(r-1)= $(r? + 3r-2), 


(u,v) = 1424s ‘5 eee 


Corollary 9.41. [30, Corollary 5.2] [fn = }(r?+3r-2), then diam(R,,) > 
n- ae 


Proof. This can be verified simply by checking that Je > > eae 


Theorem 9.42. [30, Theorem 5.3] Ifn>1, then diam(R,) >n- V2n. 
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Proof. If n = 3(r? + 3r- 2) for some integer r, then the result holds. 
Otherwise, we have 


1/2 1 2 
ar Pan = 2) cops Sirs Ly tre 2), 
which implies 


n= 4(r?+3r—2) +6, with l<éd<r+l1. 


We again aim to construct vertices u,v € V(Rp) which differ on at least 
n—-\/2n coordinates. The idea is to extend the last run of r +1 zeros in u 
or v from the proof of Lemma 9.40, and add the maximum allowed number 
of 1s followed by appropriate number of Os in the other vertex. 

If r is even, then let 


un 102 1304 es yr-lorz[+r-1)/21gl(+r+3)/2| 
v= 0170214 ae or-tyrostrtt 
while if r is odd, let 


Cee gi Uae bk Cilicg 
v= 0120714 ae or yf (o+r-1)/219l+r+3)/2] 4 


In both cases, we obtain 


n=1l+2+--¢r+(rt+d-1) = $(r? + 3r-2)+6, 
| 
. : 


(uv) =1424+-4r4[ 92) <n | 


Now it suffices to prove that n- | 3 | >n-V2n. This holds, if we 
can prove that V2n > “8-1, with n = $(r? + 3r - 2) +6 for some r > 1, and 
1<6<r+l. But since 6 > 1, we have /2n > Vr? + 38r>r, and since 6 < r+l1, 


we get eee t <r. Thus /2n > ae and indeed d(u,v) >n—-V/2n. 


The exact values of diam(R,,) together with the corresponding values of 
the lower bound of Theorem 9.42 are shown in Fig. 9.12. We see that in the 
range given, the values for n = 4,8, 13,19, 26 corresponding to r = 2,3,4,5,6 
of Lemma 9.40 are actually exact. Based on this observation and the values 
in Fig. 9.12, it is conjectured in [30] that 


diam(R,) =n- | /i+5- ;| : 
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Fig. 9.12 The exact values and the lower bound given by Theorem 9.42 for diam(Rn ) 
for n < 30 


9.6.4 Hamiltonicity, Radius and Center 


Since R,, is bipartite, it can only be Hamiltonian if both parts are of equal 
cardinality. Let A,, denote the number of vertices of even Hamming weight 
minus the number of vertices of odd Hamming weight in R,. Using Corol- 
lary 9.37, 

( 1 if n=0,5(mod6), 

An = 0 if n=1,4(mod6), 

L-l if n=2,3(mod6). 
Therefore if n #1 (mod 3), then R,, cannot contain a Hamiltonian cycle. 

Based on the decomposition in Fig. 9.11 and computational evidence, it 
was conjectured in [30] that R,, is Hamiltonian if and only ifn = 1 (mod 3) 
and that every R, has a Hamiltonian path. 

It turns out that the Hamiltonian path problem can be approached 
using Gray codes, and has recently been resolved by Baril, Kirgizov and 
Vajnovszki [11]. We record this result as Theorem 9.43 and refer the reader 
to the original paper for the proof. 


Theorem 9.43. [11, Corollary 8] Every Fibonacci-run graph has a Hamil- 
tonian path. 


As a consequence of Theorem 9.43 we have 
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Corollary 9.44. [30, Corollary 9.3] If n> 1, then a(Rn) = [$Fns+2]- 


Another conjecture in [31] on the determination of the radius of R, was 
settled recently by Wei [114], who also determined the center C(R,). 


Theorem 9.45. [114, Theorem 3.5] The radius and the center of Rn are 
given by rad(Rp) = [=] and C(R»y) = {0"} Un, where 


2 
@ if n is even. 


7 (orn :0<t<% 1} if nis odd, 


9.6.5 Up-Degrees and Down-Degrees 


Since each neighbor of v € V(R,,) is obtained either by changing a 0 in v 
into a 1 or by changing a 1 in v into a 0, we can distinguish between the 
up-degree deg,,,(v), and down-degree degaown(v) of the vertex v. The first 
is the number of up-neighbors of v while the second is the number of down- 
neighbors of v. Clearly, deg(v) = deg,,,,(v) + degaown(v)- Note that in Rn, 
deggown(v) is not necessarily equal to the Hamming weight of v because of 
the constraints on the run-lengths that must hold. 

We keep track of the degree sequences of our graphs R,, as the coef- 
ficients of a polynomial. This polynomial is called the degree enumerator 
polynomial of the graph. The coefficient of x in the degree enumerator 
polynomial is the number of vertices of degree 7 in R,. Similar polyno- 
mials are defined to keep track of the up- and down-degree sequences as 
well. 

The nature of the distribution of the up-degrees and the down-degrees 
are most easily seen from the Hasse diagram of R,, for which deg,,,,(v) and 
deggown(v) are simply the number of edges emanating up and down from 
vVERn, respectively. 

Using the variable d to keep track of the down-degrees and u to keep 
track of the up-degrees and using Fig. 9.13, the down-degree enumerator 
polynomial of Ry is given by 


1+4d+3d?, (9.14) 

and its up-degree enumerator polynomial by 
3+2ut2u?+ut. (9.15) 

The degree-enumerator polynomial of 74 is 


5a? +203 + 2%. (9.16) 
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0110 1001 1100 
0001 0010 0100 1000 


0000 


Fig. 9.13 The Hasse diagram of the Fibonacci-run graph R,4 viewed as a partially 
ordered set 


First, we consider the generating function of the down-degree enumer- 
ator polynomials for R,. 


Proposition 9.46. [30, Proposition 7.1] The generating function of down- 
degree enumerator polynomials of Fibonacci-run graphs is 

Tet Fh dttiown(e) - t(1+d+ dt +(d? -1)t? + d(d-1)t? + d(d-1)t*) 
1-t-t?-(d-1)t?-d(d-1)t® 


n21 VERn 


Proof. We first consider the contributions of the strings from the alphabet 
R of (9.12). The string 100 contributes dt?, but longer strings 1*0**! of 
length n contribute d?t”, since both the first and the last 1 appearing can 
be switched to 0. Thus keeping track of the total length as the exponent 
of t, the strings from R give 

ce 

1-2? — 

Therefore the generating function of the free monoid, which includes ver- 
tices V(R,»),n > 1, is 


t+dt3+d°t°4+ dt? +--=t4+ dt? + 


1 


1-t-d- £50 
From this we need to subtract the terms 1,t,t?, which correspond to the 
null-word, 0 and 00 respectively. This gives 


1 cee (1+d+dt+(d -1)t? + d(d-1)# + d(d-1)t*) 


1-t-de- 4 1-t¢-#2-(d-1)#8-d(d-1)t 
Finally, we divide by t? to effectively shorten the length by 2 and get rid of 
the contribution to the length of the last two zeros in each run-constrained 


string generated to obtain the desired result. 
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First few terms given by the generating function in Proposition 9.46 are 
(1+ d)t+ (1+ 2d)t? + (1+3d+d?)t? + (1+ 4d+3d?)¢* 
+ (14+ 5d+ 7d7)t? + (1+ 6d + 12d? + 2d*)t® + --- 
Since the sum of down-degrees of the vertices in R,, is the total number 
of edges, we can obtain the generating function of the sequence (m(R»))nz0 


by differentiating the expression in Proposition 9.46 with respect to d, and 
then setting d= 1. 


Along similar lines we obtain 


Proposition 9.47. [30, Proposition 7.2] The generating function of up- 
degree enumerator polynomials of Fibonacci-run graphs is 

rey yup (0) = t(1+u—-(u-—2)t- ut? + ¢3 - (u-1)t° - (u-1)#°) 
1—ut — 2t2 + (Qu-1)t? + t4- (u-1)t8 + (w-1)t7 


n21 VER n 


First few terms of the power series expansion of the generating function 
in Proposition 9.47 are 


(14+ u)t+(2+u7)t? + (24+ 2u4 u)t3 + (3+ 2ut Qu? + u*)t4 


+ (5+ 2u+3u? +2u3 4 u?)t? + (6+ 6ut Qu? + 4u + Qu* + u®)t% + 


9.6.6 q-Cube Polynomial 


Proposition 9.46 can be used to compute the generating function of the 
q-cube polynomials Cr, (x, ¢). 


Proposition 9.48. [30, Proposition 8.2] > Cr,,(x,¢q)t” is given by 
n21 
t(l+q+a+(qta)t+((q+x)?-1)t?+(qt+a)(qtu-1)t?+(qt+2)(q+2-1)t*) 
1-t-#-(q+ax-1)#-(q+2)(q+2-1)t° : 


Proof. To each hypercube Q, in Ry, we associate the monomial g@z*, 
where d is the distance of the Q; to the all zero vertex 0” € V(R,,). For 
every vertex v € R,, select k 1s in its string representation that can be 
replaced with a 0. Note that the number of such 1s is at most deggoun(v)- 
By flipping these 1s to Os in all possible ways, we obtain the vertices of a 
copy of Q, in Ry. The distance of this hypercube to 0” is w -—k, where 
w = |v|, is the Hamming weight of the vertex v. So from every vertex of 
Hamming weight w and down-degree r, we obtain () different copies of 
Qz, with the associated monomial q”-*x* for each. 
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The generating function can now be obtained from Proposition 9.46 by 
replacing each d" that appears in the series expansion by (q+ x)”. The 
reason for this is that the term d” arises from a vertex v with down-degree 
r, and its contribution to the monomials making up the generating function 


1S 
r 


y (Fata ee 


k=0 
Thus this replacement is the same as if we replace d by q+ in the generating 
function in Proposition 9.46, and this substitution gives the generating 
function of the proposition. 


The coefficients of the generating function in Proposition 9.48 for n € [6] 
are 
1l+q+2, 
1+2q+ 22, 
1+3q+q47+(3+2q)x+ 27, 
1+4q+3q? + (4+ 6q)x + 32”, 
14+5q+7q? + (5+14q)r+ 7x”, 
1+ 6q + 12q? + 2q? + (6 + 24q + 6q7)a + (12 + 6g) x? + 203. 
So for example, the term (12 + 6q)x? in the last polynomial in this list 


indicates that in Rg, there are 12 squares (Q2’s) that contain the all zero 
vertex, and 6 squares whose distance to the all zero vertex is one. 


9.6.7 Up-Down Degree Enumerator Polynomial 


The bivariate up-down degree enumerator polynomial of R,, is 
ys ySeSup(%) gdegaown (Y) - 
VERn 
For example, for n = 4, this polynomial is 


3d? + 2du+ 2du? + u4, (9.17) 


as can be verified by inspecting Ry in Fig. 9.13. The polynomial in (9.17) 
specializes to (9.14) for wu = 1, to (9.15) for d = 1, and to (9.16) for u = 
d= «2. Thus the generating function of the up-down degree enumerator 
polynomials for R,, would give Proposition 9.46 and Proposition 9.47 as 
corollaries, and provide the generating function of the degree enumerator 
polynomials itself for u = d =a. The derivation of this general case is of 
was studied in detail by Egecioglu and Irsié in [31]. 
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We can only give the main results of [31] without proof here. The proofs 
make use of the elements formal languages of Chapter 2 and rather intricate 
generating function arguments. 

We recall that the generating function of the sequence of the up-down 
degree enumerator polynomials is defined as 


GF=-y"y yteSup(%) qtesaown(Y) 


n21 vERn 
(where the dependence on u,v and t on the left is supressed). 
Theorem 9.49. [31, Theorem 5.1] The generating function of the up-down 


degree enumerator polynomials of the graphs Ry, is given by GF = Num/Den 
where 


Num = (d+ u)t - d(u-—2)t? + (d? - d-2u)t® - (d-2)d(u-2)¢* 
~(d-1)(u-d+du)t? — d(d+u-2)t® + d(1 — 2d + 2d? + du - 2d?u)t" 
2(d-1)d?(u—1)¢2 - (d-1)d?(d + 1)(u—-1)t? - (d-1)?d?(u- 1)t"” 
~(d-1)?d?(u-1)t"’, 


and 


Den = 1 - ut — 2t? + (2u—d)t3 + t4 + (2d- d? -— u)t? + d(du-1)t" 
+2(d—1)d?(u-1)t? + (d-1)?d?(u-1)t"?. 


The generating function given in Theorem 9.49 indeed specializes to the 
generating function of the down-degree enumerator polynomials of R, in 
Proposition 9.46 for u=1, and to the generating function of the up-degree 
enumerator polynomials of ?,, in Proposition 9.47 for d= 1. 

For instance, the degree enumerator polynomial gio(«) for Rio (com- 
puted by Mathematica) is as follows: 


gio(x) = 21° + 20° + 1008 + 1827 + 302° + 320° + 3904 + 1003 + 22. 


Making the substitutions u > a and d > « in the generating function of the 
up-down degree enumerator polynomials, we find the generating function 
of the degree enumerator polynomials of Ry. 


Theorem 9.50. [31, Theorem 6.1] The generating function of the degree 
enumerator polynomials of Fibonacci-run graphs is given in closed form as 


>> 9n(x)t” = Num/Dem, 


n>1 
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where 


Num = xt(2 — (a — 2)t + (a — 3)? — (2 — 2)7#? — x(a — 1)t* - 2(a -1)2° 
— (a —1)(2a? — 2 +:1)t§ - 2a(@ - 1)7t" - 2(a - 1)? (ae + 188 
a(x —1)3t? - 2(2 1)%1!°) 


and 


Den = 1 - at - 2¢7 + xt? + t* - a(a-1)t? + 2(x-1)(2+1)t" 


£9¢"(@=1)7° ta7 (eI. 
9.7 Cube-Complement of Fibonacci Cubes 


Definition 9.51. Let F£° be the set of binary strings of length n with 11 
as substring. We will call the strings in Fy° non-Fibonacci strings of length 
n. The cube-complement of TI, is the subgraph of Q,, induced by F;°. 
We denote this graph by T'¥°. 


Two small examples of the cube-complement of Fibonacci cubes are de- 
picted in Fig. 9.14. 


011 


111 
001 9 101 
110 


000 oO © 100 


ot 


Fig. 9.14 [3 and 14, and the corresponding cube-complements I'3° and I'{° 


More generally, in [109] Vesel introduced the concept of the cube- 
complement of an arbitrary induced subgraph of @, as follows. Let G 
be an induced subgraph of Q,,. Then the cube-complement of G in Q,, is 
the subgraph of Q,, induced by {ve 8B, : u¢ V(G)}. When n is clear from 
the context, the cube-complement of G is denoted by G°. 

Among other results, Vesel obtained the following two theorems about 
the cube-complement of generalized Fibonacci cubes. 
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Theorem 9.52. [109, Theorem 3] Let f be a binary string and d,t positive 
integers. The cube-complement Q,(f)°° ts a partial cube if and only if 


(i) f « {14, 0%, 120, 107, 071,017} or 
(it) f ¢ {140°,0415} and n < 2min(t,d) + max(d,t). 


Theorem 9.53. [109, Theorem 4] Let f be a binary string and d,t positive 
integers. The cube-complement Qn(f)° is a median graph if and only if 


(i) f € {14,07} and n< 2d, or 
(it) f ¢ {140°,0415} and n < 2min(t, d) + max(d,t). 


We will consider the cube-complement of daisy cubes in Section 9.8. 
Let us now focus on If’. Note that P'V° is connected since there is always 
a path between any vertex x ¢ V(T%°) and 1”. Clearly the order of [°° is 
n(T?) = 2” - Frye. 


The size of [5° is obtained by an interesting bijective proof. 
Proposition 9.54. [76, Proposition 5.1] Ifn>1, then 


(i) m(Qn) is the total number of 0s in binary strings of length n, 
(it) m(TS°) is the total number of 0s in non-Fibonacci strings of length 
nN, 


(iit) m(T,) ts the total number of 1s in Fibonacci strings of length n. 


Proof. We start by the observation that an edge of @,, can be viewed as a 
couple (s,7), where s belongs to B, and i¢€[n] is the changed coordinate. 

Let e be an edge of Q, and let x,y such that e = xy with x; = 0 and 
y; = 1. Define the mappings ¢(ry) = (2,7) and w(axy) = (y,i). The key 
observation now is that the mapping ¢ is a one to one mapping between 
E(Q,) and {(s,7): s€ B,, 5; = 0}, that is, the set of 0s appearing in strings 
of B,,. Likewise, ~ is a bijection between E(Q,,) and {(s,7): 5 € By, 5; = 1}, 
that is, the set of 1s appearing in strings of By. 

Changing a 0 to 1 in astring s of F-° gives a string of F-°. Therefore the 
restriction of @ to the edges of [f° defines a one-to-one mapping between 
E((S°) and {(s,7): s € F&°, s; = O}. 

Likewise, since changing a | to 0 in a string of F, gives a string of Fp, 
the restriction of w to the edges of I’, defines a one-to-one mapping between 
E((,) and {(s,7): 5 € Fn, s; = 1}. 


Proposition 9.55. [76, Proposition 5.2) The total number of 0s in Fi- 
bonacci strings of length n is Diy Fisi Fring. 
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Proof. Let s ¢ F, and ie [n]. Then 5159... 5;-1 and 5j415j42...Sn are 
Fibonacci strings. Conversely, if u and v are Fibonacci strings, then uOv is 
also a Fibonacci string. Therefore the mapping defined by 


O((s,7)) = (5182 «+ Sj-1, 85418742--- Sn) 


is a one-to-one correspondence between {(s,i) : 5 € Fn,s; = 0} and the 
Cartesian product Fj-1 x Fn-;. The identity follows. 


Theorem 9.56. [76, Theorem 5.3] The size of T° is given as: 


(i) m(T?) = 12") - YY Far Priva, 
1=1 
(ii) m(TS) = n2"* - £(4n Frit + (8n- 2) Fn). 


Proof. Since m(Q,) =n2”""', combining the first two identities of Propo- 
sition 9.54 with Proposition 9.55 the first expression follows. 

The second expression can be obtained from the evaluation of 
wi Fis Frise by one of the methods used in Section 3.5. An alterna- 
tive proof is to consider the set of edges Z,, of Q,, incident to exactly one 
vertex of [,,. The n edges of Q, incident to a vertex of [,, belong to E(T,,) 
or to Z,,. Summing over all vertices of T’,,, the edges in E(T,,) are obtained 
two times. Therefore nF;,,2 = |Z,| + 2m(T,). From the partition relation 


M(Qn) =M(Tr) +|4Zn|+mCn); 


we deduce m(T?). 


The degree sequence of T° is simpler than that of [,. Indeed there 
are only three possible degrees. To deduce this fact, we need the following 
interpretation of the edges of [,. 


Proposition 9.57. Let e= xy be an edge of [, with x; # y; and let 6(e) = 
(@1...2j-1,i41---Un). Then @ is a one-to-one mapping between the edges 
of [', using the coordinate i and the Cartesian product F?°, x F2e,. 


Proof. A 0 can be changed in 1 in F,, if and only if it is not preceded or 
succeeded by a 1. Assume first 1 <i<n. We have then a1...xi-1 € F3°, 
and wi41--.2n € F2*,. Conversely any (21... 24-1, 2i41---%n) € F2%, x Fee, 
is the image by @ of an edge. The proof extends immediately to the case 
i= 1o0ri=n, keeping in mind that by our convention the empty string 
belongs to F§* and F3° (see Section 3.3). 


Theorem 9.58. [76, Theorem 5.5] The degree of a verter inT® isn, n-1, 
or n-2. Moreover, there are 
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(i) M(Tn-1) vertices of degree n- 2, 
(ii) M(Tn-2) vertices of degree n-1, and 


n-4 
(iii) 2*m(Pn-r-3) vertices of degree n. 
k=0 


Proof. Here a maximal substring of consecutive 1s of length at least 2 in 
a binary string will be called a block. Therefore, a string in [f° is a string 
with a least one block. The proof of Theorem 9.58 is based on the study of 
the possible blocks of a string of F;°: 

The vertices of degree n- 2 are the strings that contain a unique block, 
and furthermore this block is of length 2. Indeed let x be such a string 
of F¢° and assume that this block is xjaj41 with i ¢ [n-1]. Then for 
j€ {i,i+1}, the string x+06, is a Fibonacci string. For 7 distinct from 7 and 
i+1, +6; is a string of F;,°. Therefore degy..(x) =n-2. Furthermore we 
can associate to x the pair of strings (11... 2-1, Vis2.--@n) that belongs to 
F3°, x Fe*,,. By Proposition 9.57, the number of such vertices is m(Tn-1). 

The vertices of degree n- 1 are the strings with a unique block, and 
this block is of length 3. In this case the central 1 of the block cannot be 
changed to 0. 

If there exist at least two blocks or a block of length at least 4, the 
vertex is of degree n. Indeed, in this case all 1s can be changed to Os. 

In the last two cases the arguments for the cardinality are similar to the 
first case. See [76] for details. 


The sequence 0,0,0,1,4,13,36,... formed by the number of vertices 
of degree n in TS°,n > 1, appears in OEIS [98, A235996] as “sequence 
of the number of length n binary words that contain at least one pair of 
consecutive Os followed by (at some point in the word) at least one pair of 
consecutive 1s.” This is clearly the same sequence. Indeed let s be a string 
of length n > 4 involved in this sequence. Considering the leftmost pair of 
consecutive 0s and the rightmost pair of consecutive 1s, the string s can 
be uniquely written as G@O0b11c where a € F9°, be B;, and ce FR*, where 
i,j,k are non-negative integers with 1+ 7+k=n-4. On the other hand, 
from the characterization of vertices of degree n in IY? in terms of blocks, 
those vertices can be uniquely written as allbllc, where ae F?°, be B;, 
and ce Fp", where i, j,k are non-negative integers with i+ j+k =n-4. The 
two sequences are thus identical for n > 4 (and null for n < 3). 

As we can notice in Fig. 9.14, ['4 is isomorphic to the cube-complement 
T%. Our last result completes the general case of this observation. 
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Theorem 9.59. [76, Theorem 5.7] If n> 4, then T, is isomorphic to an 
induced subgraph of T;°. 


Proof. Define a mapping between binary strings of length n > 4 by @(x) = 


O(4122...4n) = EqUQT3F1T5%p...EFp. Let o be the permutation on [n] 
defined by o(1) = 4, o(4) = 1, and o(¢) =i for i ¢ {1, 4}. 

Note first that x € F,, implies 0(2) €¢ Fc°. Indeed since xga3 # 11 we can 
consider the following three cases. 


(i) If x2a3 = 00, then %2%3 = 11 is a substring of 0(). 
(ii) If eoxz = 10, then x; = 0 and %3%, = 11 is a substring of 0(x). 
(iii) If vgav3 = 01, then 24 = 0 and 4% = 11 is a substring of A(z). 


Therefore 9 maps vertices of [’,, to vertices in T'??. 

Let «(a+06;) be an edge of T’,,. Then by construction we have 0(2+06;) = 
0(x) + do(4) and therefore 6(a@) and @(x + 4;) are adjacent in Df’. 

Since o? = Id, we have also for all i € [n] that O(a) + 6; = 0(x + 6,(i). 
Therefore, if 0(2)0(y) is an edge in the subgraph induced by @(T,), then 
O(y) = O(a) + 6; = O(a + 6,(:)) for some i. Applying the involution 0, we 
obtain y = 2+ 65(;) and thus xy « E(T,). 


9.8 Daisy Cubes 


We have already encountered the property of Fibonacci strings that chang- 
ing 1s to Os in a string of F, always produces a string of F,. A natural 
generalization of Fibonacci cubes is to consider subgraphs of Q, induced 
by sets of binary strings that satisfy this property. 

Klavzar and Mollard introduced daisy cubes in the following fash- 
ion [64]. 

Let < be a partial order on 6, defined with uz ...tun <v,...Un if uy < v5 
holds for all i € [n]. For X ¢ B,, we define the graph Q,,(X) as the following 
induced subgraph of Q,: 

Qn(X) = Qn[ {ue Bn: us x for some x € X}] 
and say that Q,(X) is a daisy cube (generated by X ). 

Vertex sets of daisy cubes are in extremal combinatorics known as hered- 
itary or downwards closed sets, see [56, Section 10.2]. 


9.8.1 Examples, Properties, Characterizations 


Let G be a graph isomorphic to a daisy cube and @ an isometric embedding 
of G into Q,. Let 6(V(G)) c B, be the set of labels of the vertices of G. 
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Then the embedding is a proper labeling and G is properly embedded if G is 
isomorphic to Q,(0(V(G))). 

Before given general properties of daisy cubes let us list some of their 
important subclasses. 


(i) If X = {1"}, then Q,,(X) = Qn. 

(ii) If X = {uy ...Un ? Ujuiy1 = 0,2 € [n-1]}, then Q,(X) =T,. More 
generally for k > 2 the generalized Fibonacci cube Q,,(1*) is a daisy 
cube. 

(iii) If X = {uy...Un: ujuis1 = 0,2 € [n-1], and uu, = 0}, then Q,(X) 
is the Lucas cube A,. 

(iv) If X = {uy...Un : upuia = 0,2 € [n- 1], and unun_2 = O}, then 
Q,,(X) is the alternate Lucas cube L,, (see Section 8.10). 

(v) If X = {110"-2, 0110-3, ...,0"-211, 10""11}, then Q,(X) = BWn, 
where BW,, is a bipartite wheel also known as a gear graph. 

(vi) If X = {u: |wl, <n-1}, then Q,(X) = Q;, the vertex-deleted cube. 


Note that if z,y ¢ X and y < z, then Qn(X) = Q,(X s {y}). More 
generally, if X is the antichain consisting of the maximal elements of the 
poset (X,<), then Q,(X) = Qn(X). Hence, for a given set X C¢ B,, it is 
enough to consider the antichain X; we call the vertices of Q,(X) from X 
the mazimal vertices of Q,(X). 

As an example let X = {ue B, : w(u) < k}. Then X induces a daisy 
cube and the maximal vertices of Q,(X) are the vertices u with Jul, =k 
In particular, the vertex-deleted n-cube Q;, can be represented as 

Qn = Qn({u? luli =n—-1}). 

Using the decomposition of Fibonacci strings (Proposition 5.8), the 
maximal vertices of [, with Hamming weight & are the strings u = 
0!10"...10%...10'* where Y*.9 1; = n-k, lo, ly € B, and 1; € [2] for i € [k-1] 
(see also Lemma 5.9). It is immediate that the class of daisy cubes is closed 
under the Cartesian product, a fact which further extends the richness of 
this class. We have defined the cube-complement of G in Q,, as the sub- 
graph of Q, induced by {uv € B, : vu ¢ V(G)}. When n is clear from the 
context we will drop it and denote the cube-complement of G by G°° (see 
Section 9.7). Additionally the binary complement of an induced subgraph 
G of Q,, is defined as the subgraph of Q,, induced by {U: ve V(G)}. Here 
b denotes the complement of b € By. 


Proposition 9.60. [109, Proposition 10] Let G be an induced subgraph of 
Qn. Then G is a daisy cube if and only if Qn does not admit a pair of 
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vertices ue V(G), vEV(G®) with v <u. 


Proof. If G is a daisy cube, then G = Q,(V(G)) and the assertion follows. 
Suppose now that G does not admit a pair of vertices ue V(G), ve V(G) 
such that vu < u. If we V(G) then by the assumption, for any w € V(Q,) 
with w < u we have w € V(G). Since this holds for every u ¢ V(G) we 
obtain that G = Qn(V(G)). 


Proposition 9.61. [109, Proposition 1] Let G be an induced subgraph of 
Qn. Then the binary complement of G is isomorphic to G. 


Proof. The mapping v + JU is the required graph isomorphism between 
V(G) and {v: ve V(G)}. 


Theorem 9.62. [109, Theorem 2] Let G be an induced subgraph of Qn. If 
G is a daisy cube, then the cube-complement of G in Qy is isomorphic to 
a daisy cube. 


Proof. Let H be the cube-complement of G and let G’ and H' be the 
binary complements of G and H, respectively. Note that H’ is also the 
cube complement in Q,, of G’. We first show that H’ is a daisy cube. 
Assume the contrary. Then by Proposition 9.60 there exist 2 ¢ H’ and 
y € (M')° =G’' with y < x. Therefore & < 7. Since % belongs to (H")' = H 
and Y belongs to (G’)’ = G, this contradicts the assumption that G is a 
daisy cube. 

Therefore H’ is a daisy cube. By Proposition 9.61 H is isomorphic to 
the daisy cube H’. 


Taranenko [103] characterized daisy cubes by means of special kind of 
peripheral expansions. 

A graph isomorphic to a daisy cube can have isometric embeddings in 
Q, that are not proper. An algorithm which finds, in linear time, a proper 
labeling of a graph isomorphic to a daisy cube was given by Vesel in [110]. 


9.8.2 Distance Cube Polynomial 


In Section 9.1 we have introduced the interval Ig(u,v) between vertices u 
and v of a graph G as the set of vertices lying on shortest u,v-paths. We 
may also write I(u,v) when G is clear from the context. If k € [n], then 
the interval between two vertices at distance k in Q, induces a Q,x. Recall 
further from Section 5.1 that c,(G), k > 0, denotes the number of induced 
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subgraphs of G isomorphic to Q, and that the cube polynomial Cg() of 
G is as defined in (5.1). 

For a given property, say an identity P, a usual technique is to consider 
the qg-analogue of P, a generalization involving a new parameter g, such 
that setting q = 1 gives the original identity. Of course a q-analogue of 
an enumerator polynomial such as Cg(a) is only interesting if it counts 
something. The cube polynomial of T, satisfies the recursion 


Cr,,(@) = Cr,_, (4) + (1+ 2)Cp,_, (4) (n> 2) 
and its g-analogue, the g-cube polynomial, the recursion 


Cr, (#9) = Cr, (@ 9 + (¢+2)Cr,9(@,4) (m2 2). 


We have already met the g-cube polynomial of T’, in Section 5.4. This 
bivariate polynomial has the remarkable property that it is the enumerator 
polynomial of the number of induced subgraphs isomorphic to Q, at dis- 
tance d from the vertex 0”. In the same way the q-cube polynomials of A, 
and £, are obtained as g-analogues of their cube polynomials. We will see 
that this holds in general for daisy cubes. 

We first introduce a generalization of this enumerator polynomial to 
arbitrary graphs as follows. 

If wu is a vertex of a graph G and k,d > 0, then let crau(G) be the 
number of induced subgraphs of G isomorphic to Qx at distance d from u. 
The distance cube polynomial of G with respect to u is 

Deulz,y) = x ore (Cara yi 
k,d20 

Note that we have changed the name of the polynomial and used y 
instead of q since it is not always obtained as a q-analogue. By definition of 
Dew we have De.u(xz,1) = Cg(x) for any vertex u. We also point out that 
if G is vertex-transitive, then Dg.u(x,y) is independent of u. Moreover, 
since the polynomials C and D are multiplicative for Cartesian product of 


graphs, 
CQn(%) = (2+ 2)" (9.18) 
and more generally, for any ue V(Qn), 
Den,u(Z,Y) = Da, on (zy) =(+a+y)”. (9.19) 


Let H be an induced hypercube of Q,,. Let us recall (see Proposition 5.1) 
that there exists a unique vertex of H with maximum weight, the top vertex 
of H denoted t(H). Similarly, H contains a unique vertex with minimum 
weight, b(H), the base vertex of H. Furthermore H = Q,,[I(b(#),t(H))]. 
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We are now ready for the main result of this section. 


Theorem 9.63. [64, Theorem 3.4] If G is a daisy cube, then Dg on (x,y) = 
Ce(a+y-1). 


Proof. Let G = Q,(X) and X = {x1,...,2p)} be the maximal vertices of 
G. We thus have V(G) = Uietpj 1(0”, 74). 

An induced k-cube H of Q,, is an induced k-cube of G if and only if 
t(H) €V(G). Similarly, an induced k-cube H of Q, is an induced k-cube 
of Qn[1(0", x) ] if and only if t(H) € I(0”, 2). 

For any k-cube H of Q,, and any subset T of V(Q,,), let Lw(T) = 1 if 
t(H) € T, and 1y(T) = 0 otherwise. Let Hyg denote the set of induced 
k-cubes of @, that are at distance d from 0”, and let Hz be the set of 
induced k-cubes of Q,,. Using this notation we can write 


Deor(a,y)= LY YL la(V(G))a*y" (9.20) 
k d Helly a 
and 
Cae(z) => ¥ la (V(G))z*. (9.21) 
k Hel, 
By the inclusion-exclusion principle for the union of sets A;,...,Ap we 
deduce 
14( U 4 = -> cyan (A Ai). 
ie[p] Jc[p],J#@ ied 
Therefore, 
1y(V(G)) = 1n( U 100") 2. 3 oe a (n 10"«)). 
ie[p] Jc[p],J#@ ie J 


Changing the order of summation in (9.20) and (9.21) we obtain 
Deorl(ay= > (-1)"" Dowiries 1(0",0,)],0" (®, Y) 
Jc[p],J#@ 
and 
Ce(z) = ». (-1) Ca. Irae 1(0”,2;)] (2) , 
Jc[p],J#@ 

Note that for arbitrary vertices u,v of Q, we have I(0",u) nI(0",v) = 
I(0",wAv), where (uA v); = 1 if and only if u; = 1 and v; = 1. The same 
property extends to the intersection of an arbitrary number of intervals. So 
Niey 1(0”, x;) is an interval that induces a hypercube with base vertex 0”. 
From (9.18) and (9.19) we see that the assertion of the theorem holds if G 
is an induced hypercube with base vertex 0”. Therefore, 

Da nl Mees 1(0" 21)] 0” (2,9) = CQn tries 10” ei) (% + Y ~ 1) 
and we are done. 
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Theorem 9.63 has the following pleasing consequence. 
Corollary 9.64. If G is a daisy cube, then Deon(x,y) = Deon (y, 2). 


In words, this corollary says that for any integers k and d, the number 
of induced k-cubes at distance d from 0” in a daisy cube G is equal to the 
number of induced d-cubes at distance k from 0”. 

To obtain another consequence of Theorem 9.63 we introduce the enu- 
merator polynomial of the number of vertices at a given distance from a 
vertex u as follows. 

If u is a vertex of a graph G and d > 0, then let wy.(G) denote the 
number of vertices of G at distance d from u. Set 


We.u(2) = y Wau(G)z*. 
d30 


Note that We,u(x) = De,u(0, x). With this definition in hand we can state 
the following important consequence of Theorem 9.63. 


Corollary 9.65. If G is a daisy cube then 

De,on(2,y) = Weon(x+y) and Ce(x) = We, or(a+1). 
Proof. From Theorem 9.63 we get C¢(x) = Deon(0,x2 +1). By the defi- 
nition of the polynomials Dg on (0,2) = We,on(x) holds, and consequently 
Dg on (0,2 +1) = We on(a+1). We conclude that Ce(x) = We on (e+ 1). 


Using Theorem 9.63 again and the already proved second assertion of 
the corollary we get 


Deon (#,y) = Ca(@ + y— 1) = Wer (x+y), 


which is the first assertion. 


So if G is a daisy cube, then the polynomials Dg on and Cg are com- 
pletely determined by We,on(x) = Deon (x, 0) = Deon (0,2). 

Corollary 9.65 gives an easy way for proving some of the results previ- 
ously given in this book. Consider for example the Fibonacci cube [’,,. The 
number of vertices at distance k from 0” is re Therefore 


[=r] n-k+l1 
Wr,,or(x)= >> ( k Je 
k=0 
and we deduce that 
il in-k+1 
Cre(a)= ("+a 
k=0 k 
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which is Theorem 5.3. Also 


| 7st 


Dr,,,on(@,Y) = s ay ‘\@ +y)! 


| 2+ | | nH 


2 See ala a 
= Ba 
k+d d 


a result obtained in [92, Proposition 3). 

We already noticed that Lucas cubes and alternate Lucas cubes are daisy 
cubes. By Proposition 8.2 and Proposition 8.61, Wa, on(a) = Wr, on(2). 
Therefore their g-cube polynomials are identical. 

Fibonacci cubes are median graphs (see Theorem 6.3) but not all daisy 
cubes are median. For example the vertex-deleted cube @3 is not median 
and more generally, the generalized Fibonacci cube Q,,(1") is median only 
for k = 2 [52, Proposition 6.4]. It is well-known that median graphs are 
partial cubes. Soltan and Chepoi [99] and independently Skrekovski [97] 
proved that if G is a median graph then Cg(-1) = 1. This equality in 
particular generalizes the fact that n(T) - m(T) = 1 holds for any tree 
T. Hence if a daisy cube G is median (say a Fibonacci cube), then by 
Theorem 9.63 we have Dg on(x,-x) = 1. As the next result asserts, this 
equality holds for every daisy cube and every vertex. 


Theorem 9.66. [64, Theorem 4.1] If G is a daisy cube, then Dg.y(x,-2) = 
1 holds for every vertex u in G. 


The following immediate consequence by Theorem 9.63 extends the class 
of partial cubes G for which Ce¢(-1) = 1 holds. 


Corollary 9.67. If G is a daisy cube, then Cg(-1) = 1. 


9.8.3 Pell Graphs as Daisy Cubes 


An interesting subfamily of daisy cubes is provided by Pell graphs I/,. Let 
us recall (Section 9.4) that the Pell strings are the ternary strings over the 
alphabet {0,1,22}. The vertex set of I, is Py, the set of Pell strings of 
length n. Two vertices of IJ, are adjacent if either one of them can be 
obtained from the other by replacing one 0 with 1 (or vice versa), or by 
replacing one substring 11 with 22 (or vice versa). 

Let us also recall the construction of the mapping a from P,, to a subset 
of Fon-1. For p € P;,, proceed from left to right by replacing each 0 by 10, 
each 1 by 00, and each substring 22 by 0100. We obtain a string p’ in Foy, 
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ending with 0. Let w(p) = p’. Note that if p is the concatenation of two 
Pell strings, p = gr, then w(p) = w(q)w(r). Removing the trailing 0 gives 
a(p). Let K = {w(p): p€ Py}, in other words K is the image of P,, under 
w. We have already seen in Section 9.4 that kK = F3,, but we need only to 
remark here that by construction the elements of kK are Fibonacci strings 
that ends with 0. 

Munarini proved [80, Theorem 11] that the mapping a preserves dis- 
tances and thus that JZ, is an isometric subgraph of Q2gn-1. Since W(p) = 
a(p)0 we have also dg, (v(p),¥(q)) = dz, (p,¢) for any pair of strings of 
Prn- 

We can now prove that Pell graphs are daisy cubes. 


Theorem 9.68. The Pell graph II, can be isometrically embedded as a 
daisy cube in Qon-1. The maximal vertices of this daisy cube are the images 
of the vertices of IT, without 1s under the embedding. The image of the 
vertex 1” of I, is the vertex g2n-l of Qen-1- 


Proof. We will first prove that the subgraph of Q2, induced by K, the 
image of P,, over w, is a daisy cube. Since all vertices in this image are 
strings ending with 0, this subgraph will be a daisy cube of Qon-1. It is 
immediate that W(1”) = 0?” and thus a(1”) =0?""'. 

Let A be the set of Pell strings in P,, without 1 and assume u€ P,,. If 
there exists an occurrence of 1 in the ternary string u, then u = rly where 
x and y are Pell strings. Note that ui = x0y also belongs to P,. Then 
Vu) = b(x)00p(y) and Yur) = Y(x)10%(y). Thus b(u) < Y(ur). 

Assume that some 1 remains in u;. By the same argument there exists 
ug in P, with one fewer occurrence of 1 with ~(wi) < (ug). Therefore 
vu) < (ua). 

Repeating this process we obtain a Pell string u,,, without 1, thus in A, 
such that w(u) < w(um). Therefore K c {ue By, : u< (a) for some ae A}. 

Consider now a € A and let x be any binary string with x < (a). 
Note that ¢)(a) is a word over the alphabet {10,0100}. Since x is obtained 
by changing some occurrences of 1 to 0, x is a word over {00, 10,0100}. 
Therefore x is the image by ~ of a Pell string. This gives the other inclusion. 
Thus 


K={ueB,: ws (a) for some ae A}. 


We infer that JZ, is isometrically embedded by w as the daisy cube 
Qean(v(A)), thus by a as a daisy cube of Qan-1. 
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We have to prove that the elements of W(A) are maximal. Assume x < y 
with x € (A) and ye K. Let z € Y(A) such that y < z. By transitivity 
x <z. Since # and z are words over the alphabet {10,0100} and 2 < z, 
if x starts 10 (respectively 0100), then so does z. Processing from left to 
right, we deduce x = z. Thus the elements of a(A) are maximal and we are 


done. 


000 O 10101 


Fig. 9.15 The Pell graph //3 and its maximal vertices as a daisy cube of Q5 


9.8.4 Maximal Hypercubes and an Application 


Maximal hypercubes are easy do determine in daisy cubes. 


Proposition 9.69. Let Qn(X) be a daisy cube. The number of maximal 
hypercubes of dimension k in Qn(X) is the number of maximal vertices of 
Hamming weight k. 


Proof. Let H be a hypercube in Q,(X) with base vertex b and top vertex 
t. Since Q,(X) is a daisy cube there exists a maximal vertex a with t < a. 
Then H = I(b,t) c [(0”,t) c I(0",a). By the construction of daisy cubes, 
I(0",a) is a maximal hypercube. 


As an example, we already proved in this section that the maximal 
vertices of, of Hamming weight k are the strings u = 0!°10...10" ...10!* 
where Dhol; =n-k, lo,l, € B, and 1; € [2] for i¢ [k-1]. We obtain again 
Lemma 5.9. 
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Consider now the Pell graph //,,. The maximal vertices of IT, are the 
images by its embedding in Q2n_1 of the vertices of IZ, without 1. Let a be 
such a Pell string with r occurrences of 0 and s of 22, thus with r+ 2s =n. 
The image of a is a binary string of Hamming weight r+s. Setting r+ s=k 
we deduce r = 2k-n and s = n-k. Therefore, the number of maximal 
vertices of Hamming weight & is the number of ways of choosing the places 
of the r 0s among r+ s substrings 0 or 22. This number is ("**) = (5) 
We have obtained the following theorem. 


Theorem 9.70. [f0<k<n, and h,(I,) is the number of maximal k-cubes 
in I[,, then 


Bela) = (, : a 


By Pascal’s identity we have the relation 
hen) = he-1(In-1) + he-1In-2) (9.22) 
forn >2andk>1. Let Hy, (a) denote the enumerator polynomial of 
h,(UI,). By direct inspection, the first Hy, (x) are as follows: 


An, (x) = 1, 

Hyp, (x) = «, 

Hy, (2) =2+2", 

Hy,(x) = 227 + 2°, 

Hy,(x) = «7 +323 +27. 
From (9.22) we infer that for n > 2, 

Ay, (x) = «(An,_,(«) + H7,_,(2)). 

Therefore, the generating function of H7,, is 


1 
Ay, (x)t” = ———_.. . 
»» 11, (2) 1-at- xt? 
As an immediate consequence, the sum of coefficients of Hy, (x) is 
Ay, (1) = Fri. 


9.8.5 Wiener Index and Mostar Index 


In this section we will prove that the Wiener index and the Mostar index 
of daisy cubes are easy to determine. Furthermore, they are linked by the 
following result due to Mollard, which we will prove below. 


Theorem 9.71. [78, Theorem 3.1] If G is a daisy cube, then 
2W(G) - Mo(G) = n(G)m(G). 
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By construction, daisy cubes are partial cubes. Therefore the Wiener 
index of a daisy cube can be determined by Theorem 7.5. This can be 
reformulated for an embedded partial cube as follows. 


Theorem 9.72. Let G be a partial cube of dimension n isometrically em- 
bedded into Q,. Then 


W(G) = Y)IWe0)(G)|- We (@)L, 
i=l 
where W(,.y)(G) = {u = U1ug...Un €V(G): uj =x} for x€ B. 
Proposition 9.73. Ifi¢[n], then |W(:o)(G)| 2 |Wo,1)(@)- 


Proof. Let u = uiuz2...un belong to Wi;1)(G), and consider O(u) = 
Uy... Uj-10Ui41---Un. Note that 6(u) < u and since wu is a vertex of G 
there exists x ¢ X with u <a. Therefore (wu) < x and 0(u) € V(G). By this 
way we construct an injective mapping from W(;,1)(G) to W;,9)(G). 


For i € [n], let E; be the set of edges of our daisy cube G using the 
coordinates 2. 


Proposition 9.74. Ifi¢[n], then |E;| = |W¢,1)(G)]- 


Proof. Indeed, let u = uyug...Un belong to Wi;1)(G), and let v = 
Uz... U;_-10Uj41-..Un. Using the same argument as in the previous proof, 
it is clear that v is a vertex of G and that the edge wv belongs to E;. Re- 
ciprocally exactly one of the extremities of a given edge of E; belongs to 
Wo)(G). We thus obtain a one-to-one mapping between W(;,1)(G) and 
Ej. 


Lemma 9.75. [78, Lemma 3.1] Let G be a daisy cube of dimension n 
properly embedded into Q,. Then 


Mo(@) = Yen GM oo(@ -|Wan(O)- 


Proof. Let e = uv be an edge of E; with u; = 0. By Proposition 9.73 we 
have ny =|W(i,0)(G@)| = |Wea)(G)| = n». The contribution of the edge e to 
ue E(G) |r» — N»| is thus IW(i,0)(G@)| - [Woi)(G@)I- Therefore 


n 


Mo(G) = >) >) (IWe,0)(@)| - We) (@)) 


i=1 web; 


: YIM.) -|Wea(@))- 


The conclusion follows from Proposition 9.74. 
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We can now proceed to the proof of Theorem 9.71. By Theorem 9.72 
we have 


W(@) = > Wen() Woy (Ql 


Since |W(;,0)(G@)| + |Wo1)(G)| = n(G@), we deduce from Lemma 9.75 that 
2W(G) - Mo(G) is equal to 


y [Wi,1) (G@)(2|W,0) (G@)| - |We,0)(@) + [Wey (@))) 


z 2» Wo) (G@)In(G@). 
Since E(G) is the disjoint union E(G) = Uj_, Ei, we deduce from Proposi- 
tion 9.74 that 132, |W,1)(G)| = m(G) and Theorem 9.71 follows. 

The Wiener and Mostar indices of daisy cubes are thus completely de- 
termined by n(G) and the sequence (|F;|)je[n] of the number of edges that 
use the coordinate 7. Indeed, from Theorem 9.72 and Lemma 9.75 we have 
the relation 


W(G) - Mo(@) = Yan GP. 


Combining this identity with that of Theorem 9.71 we obtain the following 
assertion. 


Corollary 9.76. [78, Corollary 4.1] Let G be a daisy cube properly em- 
bedded into Q,. For ié[n] let E; be the set of edges that use coordinate i. 
Then the Wiener and the Mostar indices of G are 


W(G) = n(@)m(@) - YB? 


a=1 


Mo(G) = n(G)m(G) - 2° Bil. 


i=1 


In the set of daisy cubes embedded into Q, with the same numbers 
of vertices and edges, W(G) and Mo(G) are thus maximum for graphs in 
which the edges are equidistributed among coordinates. 
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9.8.6 Applications in Chemistry and Quantum Physics 


We conclude the section on daisy cubes with their application in mathe- 
matical chemistry. Before this some preparation is needed. 

In Theorem 6.2 we have proved that if H is a fibonaccene with n > 1 
hexagons, then its resonance graph R(#) is isomorphic to T,,. An impor- 
tant generalization of fibonaccenes in theoretical chemistry is the following. 
A graph G is a catacondensed even ring system (shortly CERS) if G is a 
bipartite, 2-connected, outerplanar graph with all vertices of degree 2 or 
3. A CERS is thus a plane graph such that all its inner faces are even 
and every pair of inner faces are either disjoint or share exactly one edge. 
Further, by the degree condition, no three faces share a vertex. Clearly, 
fibonaccenes are CERSs. For another example of a CERS, see Fig. 9.16. 


Fig. 9.16 A CERS which is not regular 


The distance between two edges of a graph G is the distance between 
the edges in the line graph of G. Suppose that Ff’, F’, and F” are three 
inner faces of a CERS such that F' and F” intersect in edge e, and F” and 
F’” intersect in edge e’. The triple (F, F’, F”) is an adjacent triple of faces, 
and the edges e,e’ are its intersecting edges. A CERS is regular if it has 
at most two inner faces or the intersecting edges of an arbitrary adjacent 
triple of faces are at an even distance. Note that in a fibonaccene, each pair 
of intersecting edges are at distance 2, hence every fibonaccene is a regular 
CERS. Note also that the CERS from Fig. 9.16 is not regular because the 
intersection edges e and e’ are at distance 3. 

After this preparation, we can state the following attractive application 
of daisy cubes due to Brezovnik, Tratnik and Zigert Pletersek. 
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Theorem 9.77. [15, Theorem 4.2] Let G be a CERS. Then G is regular if 
and only if R(G) is a daisy cube. 


Finally, let us mention a surprising appearance of daisy cubes in quan- 
tum physics [26]. Very roughly, in this paper two families of constrained 
models described by certain Hamiltonians and with different choices of pro- 
jectors are considered. Projectors are further restricted such that it must 
always be possible to de-excite an atom. As it happens, all the correspond- 
ing graphs considered are daisy cubes. 


9.9 Fibonacci p-Cubes 


Very recently, Wei and Yang [115] proposed a new line of research by intro- 
ducing Fibonacci p-cubes in the following way. If p>1 and n> 1, then the 
Fibonacci p-string of length n is a binary string which contains no substring 
of the form 10°1, where s < p. That is, a Fibonacci p-string of length n is a 
binary string of length n such that between any two ls there exist at least p 
consecutive 0s. The Fibonacci p-cube of dimension n is then the subgraph 
of Qn induced by the Fibonacci p-strings of length n. Let us denote this 
graph by rl, (In [115] the notation T? is used, but we already used this 
notation for p-Fibonacci cubes of dimension n.) 

The seminal paper [115] provides a wealth of interesting results on Fi- 
bonacci p-cubes. Their recursive structure is described along the lines of 
the fundamental decomposition; their order, size, diameter and radius are 
determined. It is proved that rp ] are median graphs as soon as n > p; the 
generating functions of their cube polynomials presented; and more. 

On the other hand, it would be interesting to derive many additional 
features of Fibonacci p-cubes, several of them are listed at the end of the 
seminal paper. Let us recall two of them. Is there a closed formula for 
the Wiener index of pl lo For what values of n and p does pl ] have a 
Hamiltonian cycle or a Hamiltonian path? 

In [115] the Lucas p-cube of dimension n is also defined as expected, 
that is, its vertices are binary strings of length n with at least p consecutive 
Os in a circular manner between any two 1s. Many results are also proved 
for this interesting family of graphs. 
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Asymptotic Properties 


In recent decades large graphs became a topic of great interest—not only 
in mathematics but also in computer science and its many applications to 
daily life—and hence it seems justified to consider the asymptotic behavior 
of relevant families of graphs, such as Fibonacci and Lucas cubes and their 
variants. Here we consider the asymptotic behavior of a selected number 
of parameters associated with these graph families. 


First of all, one of the reasons the golden ratio y appears in some pat- 
terns in nature is an asymptotic result. Indeed, as remarked in Chapter 1, 
the ratio of successive Fibonacci numbers converges to vy: 

‘ay ene 1+ V5 _ 
n> 00 Fy 2 


From the Binet formula (1.7) for F, and the fact that =| < 1, we find 
that 


Fn ~ 


1 (44) - it a 6s 


2 iss 
10.1 Order 


Let us start with a few immediate considerations. From (10.1), the order 
of the Fibonacci cube is asymptotically given by 
1 
n(Pn) ~ =v". 10.2 
(Pn) ae (10.2) 


A similar argument applied to the Binet formula for Lucas numbers (1.9) 
gives 


n(An)~ yp”. (10.3) 


249 
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The two variants of these families, k-Fibonacci cubes I* (Section 9.5) 
and Fibonacci-run graphs R,, (Section 9.6) have the same number of ver- 
tices as’, and therefore n([*) and n(R») are both asymptotically given 
by (10.2). 

Alternate Lucas cubes (Section 8.10) have the same number of vertices 
as Lucas cubes. Therefore n(£,,) ~ y” by (10.3). 


Using the Binet formula, we find that the Pell number P, is given 
explicitly by 
1 
Py = —~((1+ V2)"-(1-V2)"). 
a (+ V2)" (= v2)") 
Since [1 - V2 <1, using (9.5) we obtain 


NCE we (1+v2)"". 


10.2 Size 


From Propositions 3.2, 8.3, 8.60 and Corollary 9.39, we have the following 
closed formulas for the sizes. 


m(Dn) = 5 (Fai + 2(n+ 1) Fp) 
mMAn) =m(Ly) = 2Fp-1, 
MR») = (8n+ 4) Fr-6 + (52+ 6)Fy-s . 
From these we immediately obtain their asymptotic behavior using (10.1). 
Proposition 10.1. The asymptotic sizes of [n, An, Ln and Rn are given 
by 
m(Ln) ~ yg(l + V5)ne", 
m(An) =m(Lp) ~ (5 - V5)ny”, 
M(Rn) ~ H(5 - V5)ny” : 


10.3. Average Degree and Average Eccentricity 


The average degree and the average eccentricity of a graph G are respectively 
defined as: 


n(G) ueV (G) 


ners i 
ecc(G') = N® ws eccg(u) . 
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The asymptotic average degree of [,, and A,, were computed in [63, The- 
orem 5.1]. We have 


Theorem 10.2. 
fig ee apg, MO) ie, SBE) 1(5- V5). 
n n : 


1 


noo n n> co noo 


Proof. By Proposition 3.2, m(['n) = $(nFn4i + 2(n+1)Fp), hence 


— 1 2 
deg(T, ) = ——~2m(T,,) = —— (nFyii t+ 2(n+1)F,)- 
GE(Un) = pj 2m(En) = se — (mPa + 200+ 1)Fa) 
Therefore, 
deg(T 2 (F, 2F 2 #&, 
lim eg(T'n) lim ( i ee i ) 
gu? 20 n nce 5 \ Faia FPrig n Frie 


= = (1 +297) = (5-5). 


For the Lucas cubes we recall that m(A,,) = nF,-1 by Proposition 8.3 and 
that n(An)Ln = Fn1+ Fri by (1.10). Hence deg(A,) = 2nFy-1/(Fr-1 + 
Fs) and 
lim deg(An) = lim pied aes te 
N00 n noo Fy 1+ Fair 1+? 


= £(5-V5). (10.4) 


Alternate Lucas cube £,, has the same order and size as Lucas cubes by 
Proposition 8.60. Therefore (10.4) holds for £,, as well. 


We will determine now the asymptotic average eccentricity of Fibonacci 
and Lucas cubes. It is intuitively rather “obvious” that, here also, in both 
cases the result should be the same. We begin with: 


Theorem 10.3. [63, Theorem 2.1] 


lim Soe es as), 
nm 


n> co 


Proof. Let f,, denote the number of vertices of I, with eccentricity k. 
Denote the generating function (4.2) already computed in Theorem 4.7 by 
F(a,t). Ife, is the sum of the eccentricities of all vertices of Tn, i-e., 


éf= » eccr, (v), 


veV(T'n) 
then 


a=1 n,k20 n>0 
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On the other hand, 


OF (a,t) 2t +t? 
Of | 4 Gl=t=47)? 
Using from the generating function of the Fibonacci sequence we have 
1 
Frait”™ ; 
py te 7ee 
t+2t? t+t3 
Pryit” = d yo 
Zire = ogre od = ee 
From the decomposition 
2+? tg t+ Ot ttt 
(Se-P)2) 8 Teter A Ste BY Geese 


we obtain 


> ent” == (: >) Fat” +4) nFysit” +3 > nFat") 
n20 n20 nz0 n20 


and thus 
3F, + 4nFyii t+ 3nF,  3F, + nFyai + 3nFyie 
Cn = = : 
5 5 
Therefore, 
TC(T'n) - 3Fy, a NE n+ sh 38nNF +2 
OF n+2 
We conclude that 
. ecc(Tn) 3 . lPa 3 14 y 
l =—+] =—+ = 5+V5). 
eg, a ig a ao v5) 


Note that (5 +./5)/10 » 0.7236 which should be compared with the 
(trivial) fact that for hypercubes we have 


im, FC) 


noo 


=e 


Following the same idea but a a rather different computation se- 
quence, the analogous result for Lucas cubes is obtained. 


Theorem 10.4. [63, Theorem 2.2] 


lim ecc( A, ) 
nm 


n> 0co 


= (5+ V5). 
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Now we consider k-Fibonacci graphs P*. and Fibonacci-run graphs Ry. 
We have proved in Theorem 10.2 that 


lim seals) «1 ¢5- V5), 


It follows that the average degree of a vertex in I, is asymptotically 
about 0.553n. For the analogous problem for Le for a fixed k, we have the 
following. 


Proposition 10.5. For a fired k, the average degree of a verter in TE is 
asymptotically given by 


5 (3+ V5) + (1-5) ton, (Vk VB- 3). 


Proof. By the properties of the Fibonacci numbers we have 


Fr-n —n 

= UORe 2 ps (10.5) 
n—>co n+2 noo n+2 

For k fixed, using Proposition 9.23 and (10.5), the average degree of a vertex 

in T* is given by 


2m(LT* 
lim 2m(Tn) n) = 
n> 00 Fryni2 


2p" ((k +M(Tno-2)) e+ MTno-1) - M(Tno-2)) 


= no no — 1 
299 | oks-— (5-9/5) Fae — aly “106 
(ek 26 -VE)Fot EM), (10) 
where we used the expression for m(T,) for n = no - 1 and n= ng - 2. To 
obtain the rate of growth of the exact formula for the asymptotic average 
degree given in (10.6), we further use the approximations 


no 1 
Fro § ng 81 +log,,(V5k+ V5 ~ 5). 


It is interesting that for a fixed k, the average asymptotic degree of a 
vertex in [* is independent of n. 

It was shown in [51] that [,, contains about 2 the number of edges of 
the hypercube for the same number of vertices. The analogous ratio goes 
to zero with increasing n for I* since the average degree is independent of 
n. 

By Corollary 9.39, the size of the Fibonacci-run graph Ry is 


M(Rn) =m(Tr) -— m(Tn-4) 
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for n > 5. Since for large n we have m(R,) < m(T,), it is natural to 
consider the asymptotic behavior of the quotient m(R,)/m(T,n). From 
the formula for m(T,,) in Proposition 3.2 and the asymptotic behavior of 
Fibonacci numbers we find 

. mMRn) 1 mT na) _ 


noo mT) n> 0o m(Tn) 


1(3/5 — 5) » 0.85. (10.7) 


So asymptotically, R, has about four-fifths the number of edges of T,. 
From Theorem 10.2, 


Ty, 
fen 4(5-V5) # 0.55. 
n 


noo 


Using this result and (10.7), we obtain the asymptotic average degree of 
the Fibonacci-run graph R, as 


lim A°8(Rn) _ 2(v5 2) ~ 0.47, 


noo n 


a slightly lower value than 0.55. 


10.4 Average Distance 


As mentioned at the beginning of Section 7.2, the Wiener index can be also 
be studied as the average distance in a graph, where for a connected graph 
G, its average distance u(G) of G is defined as 


1 
2 
We thus have the following result. 


W(G). 


Corollary 10.6. [62, Corollary 3.3] The asymptotic behavior of the average 
distance of Fibonacci cubes is given by 


un) _ 2 
n 5 


lim 
n-co 


Proof. Since limy_... Fast =y and n(T,) = Fri, Theorem 7.7 yields 


Word -9(= ; 9 ‘, =r 
25yp* 25yp3 = 25 yp? 
From y? = y +1 we deduce y* = 3y + 2 and thus 

4 9 6  44+9p+6y? 5y* 1 


+ + = ; 
25yp* 2p? 25y? 254 25yp4 5 


lim 
nN 0o n 
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Using Theorem 8.57 and its counterpart (10.3) for n(A,,) we obtain a 
result for the average distance of Lucas cubes: 


Corollary 10.7. The asymptotic behavior of the average distance of Lucas 
cubes is given by 


n>co 86), 5 
The closed formula for the Wiener index of alternate Lucas cubes in 
Theorem 8.76 allows us to determine the asymptotic behavior of (Ly). 
From (8.24) 
W(Ln) ~ gnLon « 
Using the Binet formula (1.9) for Lucas numbers gives W(L,,) ~ any”, 
and consequently we have the following result. 


Corollary 10.8. The asymptotic behavior of the average distance of al- 
ternate Lucas cubes is given by 
2 
ip He 


This of course is identical to that of Lucas cubes in Corollary 10.7 above. 


These corollaries should be compared to the case of hypercubes for which 


lim (Qn) = a 
n>0 2 


10.5 Mostar Index 


We have the closed formulas 

Mo(T’,) = 35 ((372 - 2) Fonte + NFons1 + (8n + 2)(-1)") , 

Mo(A,) = 2FyFr-1, 

Mo(Ly) = 3¢ (16 Lan + (5n - 28) Lani — (15n - 40)(-1)") , 
that were obtained in Theorems 7.16, 8.59, and 8.74, respectively. Binet 
formulas and standard limit operations provide the asymptotic behavior of 
the Mostar indices of [,,, An, and £,. Using the Binet formulas and (1.7) 


and (1.9), we obtain the following asymptotic results for the Mostar index 
in terms of the golden ratio: 


Corollary 10.9. The asymptotic behavior of the Mostar indices of (yn, An 
and Ly are given by 


Mo(T,) ~ anger’, Mo(A,) ~ engen* and Mo(£L,) ~ zeny? . 
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10.6 Irregularity 


We have already calculated formulas in closed form for the irregularity of a 
number of families of graphs, including Fibonacci cubes, Lucas cubes and 
alternate Lucas cubes. From Theorem 7.8 and Corollaries 8.55 and 8.68, 
respectively, we have 


irr(T,) = : ((n-1)F, + 2nFy-1) , 
irr(A,) = 2nF),-2, 
irr(Ly) = 2(Pr-1 t+ (n-1)Fh-2) . 
Using these formulas we easily obtain the following asymptotic results. 


Proposition 10.10. The asymptotic irregularity of Pn, An and Ly are 
given by 


2 
irr(T,) ~ ae 


: 3 i 
irr(A,) ~ (= - i) ne ; 


3 - 
irr(Ly) ~ (= - i) ne : 


Proof. These results are consequences of (10.1). 


10.7 Boundary of Hypercubes 


Theorem 5.23 can be used to find asymptotic results on average behavior 
of the boundary of hypercubes in T,. To see how to go about this, we note 
that the expression 
ZDn,w(d) 
Dnw(d) Jay 
is the average boundary of k-dimensional hypercubes Q; in T,. This is be- 


(10.8) 


cause the numerator at d = 1 is the total boundary of all of the k-dimensional 
hypercubes in T,, and the denominator at d= 1 is simply their number. 
The case d = 0 is simply the average degree of a vertex in T,,, and we 
compute that 
noc NDnk(d) | a0 


is equal to the asymptotic result given in Theorem 10.2. 
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We demonstrate this method for 1-dimensional hypercubes in T’,,. These 
are simply the edges of [,,. We know that the size of [, is as given in 
Proposition 3.2, so that 


Dni(1) = mPa) = ¢ (nFrii + 2(n+1)F,) . 


For the numerator in (10.8), we take the partial derivative of the generating 
function D,(d,t) given in Theorem 5.23 with respect to d, and then set d = 1. 
This gives the generating function 

2t?(1+ 3t-t?) 
(1-t-t?)3 

The coefficients of the series above are the quantities we need in the nu- 

merator of (10.8). We use the pes 


(-t-#)8 pi ee 


n2=0 
where {Cp }nzo0 is the sequence [98, A001628] given by 
Cn = oy ((5n + 6)(n + 1) Fro2 + (5 + 17)(n + 2) Frit) - 


A Mathematica calculation finds 


li 2Cn-2 + 6en-3 = 2Cn-4 2 

im = , 

N00 nm(Tn) V5 

so that the average boundary of a Q; in I, is asymptotically given by 


1 
2|1- —]n#1.106n. 
( 7) 
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Chapter 11 


Further Avenues of Research 


In the course of the book, we have already encountered several graph prob- 
lems such as the domination number that have not yet been solved on Fi- 
bonacci cubes. There are many other open problems related to Fibonacci 
cubes and their variants that we have alluded to in this book. The topic is 
very rich and its study by no means complete. Undoubtedly many beau- 
tiful relationships between the Fibonacci cube variants are still waiting to 
be discovered. 

Here we mention a number of additional classical concepts for which a 
complete solution for Fibonacci cubes is yet to be determined. 

The first one of these is related to vertex colorability of Fibonacci cubes. 
Even though the chromatic number is trivial to calculate, the chromatic 
polynomial of [,, is yet to be determined in a satisfactory way. This is fol- 
lowed by the problem of the isoperimetric number and the bisection width. 
These are two classical problems that have been extensively studied for 
various families of graphs. Finally we consider the computation of the in- 
dependence polynomial of Fibonacci cubes. This involves the enumeration 
of the number of independent sets of vertices of a given cardinality in T,. 


11.1 Chromatic Polynomial 


By a proper (vertex) coloring of a graph G we mean an assignment of colors 
from a coloring kit with k colors to the vertices of G in such a way that no 
adjacent vertices are given the same color. The smallest number of colors 
required to properly color G is its chromatic number, denoted by x(G). 
The chromatic number of a bipartite graph is 2, therefore y(['o) = 1 and 
x(Pn) = 2 for n> 1. 

If G is a graph and & a non-negative integer, then let P(G,k) be the 
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number of colorings of G with k colors. The chromatic polynomial p(G, x) 
of G is a polynomial which evaluated at each k > 0 has the value P(G,k). 
It is well-known that p(G,x) is unique and is of degree n(G). Evidently, 
x(G) is the smallest positive integer x such that p(G, x) > 0. 

One way to calculate the chromatic polynomial of G is the recursion 

p(G,x) =p(G-e,x)-p(G/e,z), (11.1) 

where e€ E(G), the graph G - e is obtained from G by removing the edge 
e, and G/e is obtained from G by contracting the edge e. In contraction 
we progressively shrink e until the end points collapse into a single vertex. 
If multiple edges are created by this process, we collapse them into single 
edges. However it requires exponential time in general to compute p(G, x) 
(29, Chapter 8]. 

The chromatic polynomials of ,, n € [5], as computed by the Chromat- 
icPolynomial functionality of Mathematica are as follows: 


p(1o, 2) =2 
p(T1, 2) = x(a - 1) 
p(T2,x) = x(x - 1)? 
p(V'3, x) = x(a — 1)?(x? - 3x +3) 
p(V4,2) = x(a - 1)(2? - 32 +3)? 
p(s, 2) = «(a -1)(x! - 19x19 + 1712° - 9602° + 373227 - 105442° 
+ 22088x° — 343142* + 387742° — 304082? + 149422 — 3499). 


It is clear that x(a - 1) is always a factor of p(T',,2) for n> 1. 

While the chromatic polynomials of Fibonacci cubes are not yet known, 
it is possible to give closed form expressions for the chromatic polynomials 
of k-Fibonacci cubes [* for k € [2]. This was done in [33] and presented 
in the following. For this sake, we need the following lemma on chromatic 
polynomials. 


Lemma 11.1. [33, Lemma 3.1] If Gi and G2 are subgraphs of a graph G, 
and the subgraph of G induced by V(Gi) 9 V(G2) is isomorphic to K;,, 
r>1, then 

P(G1, &)p(G2, x) 
u(a-1)-(@-r+1)- 


p(G, a) = 


For k = 1, the graphs T} are all trees with n([}) = Fyy2. Since the 
chromatic polynomial of a tree with N vertices is x(a -—1)%~1, we have 


pT} 2) = a(e- 1h, 
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For k = 2, T? =T,, for n < 2 and for n > 3, I? consists of F, - 1 
(1,2,4,7,12,...) squares (4-cycles or Qs) glued by their edges and F,-1 
pendant vertices as shown in [32]. 

Theorem 11.2. [33, Theorem 3.2] Ifn>1, then 
p(V2, 2) = «(a —1)¥e-141 (4? -3243)%1, 


Proof. For n ¢ [2], the graphs T? are trees on two and three vertices 
respectively. Therefore p([?7,x) = x(a -1) and p(T3,x) = a(x -1)?. 


Or? 4 sR) eae 


Fig. 11.1 The construction of r2 from P24 and Tr?» by adding k = 2 link edges 


For n > 3, I? is constructed from [?_, and '?_, as symbolically indi- 
cated in Fig. 11.1. The vertices labeled 0 and 1 are the vertices with labels 
0...00 and 0...01 in T?_, (and also in T?), whereas the labels 0’ and 1’ 
are the vertices labeled 0...00 and 0...01 in T?_,, which are labeled as 
10...00 and 10...01 in T? after the addition of the link edges. Let e denote 
the link edge from 1 to 1’ as shown in Fig. 11.1 and put G =T?. G-e 
consists of the union of two graphs G; and G2, where G; is obtained from 
T?_, by adding the vertex 0’ and the edge {0,0'}; Gz is obtained from T?_, 
by adding the vertex 0 and the edge {0,0’}. Then 


p(Gi,2) = re beer = By P(G2,2) > p(T 2_2,2)(@ = 1) ’ 
and therefore by Lemma 11.1, 


f ple pase = 1)? 
x(a-1) 


p(G-e,x) 
(w-1) 


= pls Dy demon x) ae : 
In G/e, denote the vertex obtained by the identification of the endpoints 1 


and 1’ of e by v. G/e consists of the union of two graphs H, and H2, where 
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Hy, is obtained from T'?_, by adding the vertex 0’ and the edges {0,0’} and 
{0',v}; He is obtained from T?_, by adding the vertex 0 and the edges 
{0,0’} and {0,v}. Hy and Hz meet at the triangle with vertices 0,0’, v. 
Therefore, 


p(y, x) = pr? 1,£)(“@— 2), P(A, x) = pe 9, t)(x—2), 
and again by Lemma 11.1, 
P(Th-1,2)P(P 2,2) (x — 2)? 

x(x -1)(a- 2) 


= p(T2_1,2)p(T2,», oe = 


P(G/e, x) = 


By recursion (11.1), 


p(G,2) = p(T2_4,2)p(P2_ 2) (24- 2) ) 


x(a -1) 


= p(T2_4, x)p(Ts-25 2) (2) 


and the result follows by induction on n. 


11.2 Isoperimetric Number 


Another interesting concept which is not yet satisfactorily settled for Fi- 
bonacci cubes is the calculation of the isoperimetric number. This quantity 
is defined as follows. 

Let G be a graph. Recall from Section 5.5 that the edge-boundary 0.x 
of X ¢ V(G) is the set of edges in E(G) which connect vertices in X with 
vertices in V(G) \ X. The isoperimetric number i(G) of G (sometimes 
called the Cheeger constant of G) is then defined as 
|X] 
|X| 
A set X ¢ V(G) which attains this minimum value is called an isoperimetric 
set for G. 

A closely related parameter is the bisection width bw(G) of G. This is 
the minimum number of edges that must be removed from G in order to 
split V(G) into two equal cardinality (within one if n(G) is odd) subsets. 
The known values of i([,) and bw(T,,) are given in Table 11.1, while in 
Fig. 11.2 isoperimetric sets in T,, n € [5], are indicated. 


i(G) = min nf  XeV(G).15 [x1 < 4u(G)}. 
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n || n(En) | (Tn) | bw(Tr) 
1 2 1 1 
2 3 1 1 
3 5 1 2 
4 8 3/4 3 
5 13 4/5 5 
6 21 7/9 8 
7|| 34 | 12/16| 13 
8 55 20/27 20 


Table 11.1 Known values of i([',) and bw(I'n) 


0 1 01 00 10 010 
o————_O o——__0—"——_8 
10101 10100 
7 0010 | (| 
10001 | 10010 


000.101 


1001 1000 1010 01001 01000 01010 


Fig. 11.2. Fibonacci cubes [; through T's with isoperimetric sets indicated 


11.3. Spanning Trees 


A subgraph T of a connected graph G is a spanning tree of G if T is a tree 
that contains every vertex of G. Spanning trees constitute an important 
graph-theoretic concept with numerous applications in various branches of 
science. The number of spanning trees of G is denoted by r(G). Before we 
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consider the case of r(T,), we need some preliminaries. 

If G is a graph with V(G) = {v1,...,v,}, then the adjacency matrix 
of G is the rx r matrix A(G) = (a;,;), where a;,; = 1 if ujvj € E(G) 
and a;,; = 0 otherwise. Let D(G) denote the r x r diagonal matrix with 
dega(v1),...,degg(v-) on the main diagonal. The Laplacian matrix of G 
is the matrix L(G) = D(G)- A(G). A celebrated result of Kirchhoff is that 
7(G) = 2 Ag Ari; where 1, A2,---,;Ar-1 are the non-zero eigenvalues 
of L(G). Fortunately, this quantity can be computed without having to 
compute the eigenvalues, by simply taking a determinant. 

We next state the following theorem which is known as the matriz-tree 
theorem. For a purely combinatorial generalization of this result, see [29, 
Chapter 4]. 


Theorem 11.3. [57] If G is a graph, then T(G) is given by any cofactor 
of L(G). 


In (11.2), the number of spanning trees of T’,, as computed by using the 
matrix-tree theorem are given for up to n = 9. The existence of relatively 
large primes in the prime factorizations of these numbers seems to imply 
that 7, is unlikely to have a product formula for arbitrary n. 


TM =T2=1 

73 =4=2 

Ts = 56=2°x7 

ts = 16744 = 2° x 7x 13x 23 

73 = 592458464 = 2° x 13 x 1093 x 1303 (11.2) 


Tr = 109129519434940800 = 2” x 3x 5? x 197 x 199 x 2063 x 140557 
Ts = 35071722238915782395290213120000 
= 2" x54 x 31 x 229 x 23333 x 463319 x 357025516223 
To = 492175335250461871725183232737 1835816222 16291259728986112 
= 21° x3x 7? x 11x 19 x 1321 x 4561 x 71429 x 2872417 x 57254546263 
x 3453674219331286451 


Evidently, 7, grows very rapidly. We can quickly give the following simple 
lower bound. 


Proposition 11.4. The number Tn of spanning trees of Ty satisfies Tn > 
Fr+i-(n+1) 

77) ; 

Proof. From the fundamental decomposition of [,, two independently 

picked spanning trees of [,-; and [,-2 together with a link edge forms 
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a spanning tree of T,,. Therefore 
Tn 2 Fy Tn-1Tn-2 (11.3) 


with 7] = T2 = 1. The proof now follows by induction on n by making use 
of the inequality F,, >"? which holds for n > 1. 


We note that using (11.3) and induction, a sharper but more compli- 
cated looking lower bound 


n 
Tn 2 I] F - nee 
k=1 
can also be obtained. 

We remark that directly from the recursive structure of T,,, the adja- 
cency matrix A(T,,) admits a block matrix decomposition. This decompo- 
sition of A(T,,) in terms of A([p-1), A(Tn-2), and the F,, x F, identity 
matrix J, is shown in Fig. 11.3. 


( | pete noe) 

if 10001 /010 
10000 Ooi) 
: _, 10001 ]000, 
I 101010/000 4 
| I 
| 


100/00/011! 
D0" |], AG) 'o1ojoo;100! 


\ ) \ oo1j/o0/100) 


Fig. 11.3 The schematic decomposition of the adjacency matrix A([n). On the right 
is the case for n = 4 


A(T4) 


oO 


11.4 Independence Polynomial 


The independence polynomial of a graph G is the polynomial 
a(G) : 
I(G,x) = >> $x" 
i=0 


where s; is the number of independent vertex sets of cardinality 7 in G. 
We have 
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I(Uo,2) =1 

T(Ty,2) = 2a+1 

I(T ,2) = 27 +3a+1 

I(3,2) = 2° + 5a? +5a¢4+1 

I(V4,2) = 2044+ 1323 + 182? + 8041 (11.4) 

I(T'5,x) = 2 + 8a° + 38a° + 9704 + 11203 + 58x? + 132 +1 

I(Ue, 2) = 21) +1229 + 70x + 2872° + 86827 + 17632° + 22192° 
+165804 + 7162? + 17207 + 21x41 

I(U7, 2) = 2a)" + 34016 + 28192) + 1514014 + 6105213 + 1985721? 
+5341821! + 11677521 + 198756x° + 2518852°° + 2299314" 
+1478802° + 65845a° + 1989224 + 39542? + 4902? + 34a + 1 

The list in (11.4) indicates the existence of two distinct maximum in- 

dependent sets of vertices for n € {1,4,7,...} and a unique maximum inde- 


pendent set otherwise. Also, the polynomials in (11.4) are unimodal, with 
maximum coefficient at degree F,,_; term for n > 2. In other words 


80 $ $185 °° S$ $F, 2 $14F, 4 2° 2 Sa(P,) 


A stronger condition than unimodality is log-concavity, that is, $;-15;41 < 
s? for all 0 < i < a(G) (see Section 5.1.1). For the independence polyno- 
mials up to I(I'7,x) given here, Mathematica calculations show that the 
coefficient sequences are indeed log-concave. 
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The graphs of I'7 through Ij 


In this appendix, the graphs of [7 through [19 as rendered by Mathematica 
are presented. 


Fig. Al Ty 
.* ° ee 
Fig. A.2 Ts 
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Fig. A.4 Tio 
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edges of [n, 116, 132 
efficient dominating set, 122, 192 
empty string, 19, 35 
enumerator polynomial, 23 
Euler number, 64, 182 
Euler’s phi function, 146 
expansion, 163 
exponential generating function, 25 
extended Fibonacci cube, 112 
extended Fibonacci string, 218 
extended Zeckendorf representation, 

218 


factor, 20 

fibonaccene, 107 

Fibonacci 
polynomial, 25 
recursion, 1 
representation, 7 
sequence, 1 
string, 6 

Fibonacci p-string, 248 

Fibonacci cube, 32, 33 

Fibonacci cubes 
2-packing number, 125 


as median graphs, 112, 113 
as resonance graphs, 106 
as simplex graphs, 105 
as subgraphs of IT, 203 
connected domination number, 
125 
domination number, 121 
independent domination num- 
ber, 125 
recognition, 111, 115 
sculpture, 12 
signed domination number, 125 
total domination number, 124 
Fibonacci numbers, 1 
Fibonacci p-cube, 248 
Fibonacci square, 12 
Fibonacci string, 33, 35 
Fibonacci tree, 56, 208 
of Tf, 208 
of Hsu, 208 
Fibonacci-run graph, 218 
first Zagreb index of [,, 71 
formal language, 17 
fundamental decomposition 
of P,, 35 
of DE, 206 
of Ay, 142 
of Ln, 174 
of IT,, 202 
of Rn, 220 


gear graph, 236 

generalized Fibonacci cube, 183, 236 

generating function, 17, 22, 39, 64, 
69-72, 74, 76, 85, 88, 89, 130, 156, 
168, 176-178, 181, 244 

exponential, 25 

m(T,), 40 

q-cube polynomial, 92, 158 

cube polynomial, 78, 152 

degree polynomials of Rn, 

230 

degree sequence, 41 

eccentricity sequence, 55, 147 

Fibonacci polynomials, 26 

Fibonacci sequence, 23 
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of Lucas sequence, 24 
of up-down degree polynomial 
of Ry, 230 
ordinary, 25 
golden mean, 10 
golden ratio, 10, 249 
golden rectangle, 11 
golden section, 11 
good word, 189 
graph, 29 
automorphism, 31 
bipancyclic, 61 
complete, 29 
isomorphism, 31 
order of, 29 
regular, 30 
size of, 29 
Gray code, 59, 225 
Greene and Wilf theory, 38, 126 


Hamiltonian cycle, 31 

in I, 60 

in An, 150 

in Ln, 179 

in Rn, 225 

in Qn, 59 
Hamiltonian graph, 31 
Hamiltonian path, 31 

in Ty, 61 

in An, 150 

in Ln, 179 

in Rn, 225 
Hamming distance, 33 
Hamming weight, 36 
Hasse diagram, 106, 226 
height, 56, 208 
hereditary set, 235 
hexagonal chain, 107 

fibonaccene, 107 

inner, 107 

zigzag, 108 
Hosoya triangle, 116 
hypercube, 32, 236 


imbalance of an edge, 127 
in TP, 182 


in An, 169 
imbalanced edge, 132 
inclusion-exclusion principle, 239 
independence number, 31 
of Pn, 61 
of An, 150 
of Lr, 179 
of Rn, 226 
independence polynomial, 265 
independent set, 31 
induced k-path in [,, 69 
induced cycle in T,, 69 
induced path in T,, 69 
induced subgraph, 30 
integer linear programming, 122-— 
124, 164, 216 
interval between vertices, 186, 237 
irregularity, 127 
of Lr, 179 
of [,,, 127 
of An, 168 
irregularity polynomial, 129 
of Ly, 179 
of P,, 129 
of An, 168 
isometric subgraph, 30, 78, 185 
isoperimetric number, 262 
of P,, 263 
isoperimetric set, 262 


Jacobsthal sequence, 161 


k-Fibonacci cube, 206 
Kekuléan structure, 108 


language, 19 
Laplacian matrix, 264 
length, 19 

letter, 19 

Liber Abaci, 1 

line graph, 31 

linear permutation, 49 
link edge, 36 
log-concave sequence, 82, 266 
logarithmic spiral, 11 
Lucas 
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recursion, 14 
representation, 172 
sequence, 14 
string, 141 
Lucas cube, 141, 236, 241 
Lucas cubes 
2-packing number, 167 
as resonance graphs, 164 
independent domination num- 
ber, 167 
recognition, 162 
Lucas numbers, 14 
Lucas p-cube, 248 


matching, 32, 36, 87 
matrix-tree theorem, 264 
maximal hypercube, 83 
maximal hypercubes 
in TP, 84 
in A,, 155 
in Ln, 178 
in IT, 244 
in daisy cubes, 243 
maximal vertices of a daisy cube, 
236 
maximum degree, 30 
maximum matching in [,, 87 
median, 111 
median graph, 78, 112, 116, 205, 
232, 241 
minimum degree, 30 
monoid, 219 
monomer, 9 
Mostar index, 133, 139, 244 
of T,,, 134 
of A,, 170 
of Ln, 180 
of daisy cubes, 246 
Mulder’s convex expansion theorem, 
116, 206 


n-cube, 32, 35 

Newton’s expansion formula, 18 
non-Fibonacci string, 231 
null-word, 19 

number of edges, see size 


number of hypercubes 

in T,, 79 

in P*, 212 

in An, 153 

in II,, 206 

number of maximal hypercubes 
in T,, 84 

in An, 155 

number of vertices, see order 
number of vertices by degree 
inT,,, 42 

in An, 144 

in Ly, 175 

number of vertices by eccentricity 
inT,, 55 

in An, 147 

number of vertices by weight 
in T,,, 37 

in An, 142 

in Ly, 175 

in Rn, 220 


open neighborhood, 30 
orbit, 46 
orbits 

inT,, 46, 48 

in An, 146 
order, 29 

of [,, 37 

of Pf, 208 

of Ay, 142 

of Ln, 174 

of In, 201 

of Rn, 219 

of Qn, 32 
ordinary generating function, 25 
oriented matroid, 106 
over-domination, 122, 166 


palindrome, 21 

palindromic string, 21, 46 

parity function, 192 

partial cube, 54, 114, 125, 170, 185, 
231, 241 

partial fractions, 24 

parts of a composition, 9 


Downloaded from www.worldscientific.com 


282 Fibonacci Cubes with Applications and Variations 


Pascal triangle, 5, 37 
path, 29 
Pell 
number, 201, 250 
recursion, 201 
string, 201 
Pell graph, 201 
Pell graphs 
as daisy cubes, 241 
as subgraphs of [,, 205 
perfect code, 192 
perfect codes 
inT,, 194 
in A,, 199 
in Qn(1*), 198 
perfect matching, 32, 108 
peripheral expansion, 163, 237 
peripheral subgraph, 114 
pinecone spiral, 5 
powers of paths, 106 
prefix, 20 
proper coloring, 259 
proper labeling of a daisy cube, 236, 
237 
Pythagorian triple, 13 


q-analogue, 26 

of Fibonacci numbers, 89 

of Lucas numbers, 159 
q-cube polynomial 

of [,, 89, 162, 238 

of An, 157 

of Ly, 177, 241 

of Rn, 228 

of daisy cubes, 240 


rabbit problem, 2 
radius, 30 

of Ty, 54 

of Tk, 215 

of An, 147 

of £,, 180 

of I,, 203 

of Rn, 226 
reflected binary code, 59 
regular graph, 30 


resonance graph, 108, 164 
reverse, 21 

reverse map, 49, 146 

routing permutation, 49 

run, 20 

run-constrained binary string, 219 


simplex graph, 105 

size, 29 

of [,, 37, 38 

Tk, 209 

Py, 232 

An, 144 

Ly, 174 

ITn,, 206 

Rn, 222 

of Qn, 32 

spanning tree, 263 

string, 19 

subgraph, 30 
convex, 30, 116 
induced, 30 
isometric, 30, 78, 185 

substring, 20 

subword, 20 

suffix, 20 

symmetric group, 51 
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ternary strings, 201 
tiling, 9 
with dominoes, 10, 48 
with monomer-dimers, 9 
top vertex, 77, 155 
tope graph, 106 
total dominating set, 32 
total domination number, 32 


of P,, 124 
of P¥, 215 
of An, 164 
total number 
of Os in By, 232 
of Os in F,,, 232 
of Os in Fy°, 232 
of 1s in F,,, 232 


Tower of Hanoi, 60 
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unimodal sequence, 81, 154, 266 

up-degree enumerator polynomial of 
Rn, 226 

up-down degree enumerator polyno- 
mial, 175, 229 

up-neighbor, 45 


Vasil’ev’s construction, 193, 197 
vector space over Zo, 49, 192 
vertex, 29 

vertex-boundary, 96 


Wiener index, 125, 139, 244 
of T,, 125 
of An, 170 
of Ly, 181 
of daisy cubes, 246 
of partial cubes, 125 
word, 19 


Zeckendorf representation, 8, 173, 
212 
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Notation Index 


a(G) - independence number of G, 
31 

Aut(G) - automorphism group of G, 
31 

B - binary alphabet, 19 

B* - all binary words, 20 

B, - set of binary strings of length 
n, 20 

Bs! - strings of B, with suffix f, 35 

Bn(f) - strings of Bn without sub- 
string f, 33 

Bi* - strings of By with prefix f, 35 

|bl1 - Hamming weight of b, 36 

b(H) - bottom vertex of H, 77 

bw(G) - bisection width of G, 262 

C(G) - center of G, 203 

Caq(x) - cube polynomial of G, 78 

Ca(x,q) - g-cube polynomial of G, 
89 

cr(G) - number of k-cubes in G, 78 

Cr, - cycle of order n, 29 

x(G) - chromatic number of G, 259 

Do, - dihedral group on n elements, 
49 

Dge,u - distance cube polynomial of 
G with respect to u, 238 

dg(u,v) - distance between u and v 
in G, 30 

D,,~(d) - boundary polynomial, 96 


287 


dega(u) - degree of vertex u, 29 

deg(G) - average degree of G, 250 

A(G) - maximum degree of G, 30 

6(G) - minimum degree of G, 30 

6; - change the i*® coordinate of a 
string, 32 

diam(G) - diameter of graph G, 30 

Ey - set of Fibonacci strings of even 
Hamming weight, 63 

Ey, - n*® Buler number, 64 

ecc(G) - average eccentricity of G, 
250 

eccg(u) - eccentricity of u in G, 30 

F,, - Fibonacci strings of length n, 6 

Fe! - strings of Fn with suffix f, 35 

Ff* - strings of F, with prefix f, 35 

F,,° -non-Fibonacci strings of length 
n, 231 

f - complement of the binary string 
f, 21 

F - field Zz, 49 

F” - vector space of dimension n over 
the field Ze, 49 

F,, - n“ Fibonacci number, 1 

F,(2) - n‘ Fibonacci polynomial, 
25 

G[X] - subgraph of G induced by 
X, 30 


G - complement of G, 32 


Downloaded from www.worldscientific.com 


288 Fibonacci Cubes with Applications and Variations 


G® - cube complement of a sub- 
graph G of Qn, 231 

G 2 H - G is isomorphic to H, 31 

G - v - vertex deleted subgraph, 30 

TI, - n-dimensional Fibonacci cube, 
33 

T* - k-Fibonacci cube of dimension 
n, 207 


re ] _ dimensional Fibonacci p- 
cube, 248 


(G) - domination number of G, 32 

44(G) - total domination number of 
G, 32 

Hg(a) - maximal hypercubes poly- 
nomial of G, 83 

Ho G - H isometric subgraph of G, 
185 

H+ G - H not isometric subgraph of 
G, 185 

hy (G) - number of maximal k-cubes 
in G, 83 

H(x,y) - Hamming distance be- 
tween x and y, 33 

i(G) - isoperimetric number of G, 
262 

I(G,x) - independence polynomial 
of G, 265 

Ig(a) - irregularity polynomial of G, 
129 

Ig(u,v) - interval between u and v 
in G, 186 

imbe(e) - imbalance of an edge e, 
127 

irr(G) - irregularity of G, 127 

K(G) - simplex graph of G, 105 

Ky, - complete graph of order n, 29 

&(G) - connectivity of G, 31 

k'(G) - edge connectivity of G, 31 

Z£, - Lucas strings of length n, 141 

Ln - alternate Lucas cube, 172 

 - null-word, 19 

Ap - n-dimensional Lucas cube, 141 

Ln -n*® Lucas number, 14 

m(G) - number of edges of G, 29 

Mo(G) - Mostar index of G, 133 

L(G) - average distance in G, 254 


[n] - set {1,...,n}, 8 

Ne(u) - open neighborhood of u in 
G, 30 

No[u] - closed neighborhood of u in 
G, 30 

n(G) - number of vertices of G, 29 

o(G) - number of orbits of G under 
the action of Aut(G) on V(G), 46 

O, - set of Fibonacci strings of odd 
Hamming weight, 63 

08(G) - number of orbits of G under 
the action of Aut(G) on E(G), 48 

p(G, x) - chromatic polynomial of G, 
260 

ck(G) - number of k-cubes in G, 69 

P, - path of order n, 29 

i Ae n'® Pell number, 201 

Pn - set of Pell strings of length n, 
201 

@ - Euler’s phi function, 146 

y - golden mean, 10 

IT, - Pell graph, 201 

Qn(f) - generalized Fibonacci cube, 
183 

Qn(X) - daisy cube generated by X, 
235 

Qn - n-cube, 32 

R(#) - resonance graph of H, 108 

rad(G) - radius of G, 30 

&% - alphabet, 19 

yt - set of non-null ©-words, 20 

>” - set of all ©-words, 20 

up - set of strings of length n over 
&, 20 

Un(f) - set of strings of length n 
over © without f, 20 

supp(H) -support of H, 77 

JT - ternary alphabet, 201 

t(H) - top vertex of H, 77 

Tn - ternary strings of length n, 201 

7(G) - number of spanning trees of 
G, 263 

© - Djokovié-Winkler relation, 114 

|w| - length of word w, 19 

W(G) - Wiener index of G, 125 
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|w|s - number of occurrences of s in 
w, 20 

+ - disjoint union, 21 

- Cartesian product of graphs, 30 
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